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THEORY OF INFINITE DERIVATIVES.* 


By Lron EHRENPREIS. 


Introduction. We shall study here an extension of the theory of dis- 
tributions of L. Schwartz (see Schwartz [1]) so as to include linear functions 
on spaces of analytic functions. Such an extension has been discussed from 
a different point of view in Ehrenpreis [1], [2]. The main viewpoint of the 
present paper is the following: Let A denote the real axis, and let a= {aj} 
be a sequence of complex numbers. We shall say that the indefinitely differ- 
entiable function f on F# is in the domain of (d/dz)? if the series 


converges in a certain sense. We say that the continuous function g on F is 
in the domain of X? if the series 


(x) 


converges in a suitable sense. The Fourier transform (formally) maps the 
set of functions in the domain of (d/dz)* onto the set of functions in the 
domain of X*. 

Now, let A be a class of sequences of complex numbers. Call K the 
space of functions which are in the domain of (d/dx)¢ for all a€ A, so K is 
a space of analytic or quasi-analytic or non quasi-analytic functions. Call L 
the space of functions in the domain of X¢ for all a€ A, so L is a space of 
functions which have a certain growth property at infinity. Then the Fourier 
transform (formally) maps K onto LZ. Thus, we have a characterization 
of the Fourier transform of classes of analytic or quasi-analytic or non-quasi- 
analytic functions. Conversely, the above provides a method of characterizing 
the Fourier transform of spaces of functions determined by growth conditions. 

By means of the operators (d/dxr)*, X*, we give natural topologies to 
the spaces K,L. K’, the dual of K, is a space of continuous linear functions 
on a space of analytic or quasi-analytic or non quasi-analytic functions. In 
general, the space D of Schwartz (see Schwartz [1]) is not dense in K, so 
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that K’ cannot be identified with a space of distributions. In particular, 
there will not, in general, exist partitions of unity in K (or K’). However, 
for most of the applications of our theory to partial differential equations and 
to integral equations, we do not need to use partitions of unity, but rather 
the most important object to be studied is the Fourier transform of K’; our 
theory is developed specifically for this purpose. 

There are two essential parts to our paper. Part I deals with spaces 
which are defined by both growth conditions at infinity and regularity. We 
study some of the subspaces of the space D of Schwartz [1] which are of 
importance in refined studies of hyperbolic partial differential equations and 
integral equations (see Ehrenpreis [10]). For these spaces we discuss 
explicitly the Fourier transform. 

In part II we are concerned with spaces which are defined only by regu- 
larity conditions. We study the space of functions analytic on an arbitrary 
set in the plane. A topology for these spaces of analytic functions has already 
been given by Van Hove (see Van Hove [1], Waelbroeck [1]) but, except for 
some special cases, we do not know whether or not our topology is the same 
as the Van Hove topology. 

Our notations and proofs cover only the case of dimension one, but it is 


easy to extend the methods to higher dimensions. In particular, we are able 
to give a natural definition to the Fourier transform on an analytic variety 


imbedded in euclidean space. 


I. Spaces of infinitely differentiable functions. Let R denote the 
real axis, and let a = {a;} be a sequence of complex numbers. We shall say 
that the function f on # is in the domain of D if f lies in the space 3 of 
Schwartz (see Schwartz [1]) and if, for any k, the series } a;(d‘/dx‘) X*f 
converge in the space 3, where X is the function on R: X(x) =z. If this 
is the case we set D°f = Sa;(d‘/dz')f. We say that g is in the domain of 
X¢ if g€ 3 and for any k the series Sa,X‘g™ converges in 3. If this is 
the case, we set X¥°g = S\a;X'g.2 The existence of a non-zero function g in 
the domain of X¢ (and hence also of D*) is clearly equivalent to the analyticity 
of a(z) = Sajzi at z=0. 


? We have used the space ¢§ as the base space in our definition of infinite differen- 
tiation and infinite multiplication because we shall be most concerned with studying the 
behavior of functions in the domains of X* and D* under Fourier transform, and the 
Fourier transform is a topological isomorphism of g onto g (see Schwartz [1]). 
Actually, later on, we shall consider other types of infinite differential operator in which, 
for example, the use of the space 4 in the definition of D* is replaced by that of the 
space € of Schwartz (see Schwartz [1]). 


— 
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When we speak of a class C of sequences, we shall mean a class of 
sequences b = {b;}";-0 of complex numbers such that all sequences in which 
all but a finite number of terms are different from zero belong to C. Let 
T=C,,02,° -,L,,L2,: +, where the C; and are classes of sequences. 
The space Yr is defined as consisting of all functions f with the following 
property: For any r= 1, let a; be a sequence in C; and }; a sequence in L, for 
i=1,2,: - then f isin the domain of X*Der- --X%D%, By the linearity 
of X* and De we see that &r (which we shall usually denote by & if no 
confusion is possible) is a vector space over the complex numbers, which may, 
of course, be reduced to {0}. In & we introduce a locally convex topology 
by means of the semi-norms 


Ve,d,c’,@’ Gr, Di» ba, ***, Or (f) 


= sup | ((d°/dr) X4X*Dar- - X*f) (x) | 


for all positive integers r,c,d,c’,d’ and all sequence a,€ C; and b,€ L, for 
i=1,2,---,7r. Since all sequences in which only a finite number of non- 
zero terms appear belong to each C; and Lj, it is immediate that & is Haus- 
dorff. On the other hand, § need not be metrizable as a later example will 


show. 


PROPOSITION 1. Suppose the sets L;, C; have the property that, if the 
sequence {a} belongs to any of them, then so does {ea} whenever | q|=1 
for all 1. Suppose that for every k, {Cy'a)} € Ly (or Cj) whenever {a,} € L; 
(or C;). Then & is complete. 


Proof. Let Q be any operator of the form X*’D@"- - - XD, where, for 
each j, bi € L;, ai € C, and let f lie in the closure of 9 ; we must show that f 
is in the domain of Q. An easy induction reduces the general case to the 
cases where 71 and either D” or X* identity. By Fourier transform 
we may assume that D identity. Then we can find functions f/ in the 
domain of X* such that {Xfi} converges in the topology of 3, and, for 
any X'firX'f in the topology of 3. Let {bz}, b—={| bx |}, 
b’== {(—1)*| |}. By our hypotheses, we may assume that {Xfi} and 
{Xfi} converge in the topology of S. Let 


B(z) BY(2) Z| be | (—2)*. 


We claim first that Bf and B’f are bounded functions on R. To see this, we 
know that {Bfi} converges uniformly on R. For any x€ R, we must have 
B(x) fi(x) > B(x) f(x) because fi(r)-—> f(x). Since {B(x)fi(x)} converges 
uniformly on R, it follows that B(x)f(x) is uniformly bounded on R. 
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Call B(z) => | b:|| 8 | 24, where 8: = =1(1-+4-1)/2 so 1/8, <a, 
=> | So Bf and are bounded on F# (and even lie 
in 3). Then since the coefficients of B are bounded, we can find an M 0 
that for all c= 0, and all J, 


| SM max | f(z) |, 


that is 
| (x) | S M/8,. 


This means that > b,v'f(x) converges uniformly for (and similarly 
forz=0). Thus, }0,X'f converges uniformly on R. 

Now, for any k, we must show that > b,(d*/dz*) (X'/) converges uni- 
formly on R. We use induction on k; for k —0, the result is proven above. 
Assume & >0 and that the result is proven for derivatives of lower order, 


Then we have 


where 6;, Now, for each p, {b,?} = {buy} € LZ’. Thus, by the result 
for k=1, b,,X'*f™ converges uniformly on R. Thus, > 


converges uniformly on Rf. 
By similar reasoning we find that, for any r2=0, k=0, 


(1 + 2") (d*/da*) (X'f) 


converges uniformly on R. This implies that > b.v'f converges in 3. This 
means that f is in the domain of Q and so concludes the proof of Proposition 1. 


Problem. Is it true that, for the space 3, the condition > h; converges 
in 3 implies, for any k, > |(d*/dx*)h,| converges uniformly on R? It this 
is the case, then the additional hpothesis {C;,'a,} € L; (or C;) is not necessary 
as is easily seen. 

The space Sr (or S) is defined as consisting of all functions in the 
domain of DX. --DuX% for any positive integer r and any sequences 
a€ Ci, b,€ LD, for i—1,2,---,r. It is clear that & is a vector space over 
the complex numbers. The topology of & is defined by means of the semi- 
norms 


Ue,d,c’,d’ ;bibo, ***, Dy, 1,d2, (f) 


—| sup((d°/de) - X*'f) | 


for f € G, all positive integers r, d,c’,d’ and all a,€ Ci, € for 1—1,2, 
‘,7. It is clear that, given any IT, we can find a I” and a IY” so that 


| 
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br= br, r= Sr. Thus, the same remarks on the topology of the space 
§ apply to the space §. 


PROPOSITION 2. G 1s a Montel space, that 1s, the closed bounded sets of 
G are compact. 


Proof. For every f€ & we associate the system {Qf}, Q being any 
operator of the form - - for Ci, L;. The set of these 
systems {Qf} for f€ Y may be thought of as a vector space V of continuous 
mappings of & into a space W which is a Cartesian product of the complex 
plane with itself a certain (in general, a non-denumerable) number of times. 
Now, if V is given the topology of uniform convergence on F# (that is, a 
fundamental system of neighborhoods of zero in V consists of those sets NV 
for which we can find a neighborhood M of zero in W so that N consists of 
those g€ V with g(x) € M for all ~€ #) then it is easily seen that f— {Qf} 
is a topological isomorphism of G onto V. 

Let B be a bounded set in V. Then it is immediate that the set 
{(d/dx)Qf} for {Qf}¢€B is again bounded in B. This implies that 
t— {(Qf) (x)} are, for x€ R, equicontinuous maps of FR into W. Thus, by 
the theorem of Ascoli (see Bourbaki [1]) B is relatively compact (that is, 
the closure of B is compact) in V. Thus, V and hence & is a Montel space. 

By similar reasoning, we could show that % is even a Schwartz space 
(see Grothendieck [1]). 

By dx we shall denote the usual Lebesgue measure on F divided by 2rz. 
Then we define the Fourier transform # on § by 


(F (f)) (x) = ff (y)exp(— tay) dy 


for any f€ G, «€.R, where unless otherwise specified, all integration will be 
taken over R. It is clear that the above integral converges uniformly for 
c€R and, in fact, we can easily verify from the theory of integration (see 
Bourbaki [2]) and the fact that the Fourier transform is a topological iso- 
morphism of 3 onto 3: 


THEOREM 1. § is a topological isomorphism of & onto S. 


We shall usually use lower case letters for elements of 9 and the corres- 
ponding upper case letter for their Fourier transforms. 

Let A be a topological vector space (by “vector space,” we shall always 
mean “vector space over the complex numbers”) ; by A’ we denote the dual 
of A with the topology of uniform convergence on the compact sets of A. 
In case that A is a Montel space, this topology is the same as that of uniform 
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convergence on the bounded sets of A. For a’€ A’, a€ A, we shall usually 
write a’-a for a’(a). 

Let B be another topological vector space and L: A—B a continuous 
linear or anti-linear map. Then we define the adjoint L’ of L (see Ehrenpreis 
[6]) as the continuous linear (anti-linear) map of B’—> A’ by 

L’b’-a=0b’- La for Z linear 


L’t’-a=bd’- La for Z anti-linear 


for any a€ A, b’€ B’, where for any complex C, C is its conjugate. 

The elements of 9’ (or g’ ) are called hyperdistributions. If Q is any 
operator of the form X%Dr- - -X4Du with a;€ Cj, 6;€ L;, then Q may be 
thought of as defining the continuous lienar map f> Qf of > 3d. By Q 
we denote the adjoint of this map. 

Let us denote by Z the Banach space of functions which are continuous 
and bounded on F and zero at infinity with the norm | f | “mar | f(2)| 


for f€Z. We call an element of Z’ a bounded measure. Any u€ Z’ may be 
identified with the hyperdistribution (which we again denote by u): f— ff du. 


Proposition 3. For any S€ §’, we can find a finite sequence of bounded 
MeASUTES Uy,* * *,Us and a corresponding sequence of operators 
of the form - -X%4Du% with a,€ Ci, Ly such that 


(1) S => 


Proof. S is bounded on some neighborhood of zero in 8. Thus we can 
find operators Q,,- - -,Q; of the form as described above such that the con- 
ditions f € G, max | (Q,f) (x)| imply | S-f| 1. We may clearly suppose, 


without loss in generality, that Q, is the identity operator. 

To each f € & we associate the system {Q,f}. Then f— {Qif} is a linear 
one-one map of § onto a set Y which is a vector subspace of Z* (the cartesian 
product of Z with itself s times). Let us give Z* the topology of a cartesian 
product space, and Y the topology induced by Z*. Then the formula 


{Qf} =8-f 
defines Z as a continuous linear function on Y. Thus, by the Hahn-Banach 
theorem, Z can be extended to a continuous linear function J on Z*. Since 
the dual of a cartesian product is the direct sum of the duals, and since the 


dual of Z is the space of bounded measures, we can find bounded measures 
Ux, * Us So that, for any {1} € 


T: = DY ui(%). 
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In particular, for f€ &, 

S-f=L- {Qf} 
{Qf} 
= Dui: Vif 

which is the desired result. 

By ¢ we denote the map of 9’: for any 
i,g€G. The map is defined similarly for the space %. It is clear that 
c and are continuous. Moreover, for any f€ 9, hE GY, th-h>O and 
cf-f >0 so that ¢ and { are one-one. 


Proposition 4. ¢(&) is dense in 


Proof. It is sufficient to show that every element of 9” which is zero 
on ¢(%) is zero on Y’. Let them LE 8” be zero on ¢(%). By the theorem 
of Mackey and Arens (see Mackey [1], [2], Arens [1], Dieudonné and 
Schwartz [1]), there is a g€G@ so that, for any S€’9, LS=S-g. In 
particular, 0—L(cg) Thus, which means 
L=0; this is what was to be proven. 

Let us denote by F the adjoint of ¥-*. By the usual Plancherel theorem 
(see Titchmarsh [2]), for any f,g€ 9, 


Fcf-G—=cf-9 G. 


Thus, $cf (Ff which makes it natural to call F the Fourier transform 
on %’. (In the terminology of Ehrenpreis [6], # is (c,/) unitary.) From 


Theorem, 1, we deduce immediately 


THEOREM 2. §F is a topological isomorphism of ’ onto §’. In fact, 


We shall need several lemmas for the following examples; the first lemma 
is due to Poincaré [1]. 


Lemma 1. Let f be any continuous function on R. Then there exists 
an entire function h such that h(x) =|f(«)| for all xe R. 


Proof. Lemma 1 will be proven if we can show the following: Given any 
sequence {a,} of positive numbers, we can find a sequence {hn} of non- 
hegative numbers so that h(z) =Sh,»z*" is entire and h(j) 2a; for all 7. 
Let us consider the function h(z) = Sian,(z/n)", where the even integers b, 
are chosen so large that h is entire. It is readily verified that this can be done. 
Then h has the desired properties and Lemma 1 is proven. 
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Lemma 2. Let a= {a;} be an infinite sequence with the property that 
ia;=0 for all 7; set a’ = {aj}, where aj = (—1)%a;. Suppose that f is in 
the domain of D*, and 


| ((a*/da*) Df) (x)| S1/16(1+2*) for k=0,1,2. 


for all x€ R with a similar inequality for Df in place of D*f. Then we also 
have | af(x)|S1 for all j, and all z€ R. 


Proof. If F denotes the inverse Fourier transform of f, then by our 
hypotheses we have for all 7€ R 


| >| a; | (x) | S1/4(1+ 2?) 


and 


| ay S1/4(1 +2"). 
Thus, for any z€ R, and any j, 
| (x) | <1/4(1 +22). 


This gives immediately the desired result. 


Definition. 
a* == {1/j!a;} the polar sequence of a. If h is an analytic function at 0, 
h(z) =Dhjzi, with no h;—0, then h*(z) => 24/hjj! is called the polar 
polar function of h (if it is analytic at 0). 


For any sequence a= {a;} for which no a;—0, we call 


Lemma 3. Given any entire function h, where h(z) => hjz/, there exists 
an entire function h’ with h’(z) = Shj2i, where, for each j, hj 20, and 
hj =|h;|, and the polar function h’* of h’ is entire. 


Proof. For each 7=0, set sae be it is clear that {kj} is 


monotonically decreasing and that K(z) =D kjzi is entire. Next, define 
hf =max(kj,1/T(j/2)). Then clearly hj =|hj| for all j. Moreover, 
hy* =T(j/2)/j!; it follows easily that both h’ and h’* are entire. 


Lemma 4. Let f be any continuous function on R such that, for each 
c>0 we can find y>0 with ell =nf(x) for all re R. Then we can find 
an entire function h such that the polar function h* of h is entire and such 
that 


h(x) for 
= h(—z) for 
Proof. We may clearly assume that f is monotonically increasing for 
z= 0, f(x) =f(— and that f(z) =e for all For each integer >1, 


hy 


fo! 


we 
te 
ea 
r 

la 

q 15 
an 
I 
wi 
CO 


| we choose a positive number e; such that f(z) = 2e"* for r=. 


' each 1 > 1 we choose a positive integer d; such that 


d;+1,: +,;du1—1, where d, —0. 
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‘ 


(The exis- 


fence of such an ¢; is guaranteed by the hypotheses of Lemma 4.) Next, for 


lizi/j! for cS 


(The existence of d; is obvious.) We define h(z) = Shjzi by: hy =V/j! for 


It is clear that for any 1 the series Sh;|a|/ converges uniformly for 
|z{<e, so that h(z) =Dhjzi is entire. That h* is entire is obvious. 
Finally, for any 7 > 1, if S xe, (where 

SA; | 


> 


< 
Sf 
S f(z). 


This completes the proof of Lemma 4. 


Lemma 5. Let {a;} be a sequence of complex numbers such that > ajz/ 
isan entire function and Vva;= 0 for all 7; let f€ S. Suppose that 


max ( (1+ 27)| Saf(r) | S34, (1+ 27) | (x) | S4 


pore (1+ Saf%(z) | S4, 


where we assume that the series af, S(—1) S af, (—1) 
converge in 3d. Then we have 


max > | af (r)| 


max (1 + 2”) | &(—1)4ajf (x) | S 3, 


Proof. Call A(z) =| a;| 24 and A’(z) = S(—1)/|a;| 2. Then our 
hypotheses imply that 


| A(z) F(x)| S34, | A(x)a?F (x)1 
| A’ (x) F(x)| S4, | A’(x)a?F Sh, 


for any R. Thus, 


1 
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for allz€ R. This means that 
F(2)| <1. 
Now, we clearly have, for any y€ R, 


| f(y)| | de 
so that 
=| af (y)| SS a;| f | F(x) | de 
= fd | (x)| dx 
<= 


because dx is the usual Lebesgue measure divided by (27)%. The interchange 
of summation and integration above is justied because all the terms are 
positive. 


Remark. It is very curious that we need the Fourier transform to prove 
Lemma 5. Actually, it should be possible to give a direct proof of the lemma 
without using Fourier transform, but we have not been able to accomplish 
this. 


Lemma 6. Let 1<1 and let B be any positive function on R such that 
for all «>0, B(x) =O(exp(|z|"*)). Then we can find an entire function 
B of order 1 such that B(z) has positive Taylor coefficients at zero, B(0) 21, 
and B(x) = for and if B(x) => then jb; S b;4. 


Proof. Let ny be the smallest integer = 1 so that 1-+1/n) <1. Choose 
C=1 so that 


SCS +1) for 


(For the existence of C and the other constants to be defined below, cf. Lemma 
13 below.) For each n= no, we define d, as the smallest number = 1 (and 
= for n for which 


+1) for c= d,—1. 


Next we define e,, as any number = 1 for which 


bj = C/T (j/(L-+1/mo) +1) for j—=0,1,- ene 


Bis 

we 

of 

for 

car 
enc 
Cy, 

fin 
cor 

Sc 

ca 

sa 

of 

We set ‘ 
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Suppose that e, and b; have been defined for je, with the property 


that => B(x) for Then we choose as any integer 
> e, for which 


(n+ 1)) +1) 


for OS Then we define 
bj = 1/0 (j/(1+-1/(m+1)) +1) for j= en+1,- ener 


| It is readily verified that B(x) => b,a/ has the desired properties. 

We shall now give several examples of spaces 8. By use of Theorem 1, 
we shall thus be able to characterize the Fourier transforms of certain classes 
of functions. The simple direct method of characterizing the Fourier trans- 
' forms of the spaces in Examples 1-6 (and in more general cases) is also 
| carried out in Hérmander [1]. However, this method does not seem strong 
enough to obtain the topology of D’ in Example 1. 


Example 1. We choose for LZ, the class of all sequences {a;} for which 
Yaz’ defines an entire function, i.e. a;—=O(k 4) for all k>0. We take 
(1,0.,: + +, D2, L3,° + + as the trivial class, that is, the class consisting of all 
finite sequences. A function f€ 3 will belong to & if and only if Sa,Xif 
converges in 3 for any {a;}€ LZ,, and any 7. Such is clearly the case if f is 
of compact carrier, which means that f is in the space D of Schwartz (see 
Schwartz [1]). On the other hand, if f€ % then the product fg is bounded 
on f for any entire function g. It follows easily from this that f is of compact 
carrier. Thus, the elements of & and D are the same. 


THEOREM 3. With the choice Cj, L; above, the topology of & is the 
same as that of Dy (see Ehrenpreis [3], [4]). 


Proof. For any integer s=0, denote by D® the space of all functions 
of compact carrier on R which are s times continuously differentiable; D* is 
given the usual topology (see Ehrenpreis [3], Schwartz [1]). By definition, 
aset V in D»y is a neighborhood of zero in Dp if and only if, for some s= 0, 
N is the intersection with D with a neighborhood of zero in D*. It is readily 
verified that the topology of D* can be described as follows: A fundamental 
system of neighborhoods of zero in D* consists of those set N for which we 
can find a continuous function h on R so that N consists of all f€ D* which 
satisfy 

max 


a@¢€R,0=rSs 


en €n+1 
j=0 
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Now (see Lemma 1), given any continuous function k on FR we can find 
an entire function® p on RF such that, for all € R, | k(x)| Sp(z). Thus, 
for a fundamental system of neighborhoods of zero in D, it is sufficient to 
use only entire functions for h in (2). Theorem 1 results immediately, 

It follows from this and the theorem of Paley and Wiener (see Schwartz 
[1], Ehrenpreis [1], [3], Paley and Wiener [1]) that & consists of all entire 
functions of exponential type which are in 3. We shall now give an inde. 
pendent proof of this fact: 


THeorEM 4. With the choice of Cj, L; as above, & consists of all entire 
functions of exponential type which are in 3d. 


Proof. First, let F€ g ; by Theorem 1, F' is the Fourier transform of 
some f€ §. Since f is of compact carrier, it follows immediately that F is 
an entire function of exponential type in Jd. 

We shall, however, give proofs of this fact which is independent of the 
Fourier transform. This depends on the following proposition: Let F be any 
function which is indefinitely differentiable on R and for which }a,F‘(z) 
converges uniformly for x in any compact set of R whenever {a;} € L,; then 
F is an entire function of exponential type. For, if we choose {a;} = {1/j}}, 
then it follows that, given any finite interval J C R, we can find an M>0 
so that, for all x€ I, and all j, 


(3) | PO (x) | < Mj! 


Relation (3) implies easily (see Mandelbrojt [2]) that F is analytic on RP. 

We claim that, for some 1>0, F(0)=O(V). For, assume this is 
is not the case; then we can find an infinite sequence of increasing indices 1; 
so that, for all 7, 

| Foo (0) | = 

Define 
if 
otherwise. 


Then clearly {6;} € but 
> b, | F(0) =o. 
This contradiction shows that F”(0)—O/(l/) for some 1>0. Since F is 


® More precisely, we can find a function p on R which can be extended to an entire 
function. However, when speaking of analytic functions, we shall use the unprecise 
language of not distinguishing between an analytic function and its restriction to R, 
unless some possible confusion could result. 
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malytic on R, it follows immediately that F is an entire function of expo- 


nential type. 
Conversely, let F be an entire function of exponential type S/ in 8. 


By a result of Phragmén and Lindeldf (see Titchmarsh [1], Schwartz [3]), 
exp(il:)F is bounded in the upper half plane by M —max | F(x) |, where 
veR 


exp(a:) is the function t—>exp(az), and exp(—di-)F is bounded in the 
| lower half plane by M. For any 2€ R, by Cauchy’s formula, 

2r 
(4) F’ (a) F (e*9) do 

0 


>2 
f, F (e*®) e-246 do + "F 0-248 dé. 
0 


The first integral in (4), in modulus, does not exceed 


4 "M | exp(—ile!#)| d0 — (/2n) f “exp(Isin 6) dé. 
0 


Similarly, 
0 
db | = (M/2n) exp(—Isin 6) dé. 


Since, clearly, 
0 

J exp (J sin 6) -f exp(—1sin 6) d6 S ze’, 
0 


we have, for any R, 
(5) | F’(x)| S Me’. 


By iteration, for any n and any v€ R, 
(6) | (x) |S Me". 


Hence, by the above-stated Phragmén-Lindeléf theorem, for any z with 
d(z)| <1, and any n, (&(z) denotes the imaginary part of z) 


| (2) | Mer, 


It results immediately from (7) that, for any sequence {dn} € Ly, 
converges uniformly for | &(z)| <1. Now, for any {an} € Li, 
we have 


(8) (2) F (2) + 


(FX) (2), 


Where dy’ = (n+ 1)dn1, as follows from the commutation relation between 
multiplication by X and (d/dx)i: 
—XFO — 


1S, 
to 
e | 
4 
f 
() 
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which is easily proved by induction. Now, for {an} € Ly {dn’} is again in L,: 
moreover, FX is again an entire function of exponential type in 3. }j 
follows from (8) and our previous remarks that Yian2F)(z) converges 
uniformly for | &(z)|1. By iteration, for any j, DanziF™(z) converges 
uniformly in | &(z)| 1. By Cauchy’s formula, this implies that, for any j 
and any k, >((d*/dz*)a,XiF™) (x) converges uniformly in R. By the 
definition of the topology of 3 it follows that S.a,F™ converges in 3. This 
completes of the proof of Theorem 4. 

The topology of 4 =r, is described in Ehrenpreis [3]. We give here 
first another expression for the topology of D » and we show later that the two 
topologies are the same. 


THEOREM 5. Let a be any sequence such that A(z) =D ajzi and 
A*(z) = Da*jz/ define entire functions of greater than exponential type; 
assume in addition that #a;>0 for all j. Let r be an integer and consider 
the set of FE D » which satisfy, for s,k,p=—=0,1,2,---,r 


A(iy) for 
A(—w) for yS0, 


(9) max | 2?(d*/dz*)F(z)|S 
I(2)=y 


where y= &(z). Then the sets N form a fundamental system of neighbor- 
hoods of zero in Dp. 


Proof. The fact that A*(z) is an entire function means that, for any |, 
|a;|=VW/j! for all but a finite number of J. This means that the sets V 
defined above have the property that, for any F'€ Dy, there is a c>0 such 
that ch € N. From this we deduce easily that the sets N define a locally 
convex topology on the set of functions of D p. 

That each WV is a neighborhood of zero in Dr follows immediately from 
the fact that (see Lemma 2 above) conditions (9) are implied by 


(10) max | (d?/dx?) D¢X*F (x) | = 1/16(1 + 2?) 
for p=0,1,2 and k =0,1,2,: - 
To conclude the proof of Theorem 5 we must show that, for M any 
neighborhood of zero in D,, there exists an N as above with NC M. We 


may suppose that M is defined by an entire function H(z) = Shjzi and an 
integer r so that M consists of all F € My such that, 


(11) max | (d°/dx*) X*D'X°F (x)|=1 


for k,s, p= 0,1,2,- 
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For each integer 1>0 we choose a positive number ¢; so that c,=—3, 

< and 
S1/2'. 

Vext we define the function g on the imaginary axis by g(ty) =g(—ty) =e! 
for +1 SyScu1+1—e (for some «>0) and g is so defined as to be 
continuous and monotonic. 

By Lemma 4 we can find an entire function H whose polar function H* 
is entire such that H (iy) has positive coefficients in its Taylor expansion and 
H(iy) Sg (ty) for all y. Call Ny the set of FE for which 


| (d*/da*) X°F (x) | S H(i| y|)/16(1 + 2”) (2r)! 


for s, p=0,1,2,- +,2r. By Cauchy’s formula, for any F € No, F(z) = Df, 
we have 


hj| 


1/2ir!. 


Thus, (D'F) (0) =1/(2r)!. Similarly, for any z with &(z)| 1, we have 


|D'F(z)| S1/(2r)!. Applying the above to X?F in place of F (p=0,1,2, 
-+,2r) we deduce that | D’X°F(z)|=1/(2r)! for p—0,1,2,- - -,2r, and 
for | X(z)| 
For k =0,1,2,:--,7 let a = {a;*} be defined by 


For each k =0,1,2,- - -,7 we determine a set NV; as above corresponding to 
the sequence a; just as the set N, was determined corresponding to the 
sequence a==a°. Then, by the above and induction on (8) it follows that 


MD ((1/r!)NoN (1/7!) (1/r!)N,). 


This completes the proof of Theorem 5. 
As an immediate consequence of Theorem 5, Lemma 4, and Cauchy’s 
formula, we have 


Corottary. Let g be any continuous function on R such that, for every 
C20, we can find an »>0 such that e°lt|<yg(x) for all c€R. Let r be 
an integer and call N the set of F€ Dx which satisfy 


max = f(y) 
I(z)=y 


1) 
It 
j 
he 
is 
0 
(12) 
I (2)=yyZ2 
| 
| 
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for all y and for p=0,1,2,---,r. Then the sets N form a fundamental 
system of neighborhoods of zero in Dr. 


Remark. From the above Corollary it follows easily that the topology of 
D » described above is the same as that described in Ehrenpreis [3]. 


Example 2. Let 1 be a positive number. JL, consists of all sequences 
{an} for which there is an « > 0 so that Sa,z" is analytic in the circle, center 
origin, radius?+. Ls, - are defined to be the trivial sets, 
It is easily seen that & is just the space D; (see Ehrenpreis [1], [3], Schwartz 
[1]) of indefinitely differentiable functions which vanish for |z|=J. The 
topology of % is the same as that of D;; this is a metrizable space in which 
a sequence {f;} converges to zero if and only if, for any k, f(r) 30 wi- 
formly for z€ R. 

Thus, % is the space D, of all entire functions of exponential type S/ 
which are in 3 (see Ehrenpreis [1], [3]). A sequence {F4} converges to 
zero in D, if and only if, for any k, (1+ |2|*)Fi(z) 0 uniformly in 
| &(z)| 1. The method of proof of Theorem 4 is not quite strong enough 
to establish this characterization of % independently of the method of Ehren- 
preis [3]. However, it was shown by Bernstein (see Schaeffer [1]) that the 
inequality (5) can be improved to 


(5’) |F(x)| for all 


where, as in (5), F is an entire function of exponential type <7 which is 
bounded by M on Rk. Using (5’) instead of (5) we can prove the above 
characterization of § by the method of proof of Theorem 4. The direct 
description of the topology of 2, can also be obtained by use of (a simplified 
form of) the method of proof of Theorem 5. 

Example 2 provides us with an example in which the space & is metrizable 
(although this situation does not seem to occur often). 


Example 3. Let 1 be a positive number. JZ, consists of all sequences 
{an} for which }\a,z" is analytic on the open circle, center origin, radius |. 
L., - are the trivial sets. 

The methods used to determine the spaces §, 9 are exactly the same as 
in Example 1. We can show that % consists of all indefinitely differentiable 
functions which vanish outside of some compact subset of the interval 
[—l<a<l]. The space % is topologically isomorphic to the space Dr; 
the isomorphism can be given, e.g., by f€ G<>h€ Dr where 


for |r| <1 
0 for |z| 


lq; 
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Example 4. Let 1 be a positive number. J, consists of all sequences 
{a} for which |S ajz/ |= O(e'll), or, what is the same thing, a;— O(li/j!). 
I»,Ls, * *>C1,C2,° * + are defined to consists of the finite sequences only. 
It is readily verified that & is the space of all functions f€ 3d for which 
| exp(1-)f and exp(—1-)f are again in 3. & isa metrizable space; a sequence 


| (f,} converges to zero in § if and only if 
exp(l:)f in 3, exp(—I-)f>0 in d. 


% consists of all functions F which are analytic in the strip —I < &(z) <l 
| and continuous on the boundary with the additional properties 


(a) Whenever the function r— F(2-+ 1c) lies in 8. 
(b) The set -+ 1c) is bounded in 8. 


| (By use of a generalization of the Phragmén-Lindelof principle, it follows 
' that conditions (a) and (b) are implied by much less stringent conditions 
B® on F; see Ehrenpreis [2].) A sequence {F',} converges to zero in G if and 
only if, for any integer 7, the sequences F',(x + il) converge to zero in 
| This example as well as Example 5 below have also been considered by 
Schwartz [5] and Lions [1]. 
d The proof of the above statements about the characterization and topology 
j of & can be proven in a simple manner by use of the Fourier transform. 
q Thus, any F € & is the Fourier transform of an f¢€ 9 from which it follows 
» immediately that F satisfies conditions (a) and (b) above. On the other 
F hand, if F satisfies conditions (a) and (b), then, if f denotes the inverse 


) Fourier transform of F, we have by Cauchy’s theorem, 


fle) | F(t il)et#t dt 


f(a) f F(t—il)et de. 


| It follows from the fact that the Fourier transform is a topological iso- 
' morphism of 3 onto 3 that f€ Y. By similar methods we can verify the 
» above statement on the topology of &. 

We can also give direct proofs of the characterization of 9 and its 
topology without use of the Fourier transform. 


Example 5 . Let 1 be a positive number. J, consists of all sequences 
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{a;} for which A(z) = Sa;z/ is an entire function of exponential type <] 
that is, for every « > 0, A(z) =O(e4ll), This is the same as saying that 


(13) lim sup (log(j! | a; |)/j) — log. 


We write K, for 9 and K, for &. 
We have 


THeorEeM 6. f€ K, if and only if, for each r we can find an «> 0 
such that f(x) =O(e Coll), 

CoroLuary. A function F on R is in Kr of and only tf, for each integer 
mn, we can find an e, >0 so that Z"F is bounded and analytic in the striy 
| &(z)| Slten. 

The above Corollary can be deduced easily from Theorem 6 by means 
of the Fourier transform ; a direct proof can also be given. 

Example 6. Let! be a positive number. JL, consists of all sequences {a)} 
for which A(z) = >a; is an entire function of order <1, that is, for every 
«> 0, A(z) =O(exp(|z|"*)). This is the same as saying (see Titchmarsh 
[1], p. 253) that 
(16) lim inf (log(1/| a; |)/j log 7) = 1/1. 


We shall write for and for &. 


TurorEM 7. Let f€ 3d; a necessary and sufficient condition that f€ C, 
ws: For each k we can find an > 0 such that 


=O (exp(—|2|"*). 


Proof. The sufficiency of the condition is readily verified; we proceed 
to the necessity. Let f€ @, and assume that, for some & and for no 7 >01 
f(x) =O(exp(—|2x|*). We suppose that k—0; the general case i 
handled similarly. 

By our assumption, for any n > 0 we can find a point c,€ R such that 
f = exp(—| ¢n |**/"), and the | c,|—>00. We shall construct a function 


H which is an entire function of order / and such that H (cn) = exp(| ¢n |"): 


Thus, if H(z) =D h,z/, it is clear that f is not in the domain of X’. 

The construction of H proceeds along essentially the same lines as the 
proof of Lemma 1. We assume that all the c, are positive and that 
1 <n < Cnsi for all n; the general case is easily reduced to this case or 10 
the case where all c, are negative and 1 > Cy, > Cy. for all n, which is handled 


similarly. We set 


(17) H (2) (2/¢n) 
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where the integers e, will be chosen so that H is an entire function of order J. 
Since H (cn) > exp (¢n’**/), this will complete our proof. By (17) H will be 


of order S/ if 
(18) log (¢n®/exp ) /én log én = 1/(1 + 1/n) —e, for all n, 
where e, > 0. The left side of (18) is 
[en log Cn — log = log c/log en — Cy'*?/"/en log en. 
We choose where, for R, [x] is the greatest integer 


We may clearly assume that the c, are so chosen that en < ns for all n. 
Then the left side of (18) is =1/(1-+1/n) —e,, where we may choose 
= n+ 1/€n log én so that e,—>0. This completes the construction of H and 
so completes the proof of Theorem 7. 

Theorem 7 shows that the space in Example 6 is the same as a space 


considered by Gelfand and Silov [1]. 
We can also prove, either directly or by means of Fourier transform, 


THrorEM 8. Let 1=1 and let F be an entire function in 3d. A 
necessary and sufficient condition that F € Ci, is: For any integer n=0 we 
can find an 7 >0 so that 


(19) sup | 
JI (2)=y 


where I’ is the conjugate exponent of 1, i.e. 1/1+1/l 
THEOREM 9. Let h be any continuous positive function on R such that, 
for every «> 0, exp(—|a|**) =O(h(x)); let m be an integer. Call N 
the set of f€ A; which satisfy, for all x€ R, 
(22) | Sh(x) for k=0,1,2,- - -,m. 
Then these sets N form a fundamental system of neighborhoods of zero in Aj. 
THEOREM 10. Let 1=1; let g be any continuous function on R such 


that, for every « > 0, exp(|a|"*) =O(g(x)); let m be a positive integer. 
Call M the set of F€ Cy such that 


(24) sup | (z) = g(y) for k= 0, 1, 
I(2)=y 
Then the sets M form a fundamental system of neighborhoods of zero in .. 


Example 7, non quast-analytic classes. Up to now, we considered spaces 
$ and & for which only one of the C;, Z;, was non-trivial. For the next 
example, we choose Z, as consisting of all sequences {a;} for which > a;z is 
an entire function. C, consists of all sequences {b;} such that >\b,z is an 
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entire function of order 1, where 1<1 is fixed. Cy; and LZ; for j>1 are 
defined to be trivial sets. We write 9, for & and 9, for §. 

The space 9: consists of those functions f of compact carrier which 
satisfy 
(27) f(x) =O(k/") uniformly in x 


for some /’>1. This follows readily from equation (16). Thus, if 121, 
f would have to be analytic, so 9; would consist of {0} only. If7 <1, itis 
well-known (see Paley and Wiener [1], Mandelbrojt [2]) that $1 is non- 
empty. We shall see later that, in fact, 9, is dense in D. 
For the use of the spaces 9, in partial differential equations, see e.g. 
Ehrenpreis [7], [10], [11], [12], Hormander [1], [3], Friedman [1]. 
Using Theorem 4 and methods similar to the above, we can deduce 


THEOREM 11. 9, consists of all entire functions F of exponential type 
which satisfy 
(28) F(x) =O(exp(—|2|*")) 
for some n> 0. 

We can now prove 


THEOREM 12. For any 1<1, $: is dense in D. 


Proof. It follows from the above Theorem 11 that 9, is an (algebraic) 
ideal in D under convolution. Moreover, since $1 is non empty, we can find 
a function f€ 9, which is not identically zero. Then if c is any zero of F 
with order r, it follows from Theorem 11 that F (z)/(z—c)" is again in }, 
Thus, the (algebraic) ideal $, has no common zeros. It follows from the 
fundamental theorem of mean periodic functions (see Schwartz [4], Ehren- 
preis [5]) that $: is dense in ®, which is the desired result. 


Remark. By a similar method we could show that 9, is dense in or 
whenever 1 >I’. 
We consider first the topology of $1: 


THEOREM 13. Let y be any continuous positive function on C such 
that, for any «, k, we have (zx - ty) 
(29) exp(—|2|"*+k|y|) =—O(y(2,9)), 
and y is‘the product of a function of x by a function of y. Let N be the 
set of F€ 9, which satisfy 


| F(z)|Sy(z) for all 


Then these sets N form a fundamental system of neighborhoods of zero i §. 
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Proof. Let us note the following: A set MC 4, is a neighborhood of 
yero if and only if we can find a neighborhood of zero P in Dr and entire 
functions B,,B.,- - -,B, of order 7 such that M consists of all FE J, for 
which BJF € P for 7=1,2,---,r. This follows readily from the definition 
of the topologies of Dy and J, by means of infinite derivatives. 

Now, by Theorem 5, there are a continuous function A on F# and an 
integer s so that P consists of all G€ Dr which satisfy (=a -+ ty) 


| 7G (z)|SA4(y) 


for p=1,2,---,s, and for all z€C; A is a positive function with the 
property that exp(“|y|) —O(A(y)) for all Thus F€ 9, is in M if and 
only if, for 7 = 1,2,°- -,7, p=1,2,---,8, we have 


(30) | °B;(z)F(z)| SA(y) 


for all z€ C. 
Let us set 


a(w) = max | °B;(z)|, 


j=1,2, 8, |z|=20 


| 90 @ is of order l, that is, a(w) —O(exp(|w|*)) for every «>0. We 


define 


| (31) y(2) 


Then it is readily verified that y satisfies the hypotheses of Theorem 13. 
If F€ 9, satisfies | F(z)|Sy(z) for all z, then we have, for any j, p, 


| #B;(z)F(z)| S| 
| Now, either | y| or |x| is 24 |2| so that 

| 

| Thus the condition | F(z)|Sy(z) implies 


| #B;(z) F(2)| SA(y) 


for p=1,2,---,s, j=1,2,---,r and all y. This means that F¢€ M. 
We have shown that every neighborhood of zero in $1 contains a set V 
_ 48 described in the statement of our theorem. It remains to show that these 
f sets V are neighborhoods of zero in J; To this end, let y be any function 
F satisfying (31). We set 

(32) B(x) =y(2,0). 


Then it follows from (31) that, for any «> 0, 
exp(—|2|**) 


| 
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(37) 


Next, we choose a fixed > 0 so that?+7<1. We set 
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(34) A (2y) =y(0, y)exp(— | 3y |). 
It is clear that, for any k, 


exp(k|y|) =O(A(y)). 


We may assume, without any loss in generality, that 8 is even and mono. 
tonically decreasing and that A is even and monotonically increasing. 


Next (see (83) and Lemma 6 above), we choose an entire function B of 


order / such that B(z-+ 1) has positive Taylor coefficients at zero, B(—1)=1, 
and B(x) 21/8(z+ 1), for and | B(x)/B(z—1)| is bounded for 


0. Let M be the set of F€ 9; which satisfy 
|F(z)B(z)|SA(y), | F(2) B(—2) | SAY), 


for all z—2-+ iy; by what we have said above, M is a neighborhood of zero 
in 9. We claim that, for a suitable choice of c>0, cM CN. 


For this purpose, we have to note that the function B could be modified 


slightly so that we can assume that B is large in some angular sector con- 
taining the positive real axis. For, we can easily extend Lemma 13 below 
so as to mawe an inequality like (70): 


(70’) a| RQ(z)| exp(z’)| RQ(2z)| 


in a sufficiently small angular sector containing the positive real axis. 
denotes the real part.) Then the proof of Lemma 6 can be modified to 


show (using the minimum modulus theorem 5 of [5] to handle small values 
of x) that we can assume B has the property stated in: 


LemMa 7%. We can find a constant d so that, given any yo we can find 


ay’ lying between yo and 2y such that for any x=0, 


(35) B(x + w’) = dexp(—|y’|)/B(z). 
Moreover 
(36) B(x + iy’) = dexp(—| y|)| B(2—1)]. 


Thus, any F'€ M satisfies, for «= 0, 
| 

S dA (y’)B(x)exp(| |) 

S dA (2y0) B(x) exp (| |) 

dy (z, Yo). 
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Now, inequality (37) is not good enough because it is only proven for 
sme y’ lying between yo and 2yo. In order to complete the proof of our 
theorem, we consider B(z—ty.)F(z) instead of F(z). We have, for all 
720, (see Lemma 8 below) by Lemma 7, 

(38) | Be + ty’ — iyo) P(e + ty’)| S y’ —yo |)| Fe + ty’)| 

S B(x)exp(| yo |)| F(x + ty’)| 
S (1/d)(B(x)/| —1)|)exp(| yo |)A(2yo)exp(| 240 |). 
By Lemma 8 below, | B(x)/B(x—1)| Se for alla20. Thus, 
(39) | B(w+ ty’ —tyo) F(x + ty’) | S (¢/d)exp(| 840 |) A (2yo) 
' for all z=0 and similarly for all z=0. Similarly, we can find a y” lying 
between —Yo and —2y, for which an inequality similar to (39) holds. 
' Thus, by the maximum modulus theorem applied to the strip lying between 
and y”, we have 
(40) | B(| |) F(a + iyo)| S (¢/d)exp(| 3yo |) 4 (2yo), 


| F(x + tyo)| S (¢/d)exp(| |)A (2y0)/B(| 
S (¢/d)exp(| |)A (240) B(x) 
S (¢/d)y (2, yo). 
Thus, if we choose c= d/e, we have cf € N. This proves that cM C N which 


concludes the proof of Theorem 13. 
We have used in the proof of Theorem 13 


Lemma 8. Let B, y be as above; then we have 
| B(z-+y)| SB(z)exp(|y|) 

for all ¢=—1 and all y (real or complex). 

Proof. We write => + 1)% Then if =—1, the Taylor 
coefficients of B at x are 

j= 

By our construction of B (see Lemma 6), we know that, for all j, we have 


jm;Sb;4, so that j(j—1)-- -(j—k)b;Sb;y. This gives, by (41), 


bu (to) (1/k!) + 1)* B (a) 


) 
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because all the }; are positive. Thus, for x=—1, 
(42) 
= (x)| y 
S B(x) X|y |*/k! 
= elvlB(z). 
This is the desired result. 
The topology of $; is very closely related to that of Dy. In fact, 
we have 


THEOREM 14. The topology of $i can be described as follows: 


(1) Let a(z) = Dd a,z be an entire function of order 1, and let b be an 
entire function. Let N be the set of f€ $i for which 


(43) max | b(2)| | aj (2)| 


Then the sets N form a fundamental system of neighborhoods of zero in 4, 


(2) Let c—{c;} be any sequence of positive numbers such that, for 
any ' >1, we have 
(44) j/" = O(c). 


Let e be an entire function, and let M be the set of fE€ J, which satisfy, 
for all x€ R, 
(45) | f9(z)| e(2)|. 


Then these sets M constitute a fundamental systems of neighborhoods of zero 
mn 

Proof. (1) It is easily seen from the definitions that every neighborhood 
of zero in $ , is contained in some NV. Thus, we have to show that the sets V 
are neighborhoods of zero. This is not at all obvious because the topology 
of 9, is defined in terms of sums whereas the sets N are described in terms 
of absolute values. 

To prove Theorem 14 we use our previous Theorem 13 on the charac- 
terization of the Fourier transform 4 1. We want to produce a neighborhhod 
of zero N’ in 9, such that for any F'€ N’, we have f¢ N. 

For j =0,1,2,- -, let ¢; max |a;|, so {e;} is montonically decreasing 

| 


and is an entire function of order J. We set yi(z) = [1+ e(|2])]°: 
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We define y2(y) as follows: y2(0) For each j > 0, let 7? =j’(j)>0 
be so chosen that exp(j7’) = max b(x); then set y.(+ j’) =exp(jj’). The 
definition of yz is completed by requiring that y, be continuous and monotonic. 
Set 
(46) y (2) = y1(£)y2(y) (1 + 2?) 72. 
Let NV’ be the set of FE 9, for which | F(z)|S+y(z) for all z€C. By 
Theorem 13, NV’ is a neighborhood of zero in $;. We shall produce a c > 0 
so that F'€ implies cf € N. 
Let FE N’. Then for ¢=0, 


= > | a; (z)exp (itz) dz | 


| F@| exp(— 47’([4] + 1))dz 


S exp(— ¢7’([¢] +1)) | aj || 2 |? | P(2)| de 


I 


< exp(—tj'([4] +) e(| 2 |)y(2)de 


because we can assume, by modifying e if necessary that (see Lemma 8) 
Se(||)exp(| |), where we have written [¢] for the greatest 
integer 

Now, we have, by definition, 


+1) =exp[([¢] —2)7’((4] +1)] 


that 


exp[—(¢—1)7([#] +1) ]y2(7 [t+ 1]) +1)) 
=[ max |6(s)|]}> 
|s|S(t]+1 
Moreover, we have fe(|z|)yi(z)(1+2?)*S1. Thus, 


(47) | af (t)| S| 


= 
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if ¢>1. A similar argument applies if <—1. Moreover, for any ¢ we 
have 
| af (t)| =D | a; (x) exp da |S fe(|z|)| F(x)| de 
S (1 


ad. 


It follows that [max | b(t)|]“f¢€ 1, which is the desired result. 


(2) The equivalence of (1) and (2) is readily verified. 


Remark. It has been necessary to use the Fourier transform to prove 
Theorem 14. A direct proof of this theorem is undoubtedly very difficult 
to obtain. 

Besides being useful in the study of differential equations and elliptic 
operators (see Ehrenpreis [7] and [10]), the spaces $1 exhibit a remarkable 
property as topological vector spaces: Let us denote, for any ¢>0, by };! 
the space for all f€ 9, such that f(z) if |x| >t. We give the 
topology induced from 9, We call A the topology of the inductive limit of 
the spaces 9, for ¢ integral, so A is another topology on 9; (see Dieudonné 
and Schwartz [1]. Strictly speaking, only the inductive limit of Frechet 
spaces is defined in Dieudonné and Schwartz [1], but the definitions do not 
require the Frechet property.) We shall show that the topology X is the same 
as that of $, Note that the analogous property does not hold for the space 
D, namely, the topologices of M and D, are different. 

First we need 

Lemma 9. For any 1<1, we can find a sequence of non-negative func- 
tions h;€ 9, such that 

a) carrierh; C[7?—1S2¢%7'+1] for some 7’, and for at most 3 
values of j does carrier h, intersect 

b) For any Rk, Shj(x) = 1. 

Proof. Let 


(48) 


We want to obtain bounds on the derivatives of f,. (The f, are clearly 
indefinitely differentiable.) First we compute the maximum of 2-'f,(z). 
Differentiating we obtain, for z > 0, 

exp(— 2?) + prt?" exp(—z?) =0 


p—ro—0, (p/n), 
Thus the maximum of is (r/p)*/?exp(—r/p). 
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Now, the k-th derivative of f, is a sum of terms of the form ea~/fp(z), 
where j= /(p+1)-+ (k—l) for some /Sk, and then 


[U(p+1) + 1)". 


' Thus, using the above, we find that 


max éfp(x) S (p+1)*(lp+k)/p+kl 
(p-+1)Mip + 
= (p-+1)"(kp+ 
< 


| because 1k. Since the number of terms e;f;(x) is 2*, we see that 


(49) max | fo (x) | 2*(p 1) 


Now we use (49) ; it follows that if }a,;z/ is an entire function of order 
<I, then (x) will converge uniformly for if p>l(1—l). 

By forming products, translates, and integrals of the fp, we can easily 
construct functions satisfying the hypotheses of Lemma 9. 

Now we wish to describe the topology A explicitly: 


Proposition 5. Let {a*(z)} = {Sajf'z4} be a sequence of entire func- 
tions of order =I. Let N be the set of f€ 9, which satisfy 
(50) max 
k-1S|2|Sk+1 


Then these sets N form a fundamental system of neighborhoods of zero for X. 


Proof. It follows immediately from Theorem 14 that NN 9," is a 
neighborhood of zero in 9 i for all r; since N is convex, N is a neighborhood 
of zero for A. Conversely, let Mf be a convex neighborhood of zero in 9,7. We 
can assume that we can find an entire function of order <1, b"(z) => b/'2, 


so that M* contains the set of f€ gr with 

max | >); f(z)| 1. 

Let us note the following: For any f€ 9, and any k, f,—/xf (where 
the h, are as in Lemma 9) is again in 9. Moreover, we can write, for any 
R, 


where for each x we have >\b,"*(a)z/ is an entire function of order <1 and, 


= 
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moreover, if max | bj*(x)|, then is an entire function of order 


<1. For each r only a finite number of & have the property that the carrier 
of k meets [—r—1S25r-+1]; we define cf as the maximum of ¢7# 
over these k, so >.c;"2/ is an entire function of order <1. 
We define W as the set of f€ $, for which 
Sr+1 


We claim that NC M. For any f€ N write fz, where f,—hzf. Let 
r be so chosen that carrier h;, C[|*|=r-+1]; by our construction there are 
at most 3r values of k corresponding to any value of r. Next we have, if 
|¢|Sr+1, 
| (2) | SX] (x) | 


Thus, 3°**f,¢€ IM" C M. Since M is convex, we have f= > 


fx€ M. Thus 
(finite) 
N CM which is the desired result. 


THEOREM 15. The topology d is the same as that of 9. 


Proof. Since the topologies induced by }; and A on };" are, for any r, 
just the topology of J;’, it follows from the definition of an inductive limit 
(see Dieudonné and Schwartz [1]) that the topology A is stronger than that 
of 9. (This also follows immediately from Proposition 5.) 

Let WN be a neighborhood of zero for A; by Proposition 5 we can find 
entire functions a*(z) = >\af‘zi of order <1 so that N contains the set of 
f€ 9. for which 

max >| aff(r)|S1. 
k-15|2|Ske1 
We define the sequence {b,} as follows: 6) —1, b, = exp[—(1—/*) log n] for 
n= 1,2,---,m1, where is so chosen that | | exp(—(/—/*)log}) 
whenever (=2 and Suppose that b, has been defined for 
where p= 1, andny=p. Then we set 


b, = for n=ny+1, + 2,° +, 


where > Mp is so chosen that | | whenever p+? 
and 7= M1. It is clear that the numbers ny, can be found and, moreover, 
that > 6,2) is an entire function of order 1. 

Now, we have, for any &, |a/*| =}; for all but a finite number of j. 
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Thus, we can find a constant c, >0 with c,|a*| <5; for all j. Call M the 
set of f € $ : which satisfy, for all k, 
(52) max >| (x)| Sc. 
k-1S|a|Sk+1 
By Theorem 14, M is a neighborhood of zero in 9: ; we claim that MCN. 
Let f€ M, then if 


| aff (x) |S (1/cx) (2) | 


2 
because of (52). Thus f€ N, which concludes the proof of Theorem 15. 


Example 7’. We choose C, as the set of all sequences {a,} for which 
tn» =O(e"/T'(rn)) for some «>0. JL, consists of all sequences {bn} such 
that } 6,2" is an entire function. We define C; and LZ; to be trivial for 7 > 1. 
We denote the space 9 obtained by ,D. The spaces ,D play an important 
role in the study of elliptic operators and Cauchy’s problem in partial differ- 
ential equation (see Ehrenpreis [7], [10]). 

By using methods similar (and, in fact, simpler) than those employed 
in the proof of Theorems 11 and 13, we can deduce 


THEOREM 11’. ,D consists of all functions F of exponential type which 
satisfy for some A > 0, 
(28’) | F(z)| = O(exp(—A |2|")), 
where 1” = 1/r. 


THEOREM 13’. Let y be any continuous positive function on C such 
that for all A> 0 and some k we have (2=2x-+1ty) 


exp(—A|a|"+k|y|) =O(y(2,y)) 


and y 1s the product of a function of x by a function of y. Let N be the 
set of FE,D which satisfy 


| F(z)|Sy(z) for all z€C. 


Then these sets N form a fundamental system of neighborhoods of zero in D'. 


II. Infinite derivatives for €. By € we denote the space of all 
indefinitely differentiable functions on R with the Schwartz topology (see 
Schwartz [1]): € is metrizeable; a sequence {f/} converges to zero in € if 
and only if the f/ and all their derivatives converge to zero uniformly on 
every compact set of R. 
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Now, the space 3, which played a fundamental role in Chapter I, was 
defined by both regularity conditions and growth conditions at infinity. Ip 
contrast to this, the space € is defined solely in terms of regularity conditions, 
Thus, only the operator d/dz will be used to define the spaces of functions 
which we consider here, while only the operator XY will be needed to define 
the space of Fourier transforms. 

Let a= {a;} be a sequence of complex numbers. We say that f€ € is 
in the domain of D* (for the space €) if Sa,f% converges in the space ¢ 
and if, moreover, for each k > 0 we have 3% | af‘ (x)| converges uniformly 
for z in any compact set of #; when no confusion can arise, we shall merely 
state that f is in the domain of D*, and we set D¢f = Sd ajf. 

Let A be a class of sequences {a;}. We define the space ? to consist of 
all f€ € which are in the domain of D* for alla¢ A. The topology of ? is 
defined by the semi-norms 


(53) sup | af (2)| 


for K any compact set in FR and {a;} any sequence in A and any integer k =>0 


Remark. P may not be Hausdorf even if A is non-empty. E.g. A 
consists of the single sequence: @—0, a,—1, a;—0 for 7>0. Then 
f(x) == is not separated from 0. The results of the theory of mean-periodic 
functions (see Schwartz [4], Ehrenpreis [5]) seem to indicate that if all 
the functions > ajzi—=a(z) for {a;}€ A are entire functions, then ? will be 
Hausdorf if, for any {a;}€ A, the sequence {a,/} also lies in A where {a/} 
is obtained from {a;} by some small deformation. will not be Hausdorf 
if the a(z) have a common zero Zo, for then exp(z x) will satisfy D%exp (22) 
= 0 for all a€ A, and thus cannot be separated from 0. 

Problem. Can we replace the semi-norms in (53) by the semi-norms 


(54) sup | (2) | —sup | Dof™(2)| ? 


This problem seems to be very difficult. In particular, I do not know whether 
or not the semi-norms (54) lead to a complete space. 

The set A will be called admissible if every finite sequence belongs to 4. 
It is readily verified that the corresponding space P is always Hausdorf if 4 
is admissible. We shall assume in the following that any set of sequences 4 
that we consider is admissible. A will be called trivial if it consists exactly 
of all finite sequences; in this case P —€. 


PROPOSITION 6. P is a complete locally convex Hausdorf topological 
vector space. 
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Proof. Everything is obvious except the completeness of P. Let ¢ be 
a Cauchy filter base in P; since the topology of P is stronger than that 
of €, @ converges to some element f¢€ €. We claim that f¢ P and ¢ con- 
verges to f in the topology of P. 

We know that for any compact set K C R, for fu€ $, fe->f, we have 
an(d"fa/dx") (a) | converges uniformly for all « and for K; we claim 
it converges to > | an(d"f/da")(x)|. If we write ba"(r) =anfa™ (x), and 
b"(z) =anf™ (ax), then the above is the statement that the conditions 
ba"(t) > 6"(x) uniformly for K, S| ba"(x)| converges uniformly for 
all and for K, imply 0"(z)| and | ba"(x)| converges to 
o"(x)| uniformly for K. This is seen as follows: 

Given any m) however large, we can find a cofinal set of a for which 
| ba" (x) for n= and all K. Thus, 


(2)| SB | bar(z) 
= const., 


where the constant is independent of mo. 

Finally, it is immediate that > | an((d"fa/dx") (x) — (d"f/dx"(zx))| 
—>0(. A similar argument works for the derivatives of f and gives our result. 

In dealing with the Fourier transform, it is best to consider the Fourier 
transform of ®’ which is the dual of P with the topology of uniform con- 
vergence on the bounded sets of . For the Fourier transform of ?’ is, in 
general, a space of entire functions which can be described explicitly in many 
cases (compare Ehrenpreis [1], [3], and [8]). In fact, in many cases we 
get again a space which can be described by infinite derivatives. 

We shall now consider several examples of spaces P. 


Hypothesis I. (a). The sequence {a;} belongs to A if a(z) = Dd ajzi 
is an entire function of exponential type. 


(8) If {a;)}€ A and c;=O(1+ p’) for some p, then {> 41*/t!} is 


4=m 


in A for any / whenever OS mSnSj. 


(y). For any f€ P, the series } fX//j! converges to f in the topology 
of 
From Hypothesis I (a) it follows easily that all the functions in P are 


entire functions. Moreover, the topology of P is stronger than the topology 
of the space & of entire functions on the complex plane (see Ehrenpreis [5]). 
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Now, for any S€ ?’, we define the Fourier transform I’ = ¥(S) as the 
formal power series T(z) = > Tj2/, where T; = S-#X5/j!. In most cases T 
will be an analytic function. We denote by 9’ the space of Fourier trans- 
forms of ?’ with the topology to make ¥ a topological isomorphism. 

For any set A of sequences we denote by A~* the set of all sequences 
{b;} such that > | bja;| <0o for all {a;}€ A. It is clear that A- is always 
admissible. 


THEOREM 16. Let A satisfy Hypothesis J. Then the space P’ is the 
space of infinitely differentiable functions defined by the operators D> for 
be 


Proof. First we note that, for any b = {b;} € A-, we have {6,(1 + j?)X} 
is bounded in the topology of P. For, given any {a;}€ A and any interval 
in R, (121), we have 


j 

Now, by Hypothesis I(B), {a’;} (1+ aj4|l‘/i} is again in A, 
i=0 

so that 


. j 4 . 
= j!| by | (+7) 2 | a4 | 
= | bja,’ | j!. 


Now, by hypothesis, | bja/ | is bounded in 7. Thus, 
sup | Seonst./(1 + *) 


which is the desired result. 

It follows that, for any S€ P’, {S- (1 + j?) {(1 + j?)b,T}} 
is a bounded set of complex numbers. Thus, > | b;7;| <0o. It is also clear 
from the above that } | ;7;| is uniformly bounded for T in any bounded 
set of P’. 

Conversely, suppose that 7 has the property that >| bj; | <oo for any 
{b;} € A*; we want to show that T7€ P’. For any f€ P, write f(z) => fr2", 
where, by hypothesis, the series converges to f in the topology of #. Then 
we define S by S:f—=SfnT,(—i)"n!. We must show, of course, that this 
series converges. But we know that > | a,f,n!| converges for any {an} € A, 
by the definition of ?. 


Lemma 10. (A-*)*CA for any admissible A. 
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Lemma 10 is an immediate consequence of the definitions. 

From Lemma 10, it follows that {(—7)n7n} € A, and this implies that 
tS fnTn(—t)n! defines a continuous linear function Z on P. It is clear 
that the Fourier transform of Z is just 7, and this completes the proof of 


Theorem 16. 
We have still to prove the statement in the theorem about the topology 


of ?’, but this can be accomplished by the above methods. 

We want to use our theory of infinite derivatives to describe the topology 
of functions which are analytic on an arbitrary set B in the complex plane. 
The method is easily extended to sets in complex affine space of n dimensions. 
Now, if B is open, the compact-open topology is obviously the most natural 
‘one. For a more general class of B, a natural topology has been constructed 
by Van Hove (see Van Hove [1], Waelbroeck [1], Grothendieck [1], [2], 
Kithe [2]). This is defined as follows: Let B,,- - -,B,,- + - be a sequence 
of open neighborhoods of B with B;,, C B;, NB;—=B and each B consists of 
only a finite number of connected components each of which meets B. Let 
%(B;) denote the space of functions which are analytic on B; with the 
compact-open topology. Then we define &(B) as the inductive limit of the 
spaces H(B;) (see Kothe [1]), that is, f€ #(B) means that f is analytic 
on some neighborhood of B. &(B) is given the strongest locally convex 
topology which makes the natural maps &# (B;) ~ #(B) continuous. 

Our definition of the topology by means of infinite derivatives is superior 
F to the Van Hove topology because it is intrinsic, that is, it is defined in 
terms of the set alone without using the fact that it is a subset of the complex 
| plane. Because of this, we are able to use our methods to define the topology 
on the real analytic functions on a real analytic manifold (with singularities). 
In addition, our method leads to the definition of the Fourier transform on 
these spaces. We hope to discuss these notions in detail in a future publication. 
. We shall change our previous notations slightly for convenience: We 
| denote by € the space of indefinitely differentiable functions in the complex 
z=ax-+ ty plane with the Schwartz topology (Schwartz [1]). For B any 
| subset of the plane, let B denote the closure of B. We also define A = {an} 
such that 
(04) An = O(e"/n!) for any «> 0. 

Definition. Two functions which are analytic on a neighborhood of B 
are called equivalent if they coincide on a neighborhood of B. An equivalence 
| class of functions analytic on neighborhoods of B is called an analytic function 
Fon B, 


We have the obvious 


3 
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Lemma 11. Let f, and f, be equivalent functions which are analytic 
on B. Then for any n and any 2 € B, 


(d"f,/d2") (20) = (d"f2/dz") (zo). 
Thus we can make the following 


Definition. #(B) is the space of analytic functions on B. A funda. 
mental system of neighborhoods N of zero in &#(B) is defined as follows: 
Let K be a compact subset of B and let {a,}€ A. Then WN consists of all 
f € #(B) which satisfy 


(55) max > | anf™(2)| S1. 


ProposiT1on 7. The following three topologies on the set of functions 
of H(B) are equivalent: 


1. The topology of H(B). 
2. The topology defined by the semi-norms 
max a, | f(z) | 
for {a,}€ A. > 
3. The topology defined by the semi-norms 
dn max | f (2) | 
for {a,}€ A. 


Proof. It is clear that of the three topologies, 3 is the strongest and 2 
is the weakest; thus we have to show that 2 is stronger than 3. Now, if 
{Gn} € A, then so is {a,n?}. Thus, if 6 >0 is properly chosen, any f¢€ H(B) 
which satisfies max (a,n*)|f™(z)| <1 must satisfy > a, max | f(z)| <b. 

z 


Thus Proposition 7 is proven. 
PROPOSITION 8. Assume B possesses the following topological properties: 
1. Every connected component of B is open in B. 


2. Every connected component of B is analytically arcwise connected, 
that 1s, any two points belonging to the same component can be joined by a 
real analytic curve in B. 


3. For each z€ B let U(z) be an open set in the complex plane. Then 
we can find a collection of sets {Ua} which are open in the complex plane 
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and cover B such that each Ua is contained in some U(z) and, moreover, 
if Ua Ua BN Ua 
Then #(B) is a complete, Hausdorf, locally convex topological algebra. 
If B is open, then the topology of #(B) is the compact-open topology. 


Remark. Hypothesis 2 can be weakened to: Any two points in the 
same component can be joined by a piecewise analytic curve in B, and the 
proof is essentially the same as that given below. However, I do not know 
of Proposition 8 is true for an arbitrary set B. 


Proof. It is clear that #(B) is a locally convex Hausdorf topological 
vector space. ‘To show the completeness of #(B) we need the following 


LemMA 12. Let f*(z) => (f%n/n!)2" be a formal power series with the 
property that 2 ft | are uniformly bounded in « whenever ay == O(e"/n!) 
foranye>0. Then all f*(z) are analytic in a fixed neighborhood of z=0. 


Proof of Lemma. Assume that f*% is not analytic in a fixed neighborhood 
of z=0. Then we can find an infinite sequence of positive numbers nj—> 0 
and a sequence {a;} such that 


| fn, | = mj! 
Now, let 
§7"/n! when n=—n; 
otherwise. 


Clearly a, = O(e"/n!) for any «> 0, but 
>> | | | fn, | pn /n;! 


=DY1—o. 
This concludes the proof of the lemma. 


Proof of Proposition continued: Let {f*} be a Cauchy filter base in #(B) ; 
| then f* clearly converges to a function f which is continuous on B and is 
analytic at each interior point of B. For each n we define the continuous 
function f(z) = lim(d"/dz") f*(z). For each z,€ B we claim that the formal 
power series >) f,(2)(z—2o)" converges in the neighborhood of 2. For 
simplicity of notation we assume that z) 0. Now, reasoning as in the proof 
of Proposition 6 we deduce that S| fn(0)an|<co whenever {a,}€A. By 
Lemma 12 we see that is analytic in the neighborhood of z= 0. 

Now, we have difficulty in constructing the limit of f* because NV (z)) and 
| N(z,) may overlap without fn(zo)(z—20)" and Sfn(z.) (z—2.)" being 
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equal in the intersection. Howéver, by a simple argument we can show that 
we can choose neighborhoods N’(z) C N(z) for any z€ B with the additiong] 
property that N’(z.)N N’(z:) is empty if z) and z, do not belong to the 
same connected component of B; namely, we just make sure that N’(z) js 
contained in the circle, center z, radius less tha none-third the distance from 
z to the complement in B of the connected component of B containing ;, 
The positivity of this distance is a result of the fact that z cannot be a 
limit point of points of B which do not lie in the same conected component, 
since the components are assumed to be open. By our assumptions on B 
we may also assume that N’(z) have the property that if N’(z)M N’(z’) 4¢ 
then BN N’(z)N N’(z’) Ag. (Of course, N’(z) are open in the complex 
plane and cover B but N’(z) are defined only for some z.) 

Call N’(z) and define g on N by g(z) =D fn(2o) (2 —2%)"/n! 


z€B 
for z€ N(z). We have three things to show: a. g=f on B. b. g is well- 
defined. c. g is analytic on N. 


Proof of a. Let z,€ B, then z belongs to some N’(z)). If 2, =2, then 
certainly f(z:) =g(#). If 2:2) then by construction there exists a real 
analytic curve T lying in B and joining z, and z. It is a simple matter using 
integration on T to show that f is an indefinitely differentiable function on T 
and for all n we have f,(z) = (d"/dz") f(z) for z€ T, where d"/dz"f is defined 
by using difference quotients on T only; that is, 


(df/dz) (22) oot! (#2) —f(2))/(t2—2). 


» 


Moreover, since [T is compact, the definition of our topology shows that 
for any {a,}€A we must have >| a,f,(z)| uniformly bounded for 
Lemma 12 then tells us that there is a §>0 so that all the power series 
> fn(z) —z)"/n! converge uniformly for | and for We 


now apply Pringsheim’s theorem (see Mandelbrojt [2]): This tells us that f 


is real analytic on T. (Strictly speaking, Pringsheim’s theorem is proven 
only for T a segment of the real axis, but there is no difficulty in extending 
the proof to any real analytic curve.) 

Now, it is clear that g and f both have all their derivatives equal at %. 
Thus, since g and f are real analytic on I they are equal for all points of T. 
Thus, g(z,) =f(z:) which is the desired result. 


Proof of b. Let 2, 2’ be points in B such that N’(z)) MN N’(20’) is not 
empty. Then by construction, BO N’(z) MN’(z’) ~A¢, so let 
ON’ N’(2’). Then we can join z, to z and z, with analytic ares 
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r,, T, respectively. By a. above, Cfn(%o)(z—20)"/n! is equal to f on 
(r, UT2) N’ (20) N’(2’) and so is also equal to fn(2o’) (2—20)"/n!. 
Since T, UT, is an are and N’(%)MN’(z’) is open, the two functions 


fn(2o’) (2—20')"/n! and fn(20) (2— Zo) "/n! 
must be equal on N’(z)) M N’(z’). This proves that g is well defined. 
Proof of c. This is clear from the definition. 


It remains to show that f* converges to f in the topology of #(B) but 
this is clear. Thus, #%(B) is complete. 
We show next that &#(B) is a topological algebra. This follows with- 
out difficulty from Leibnitz’s formula for the derivative of a product: 
(d"/dx") (fh) = 


jan 


Thus, if a, = 0, 


| (fh)| SB [FO | | | 


n 


| f | | |. 


(56) 


Let us note that for b;= 0, 
(Eb; | |) | | | | |. 


Thus we can make the left side of (56) small if we make aj;,,0;)** = b;b, for 
appropriate {bj}. 
Now, +h)!) for any e>0. Thus 


(57) 
= O[ (e’/j!) (7k!) 
for any « > 0. 

Using (57) we define {b;} as follows: Let L =max(j!aj,1). For each 
121, let p; be chosen so large that a; K(1/1)i(1/j!) for j=p,. Define 
b= for mSj< pur. Then (56) and (57) show that the 
conditions 

max | =1, max > | (x) | S1 
imply 


max | a;(fh)(2)| 


which proves that 9% (B) is a topological algebra. 
If B is open, then the topology of %(B) is the compact-open topology 
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as is readily verified by means of Cauchy’s integral. This completes the proof 
of Proposition 7. 

In general, we do not know if the topology of #(B) is the same as the 
Van Hove topology; we shall give some examples later in which the two 


topologies are the same. 


Proposition 9. Let h be a complex analytic mapping of B into B,, 
that is, h€ H(B) and h(B)C B,. Define h*: H(B,) >H(B) by h*(f) (2) 
=f(h(xz)). Then h* ts a continuous linear map. 


Proof. h* is clearly linear so we need verify at zero only. Let K bea 
compact set in B; since h is continuous, h(K) is compact. Let {a;} bea 
sequence satisfying (54); let NV be the set of g€ H(B) which satisfy 


(58) max >a; |g (z)| 1. 
Then we want to find a sequence {6;} satisfying (54) such that f€ H(B,), 


(59) max > 
zéh(K) 
should imply N. 
The sequence {b;} can be constructed by a method which is essentially 


the same as the classical proofs by power series methods that aun analytic 
function of an analytic function is analytic. We shall omit the details. 


We wish to give some examples: 


Example 1. Functions analytic at the origin. We denote the space of 
functions analytic at the origin by @. We show that the topology of 8 is 
the same as that of Van Hove. Let {a,} be a sequence of positive numbers 
such that a,—O(e"/n!) for any « > 0, and let WN be the set of f€ @ satis- 
fying }|a,f(0)|<1. Suppose there exists a sequence {ng} with n=) 
so that 
(58) On, = for 


We can write 


(59) = 2f4(2), 


where f,(z) fnx"; the series on the right clearly converges in 
Nq-1 


neighborhood of zero. Moreover, we have for <q", 
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n 


| fal 


=Nq-1 


Nq-1 
=b, > | fa| ann! 


n=Nnq-1 


bg >| fn | ann! 
n=0 


>| f(0)| dy 


n=0 


S bq. 


Thus, | fg(v)| S bg for | | 

Now, suppose we start with a closed convex neighborhood N of zero in 
8 in the Van Hove topology. Then for each qg >0 there is a bg > 0 so that 
8 contains the set of f which are analytic in | x | <q" and satisfy | f(z) | Sb, 
for || q*. We can clearly choose a sequence {ng} so that if we 
define d, by (58), then a,—O(e"/n!) for any «>0. (It suffices to take 
> for all g> 1.) Thus the neighborhood M of zero in @ defined 
by San | f™(0)| has, by the above, the following property: each M 
can be written in the form > 2-9f,, where f,€ B. It is readily verified that 


q=1 
the series 5) 2-9f, converges in the topology of Van Hove. Since @ is closed 
and convex by construction, this means that f € N which proves Proposition 9. 
The topology of @ is the same as the Van Hove topology. 


Example 2. Functions analytic in the closed unit disc. Let us denote 
by K the unit disc, that is, the set of x with |z| <1. 


THEOREM 17. The following three topologies on H(K) are equivalent: 
(1) The topology of H(K). 
(2) The Van Hove topology on K. 


(3) The topology defined by the semi-norms > b, | f™(0)|, where {b;} 
isa sequence of positive numbers satisfying b, =O((1+.)"/n!) for any «> 0. 


Proof. Exactly as in the proof of the previous Proposition 9 we can 
show that the topology described in (3) is stronger than the Van Hove 
topology. 

If U is any open set containing K and if B is bounded in #(U), then 
g 8 is clearly bounded in the topology (3). Thus, by general properties of the 
Van Hove topology, the toplogoy (2) is stronger than (3); hence, the 
topologies (2) and (3) are the same. 
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On the other hand, the Van Hove topology is stronger than the topology 
of &%(K); Theorem 7 will thus be proven if we can show that topology (1) 
is stronger than (3). Now, for any function f€ #(K), f defines a function 
in L, of the unit circle. We have clearly (normalizing the measure so the 
unit circle gets measure 1) 


By Parseval’s theorem the left side of (60) is }|f, |*. Thus we see that 
(61) max | f(x)| = [| fa 


By Schwart’s inequality, | fn|/(1-+n?) Sconst [3 | fn |?]#. Combining 
this with (61) we deduce 


(62) max | f(2)| = const | fa|/(1 


Now, let {a,} be a given sequence satisfying a, = O(e"/n!) for all «>0. 
We consider the set of f for which Sa;max|f(2)|<1. For each j we 
K 


have by (62) 


| = const | fa |n!/(1 + n?) (n—7)!. 
n=j 
Thus, 


12 (nj)! 
= fa | | (0) | 


say, where 


(63) (10) Zay/(n—j)!. 
The binomial expansion (1+ «)"= > a/n!/j!(n —j)! shows that 
jan 


Cn =O((1 + €)"/n!) for all «>0. 


We are not finished, however! Given a sequence {b,} satisfying 
b, =O((1+.)"/n!) for all «>0 we have to produce a sequence {i} 
satisfying dn =O(1-+.)"/n!) for all «>0 so that for the corresponding 
sequence {cy} we have b,<=c,. The construction of {a,} is as follows: For 
each g=1 we define an integer dz: d;=1 is defined so that for n= d, we 
have 6b, S (1+ 1/q)"/n!(1-+-n’). d, is defined to be zero. We may clearly 
assume that =1/n!(1-+ n*) for all n. Then we define 


(64) On=q"/n! for dgisn< dy. 


a 
f 
i 
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For n= d,, we have by Thus, for n= 
1/9)" 


= by. 
This completes the proof of Theorem 17. 


Example 3. Functions analytic on the wnit circle. We denote by K the 
unit circle, i.e. the boundary of K. Then we have 


THEOREM 18. The following topologies on 4 (K) are equivalent: 
(1) The topology of #(K). 
(2) The Van Hove topology on K. 


(3) The topology defined by the semi-norms 


Dd bal fn|, where d6 


and where {bn} is a sequence of positive numbers satisfying b, =O(1+.€)" 
for any e>0. 


The proof is similar to the proof of the previous theorem and so will 
be omitted. 


Similar results apply to the annulii 


for any a with O=a<1. Now, by Proposition 9 our topology is invariant 
under conformal mappings which are real analytic on that part of the 
boundary of K which is in K; the same is true of the Van Hove topology 
(see Waelbruck [1]). Thus, the topology of #(B) is the same as the Van 
Hove topology for B in case B is obtained from a domain of genus zero with 
real analytic boundary by adding certain parts of the boundary. 


We do not know of any similar results for domains of genus > 1. 


We conclude this section with a different application of the theory of 
infinite derivatives. This application is of great importance in obtaining 
very deep results on Cauchy’s problem (see Ehrenpreis [10]). 
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For each r with 1=r<o we define ,€ as the space of all f€ € for 
which the series }a,f converges in the space € whenever 


(65) an = O(e"/T(rm)) for some «> 0. 


The topology of ,€ is defined by means of the semi-norms }) a, max | f()(z)| 
K 


for K a compact set in FR and {a,} as above. The spaces ,€ are easily shown 
to be complete topological vector spaces which are Schwartz spaces (hence 
reflexive). ,€ is the space of entire functions and we shall write €=—,€. 
It is readily verified that ,€ is metrizable. For r41 the spaces ,€ bear the 
same relation to ,D that the space € does to the space D. 

r€ is the dual of €, €’ is the Fourier transform of re’, as described 
above. For any S€,€’, the Fourier transform ¥(S) is the function 


F (S)(z) =S-exp(iz-) 
for z€ C. It is easily seen that ¥(S) is an entire function of exponential 
type. 


THEOREM 19. ,€’ consists of all entire functions F of exponential type 
which satisfy, for some A, 


(66) | F(z) | = O(| P(2)|)exp[A | Bz |" + | T(z) |], 
where P is any polynomial, and where 1’ 1s defined by 
(67) forryo, 


The topology of €’ is defined as follows: Let H(z) be a positive continuous 
function on C such that all B>0 


(68) exp[B | Rz |" + | I(z)|] =O(A(z)). 
Let Ny be the set of F€,L’ for which 
| F(z)| S H(z) 


for allz€C. Then the sets Ny form a fundamental system of neighborhoods 
of zero in ,€’. 


Proof. Let S€€&’. Now, if a, are positive numbers satisfying 
a, = O(e"/T(rn)) for some e > 0, then we have 


> 4p | (d"/da")exp(iz-x)| =| exp(iz-2)| Say | (iz)” | 


(69) 
| 
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Dan | z |" const | z (rn +1) 
= const («| 2|)"/P(rn +1) 
= | |), 


where 


Q(z) = (rn + 1). 


For z= 0, Q(x) behaves like exp(z”). This can be seen as follows: 


exp(2”") = > 2°*/n! 


n=0 


= (rm +1). 


rm=0 


LemMMA 13. For x=1 we have 
(70) aQ (2) Sexp(2") S BQ (22) 
for some constants a, B which depend only on r. 


Proof of Lemma. We write first 


exp(2") = en(z), 


where 
(70) en(z)= air /j!, 


j=[nr] 


where [y] is the greatest integer Sy. Then for c21, 
<[(n+1)r] —1 we have 


git’ <= ntl 


while 
([nr))! 
(nr) 
(e+ 1)/( (a+ 1)r)™. 


Thus, for c= 1, we have 


en(x) (r+ + 
< 


[nr] Sj 
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exp(2”) Sen(z) 
S BX (nr + 1) 
= BQ (22). 
To prove the first inequality in (70), write 
exp(z") = Ye',(z), 


where 
[(n+1)r] 


en(z)= 


j=[nr]+1 


and 
e'o(x) = 
j=0 
For [mr] +15j=[(n+1)r] (n>0) we have 
gir’ = grrr’ — 


while 


< (nr +1). 


exp(z”) = Ye’n(z) 


= (r+2) + 1) 
> aD (nr +1) 


= aQ(z), 


which is the desired result. 


Proof of Theorem continued. Since the cases r—1,0o are known (see 
Ehrenpreis [8]), we may assume r+41,oo. Let N be any neighborhood of 
zero in ,€ on which S is bounded. By definition, there exist sequences 
{an*} k=1,2,---+,l of positive numbers with a,*—=O(e"/I'(rn)) for some 
e>0 and p>O so that N contains the set of f€,€ which satisfy 
aaa md =1. Our above calculations show that for some A >0 
2|Sp 


we have 
exp(—A(| Rz |" + | Iz|)exp(iz-) N 
for all complex numbers z. It follows immediately that ¥(S) satisfies (66). 
To prove that, conversely, any F' satisfying (66) lies in ,€’, we need the 
following lemma which can be proved in a manner similar to the proof of the 
corresponding result for the space .€ (see Ehrenpreis [1]) : 
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Lemma 14. For r1, ,€ consists of all S€,D’ for which the con- 
volution S*f€,D for any f€,D. Consider ,€ as a space of continuous 
linear maps (under convolution) of ,-D into ,D. Then the topology of ,€’ 
is the compact-open topology for this set of maps. 


Now, it follows from Theorem 11’ that any function F satisfying (66) 
has the property that FG € -D whenever GE ,D. The fact that fe results 
from this by a simple argument (see the analogous argument in Ehrenpreis 
[1]). 

Next, let Ny be a set as described in the statement of Theorem 16, 
where H satisfies (68). We want to show that Ny is a neighborhood of zero 
in ,€’. By a result of Grothendieck [1], ,€’ is bornologic so it is sufficient 
to prove that Vy swallows every bounded set, i.e., if B is bounded in €’ then 
for some a@>0 we have aB C Ny. This is proven by essentially the same 
argument as that used to prove that each F'€ ,€’ satisfies (66). 

The fact that the sets Vy form a fundamental system of neighborhoods 
of zero in ,’ is proven in essentially the same way as the corresponding 
result for the case roo (see Ehrenpreis [8]). 


III. General remarks. 


1. Let us consider, instead of the spaces ,€, the spaces of functions 


f€ € for which the series }\a,f™ converges in € whenever 


(71) An = O(e"/T (rn) ) for all « > 0. 


We give this space the usual topology and we obtain a topological vector 
space "€. In particular, 7€ is the space of real analytic functions R. It 
seems to be a difficult task to describe the topology of the Fourier transform 
€’ of the dual of "€. One of the main difficulties is that no analog of 
Lemma 14 is possible for *€. On the other hand, a result Polya (see VI. 
Bernstein [1]) shows that '€’ consists of all entire functions of exponential 


type which are O(exp(e|2]|)) on the real axis for any «> 0. 


2. A very difficult problem connected with the theory of infinite deriva- 
tives is the following: What kinds of conditions are necessary on the sets 
C;, Z; in order that the space & should not be reduced to {0}. This problem 
is closely connected to the problems of the minimum modulus and quasi- 
analytic classes. Cf. Example 7 and Beurling [1].) 
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ON THE HILBERT-SIEGEL MODULAR SPACE.* 


By Watrter L. Batty, 


Introduction. Let GS, be the space of complex, symmetric, n X n matrices 
Z—X-+iY with positive definite imaginary part Y, Y ))>0, and let 
Sn? = Sn X* be the product of p replicas of Gp. Let Sp(n, R) 
be the group of 2n X 2n real symplectic matrices. Then Sp(n, FP) is naturally 
homomorphic to a transitive group of complex analytic transformations of &,, 
and therefore (Sp(n, ))? is (homomorphic to) a transitive group of complex 
analytic transformations of (©,)?. Let £ be a totally real algebraic number 
field of (absolute) degree p and let o be the ring of integers in f. The group 
Sp(n,f£) of points in Sp(n,F) having coordinates in £ can be imbedded in 
(Sp(n, R))® by 

1: Ma (M%,- - -, 


where o, = identity, o2,- - -,o, are the distinct isomorphisms of f into R. The 
group =1(Sp(n, £)) is everywhere dense in the Lie group (Sp(n, R))?, 
and therefore the orbit of any point of ©,? under T,,,* is everywhere dense 
in S,?. Let Sp(n,o) be the subgroup of Sp(n,£) consisting of those V/ with 
coordinates in o such that det M—1 and put Iyyp—i(Sp(n,o)). Then Tn» 
acts in a properly discontinuous manner on ©,” and is known as the Hilbert- 
Siegel modular group [10]. The quotient space (G,)?/T'n,p, denoted by Bn», 
has finite volume with respect to the invariant measure on (G,)?. The same 
thing will be true of any subgroup Typ’ of T'y,p* commensurable with Iy,». 
We note in passing that if y € T,,)*, then yIy,»y is commensurable with Iy,». 
When no confusion can arise, we shall denote and by Tn*, 
and I,’ respectively, or still more simply by I’, , and IY. The main purpose 
of our paper will be to show that each of the quotient spaces (G,?)/I” can be 
compactified to a normal general analytic space, isomorphic to a projective 
variety. With a few important exceptions, our proof is quite similar to the 
treatment of the Siegel modular group (p—1) [12], and therefore we shall 
in many cases simply refer the reader to [12] for the more or less formal 


* Received January 9, 1959. 
+ This work was done while the author was an Alfred P. Sloan Research Fellow. 
¢ The author wishes to express his thanks to T. I. Bartha for valuable criticism. 
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jetails of proofs, reserving our efforts for concentration on those aspects 
yhich apparently cannot be lifted trivially from the case of the Siegel modular 
group, p= 1. 

We note here that the set of abelian varieties whose multiplication ring 
is an order in £ may be identified (non-canonically) with (©,)? (see [10, 
pp. 36-42). It is this point of view that has motivated the approach in [10]. 
However, we shall not pursue this interesting fact any further here. We 
should also like to call attention to the (well-known) fact that the group of 
units of o plays an important role in constructing the compactifications of 
| the spaces (©,)?/I”; it might be of interest to examine this fact further, 
but we cannot contribute anything in this direction at present. 

At this point we introduce certain notation which we have chosen to 
come as close as possible to that of [12]. First of all, if o; is one of the 
isomorphisms of f into R, and if x is some quantity over f, then z* shall 
denote the result of applying o; to z, while if Z€ ©,?, Z* shall denote the J-th 
component of Z in the product SG, X- - - X Gn, %j' denoting the 1j-th entry of 
the matrix Z'. Then if M denotes a p-tuple of matrices, tr(M) = 2 (2 mi;'). 


If § is a matrix over k, we write S>>0 if each of the matrices S',- - -,S? 
is positive definite, and S=0 if the requirement of positive definiteness is 
replaced by positive semi-definiteness. Moreover, 


N det (CZ + D) det(C'Z! + D*), 


and, in general, multiplicative quantities of Siegel’s theory [14], such as 
det Y, should be replaced by the absolute norms of those quantities, whereas 
ulditive quantities such as ds? = tr(Y-*dZY-*dZ) should be replaced by the 


absolute traces of these quantities. Finally, “integer” will usually mean an 


element of o. 


1. Reduction theory and fundamental open sets for KE’. We wish to 
construct a fundamental open set for Ty,» in ©,?, i.e., an open set B’ in ©,? 
having finite invariant volume such that Ty,)’B’ = G,? and such that yB’ N B’ 
is non-empty for only a finite number of y€Ty,,’. For the convenience of 
the reader we indicate briefly the results of [8] and [10] which we shall need. 
Since a fundamental open set for I” can be constructed by taking the union 
of a finite number of fundamental open sets for I, we first construct a 
fundamental open set B for I. 

Let E2m be a 2m-dimensional vector space over the rational numbers and 
let Hom be supplied with a skew-symmetric bilinear form (z,y). The group 


4 
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of linear automorphisms of HF.» leaving this bilinear form invariant is called 
the group of symplectic transformations of LH.» (with respect to the bilinear 
form). A subspace Q@ of Hom is called a null space if (x,y) 0 for all 
z,y€Q. A linear transformation A of H2 is called symplectically self-adjoint 


if (Av, y) = (2, Ay), y€ Lom. If is an algebra of symplectically self. 
adjoint transformations of H2m, we denote by Sy the group of integral sym. 
plectic transformations M of Em such that M‘A =*AM for all ‘A € 49. (Here 
‘A is the transpose of A and ‘Qf is the algebra consisting of the transposes of 
elements of the algebra 9.) ‘Two maximal null spaces Q, and Q. (0) of 
Hom, invariant under ‘9, are called equivalent if there exists JJ € Sy such 
that MQ, = Q2. 

A representation «— (a) of f by m X m matrices with entries from the 
field of rational numbers is called normal if the entries of 2[(a) are rational 
integers whenever ~€ 0. The number of equivalence classes of normal repre- 
sentations (under unimodular equivalence) is finite, being bounded by h™/, 
where hf is the class number of f. Using this fact, it is not hard to prove 
that if 9[ is a normal representation of f by 2m X 2m matrices A such that 
*A is symplectically self-adjoint, then the number of equivalence classes of 
maximal invariant null-spaces is finite. 

An rs matrix over f may be viewed as a pr X ps matrix over the 
rational numbers. Let C and D be n Xn matrices over 0; the pair (C,D) 
is called symmetric if C'D = and primitive if for any non-singular 
matrix B over f, (BC,BD) integral implies | NdetB| 21. By a choice of 
integral basis in f, C and D may be viewed as m X m matrices with rational 
integral entries. Let Z denote the m-dimensional vector sub-space of Eom 
which the rows of (CD) span over the field of rational numbers. The 
condition C*D = D‘C says simply that this vector space Z is a null space 
with respect to a certain skew-symmetric, bilinear form. The field f, which 
operates linearly on the vector space of dimension 2n over f, then possesses 
a natural representation as an algebra ‘{{ of symplectically self-adjoint trans- 
formations of F'», (with respect to the above bilinear form), and Sy is just 
the subgroup of the group of integral, unimodular, symplectic transformations 
of Hom which arise in the obvious way from elements of Sp(n,o). The 
primitive pairs (C,D) and (C,,D,) are said to be equivalent if there exists 
U€ Sp(n,o) and a unimodular n Xn matrix B (i.e., NdetB is a unit), 
over € such that B(CD)U=(C,D,). Then it is easily seen that the 
primitive pairs (C,D) giving rise to the same maximal invariant null-space 
in Hy» are equivalent. Hence, there are only a finite number of equivalence 
classes of primitive pairs (C,D).— 
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We now proceed ([10]) to construct a fundamental open set for Ty,5. 
it (C,D) is a primitive symmetric pair, define 


x(C,D;Z) =| N det (CZ+D)|. 


A B 
If € Sp(n, 0), 
let y(M;Z) = x(C,D;Z). In the future, we shall use MZ to denote 1(M)Z. 
If define 
= {Z| |x(C,D;Z)| >» for all symmetric, coprime pairs C, D}. 
Using the fact that the number of equivalence classes of primitive symmetric 
pairs is finite, it is not hard to show that there exists yo >0 and a finite 


number of transformations M,,- - -,M,€ Sp(n,£) such that if Z€ ©,?, then 
there exists M€ Sp(n,o) for which M,MZ€Q(p.) for some vy, LS=vSq. 


If Y ¥?), 0, p, then each Yi= D‘[T'], 
Di being diagonal with entries dj‘ =8,,d;' and T+ being unipotent triangular 
with entries ty! if kj). If t>0, define 
Q(t) = {Y| | tix? | ii j> k, 
d; all 1, diy toy j}- 


| According to Humbert [8], there exists ¢, >0 and a finite number of non- 
singular matrices A,,- -,A,€ GL(n,£) such that every Y = (Y',- -, Y?) 
can be written as Y’[ApU] for some Y’€ Q(t), 1S=pr, and U belonging 
to the group of unimodular matrices over 9. Choose a basis w1,° * *,wp of 
jthe integers in £ and let Q’(t) denote the set of Z€ Gn? such that 
and such that ReZ =X = (X',---,X), where X', 
1SiSp, can be written as a ba =; being a real symmetric matrix 


with entries satisfying | For any p, 0 let 
1 Q’(t). Then there exists a constant A > 0, A==A(p, ¢), such that 
we have 

Then from the results of [8] and [10], and the above, it follows that 
there exists a set B(Q) consisting of a finite number of translates of Q under 
‘ements of I such that T,,»B(Q) =G,? and such that B(Q) meets only 
a finite number of its translates under T,,y. Since it follows from the existence 
of the constant A that B(Q) has finite invariant volume (the invariant volume 
element is N(det Y-"*dXdY)), we see that B(Q) is a fundamental open 
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set for I. If IY is commensurable with I, the union B’(Q) of a finite number 
of translates of B(Q) under elements of I is a fundamental open set for Yr’ 

We choose pp < po, >t) such that for each r, Orn, the open se 
O,(p, ¢) =, in G,? satisfies the same conditions with respect to I, as 0, (y,t) 
does with respect to T,, so that the union B(Q,) of a certain finite number of 
translates of Q, under elements of I,* will be a fundamental open set for I, 
Let pi<p, >t. We now define a topology on Qn (py, 1) UO 
If Z,€ 0,, let U, be a neighborhood of Z, in Q, and let K>0. Define 


U, = V*(U,, K), to be the set of is € (yn, #1) such that 
12 2 


n 
Z,€U, and K, i=1,--+-,p. Then by definition, U, is on 


8=r 


n 

of a basis of neighborhoods of Z, in (J) O3(1, 4) (it may be verified as in 
8=0 

[12, exposé 12] that this gives rise to a legitimate topology). Then we 

topologize clos(Q,(p, t) ) C LU 41) with the subspace topology. 

8=0 8=0 
Let p: ©,?—> SG,” be defined by 

Therefore p(B(Q)) is also a fundamental open set for p(,) 

is a bounded set in the $pn(n +-1)-dimensional space of p-tuples of compler, 

symmetric, m <n matrices, and its closure there, closp(Q,), is naturally 


homeomorphic to clos(Q,) U- - - Uclos(Q,) (this follows from [12, p. 12-04, 
Lemma 1, 1°]). 


We denote by G," the subgroup consisting of those i _) €Sp(n,f) 


such that A = Bn op P= 0 Dz 


where A,, B,, C:, are rXr and Az, Bz, and Dz, are (n—r)X(n—"). 
@," may be characterized as the smallest subgroup G of Sp(n,£) with the 
property that if {Z,}, {Z,’} are sequences in closQ, C ©,? with limits 
Zo € closQ,C S,, Zo’ € clos Q,? CS,” such that Z, = MZ,’, M€ Uy,p fixed, then 
r=? and MEG (see [12, p. 12-04, Lemma 1]). It is easily seen that 


a homomorphism of G," onto T,,»*. We denote 


the kernel of by QM," consists of all Me Sp(n,f€) of the form 


and where 


t 
M = where U€ GL (n,f) is of the form ( 


T is a symmetric n X n matrix over of the form If 
12 2 


a 
be 
se 
an 
ph 
(U 
W 
ort 
fo 
de 
tra 
Ea 
on 
(tl 
ple 
is 
We 
18 
Sp 
wit 
the 


HILBERT-SIEGEL MODULAR SPACE. 851 


belongs to a subgroup of Sp(n,£) commensurable with Sp(n,o), it is easy to 
se that some power of U must be in the group of unimodular matrices over 0, 
and therefore N detU —==+1. 

If G is a group of transformations of the space D, and + a homeomor- 
phism of D, onto the space Dz, we let 67 =7Gr-. 

By the mapping 


(the so-called “‘ Cayley transformation”) ©,? is transformed onto %,?, where 
%, is the “ generalized unit disc” consisting of all symmetric complex matrices 
W such that WW << and T,,» is transformed into the properly discontinuous 
group T',,p7 acting on B,?. 7r(p(B(Q))) is evidently a fundamental open set 
for Typ” Sp(n,£)7 is an almost transitive (i.e., the orbit of each point is 
dense) group of transformations of %,?, and is also a group of continuous 
transformations of clos(®,?) %%,?. As in [12, p. 12-15] we let 


Wn? = {(W;) | rank(#— W,W;) S71} 
B,?—= {(W;) | =r}. 


Fach By.” is stable under Sp(n,£)7, and the latter acts almost transitively 
om B,,,% As in [12, p. 18-01] we may easily prove that 


Sp(n, clos(r(p(B(Q)))) clos(z(p(B(Q) ))) 


(the operations of closure being with respect to the entire space of n X n com- 
plex, symmetric matrices). We denote clos(z(p(B(Q)))) by (there 
isno need to exhibit p explicitly here since the field f is fixed throughout). 
We denote +(p(Q@)) by and r(p(B(@))) by B(S). Then clos (B(S)) 
is the union of a finite number of translates of clos(}}) by elements of 
Sp(n, clos(B(S)) = U o;clos(S), oi € Sp(n, £)7. We topologize clos (B(>)) 


with the finest topology such that each of the mappings 


clos (2) — clos(>) C clos(B()) 


is continuous, and topologize %,* with the finest topology such that each of 
the mappings 


clos(B(>)) > y clos(B(S)) C 


7€Sp(n,£), is continuous. Then as in [12, exposés 12 and 13] it is not 


aber 

set 
,t) 
T of 

ty), 
fine 
hat 
one 
in 

we 

n) 
lex, 
ally 

04, 

r). 

the 

its 

hat 
ote 
rm 
ere 

M 


852 WALTER L. BAILY, JR. 


hard to see that Sp(n,£)7 acts as a group of continuous transformations 4 
W,*. We let (as in [12, p. 12-15])? 


0=rsn. As previously remarked, the homeomorphism p of Q, onto p(0,) 
may be extended to a homeomorphism, which we again denote by 4, ¢ 


U clos(Q,) onto closp(Q,). Let C, denote the connected component of §,,,' 
g=0 


~ 


containing r(p(Q,)); then C, is complex analytically isomorphic to ¢/ 
the subgroup (©,7)7 of Sp(n,f)7 acts almost transitively on C,, and i 
€ Sp(n, — oC, is empty. Moreover, if y € Gy", the actin 
of tpy(zp)~* on C; is the same as that of z,(y) on ©,” under our identification 
of C, with ©,?. These facts are verified by applying Lemma 1, p. 12-04 of 
[12] to each factor of SG, X- + -X G, and by applying considerations simila 
to those of pp. 12-14 to 12-15 of [12]. If o€ Sp(n,f)7, we have natunl 
isomorphisms of quotient spaces: 


where I;,,(o) is a certain subgroup of Sp(r,£) commensurable with I,, 
Although %,*/T;,,(0)7 may be mapped in a continuous, proper manner ont 
clos(C,)/((Gn")7’ A Tn» 7), this mapping y is not a homeomorphism sine 
[12, pp. 13-05 to 13-06] it is not even one-to-one. However, if 


Zc clos(C;) /( (G,7)7 M 


y*(zx) is a finite set and y restricted to B,?/T;,,(0)7 is actually one-to-one. 

The finite number of points in @yo*/In,’7 correspond to the finite 
number of points in which a true fundamental domain (not just a funt- 
mental open set) meets the distinguished boundary of %,?, and their number 
can be calculated as in [10]. 

Just as in [12, exposés 12 and 13] it may be proved that %,*/Ty,)" i 
a compact Hausdorff space. It is also easy to see that Mn*/Tn,p’7 is the unim 
of a finite number of pairwise disjoint subspaces isomorphic to comple! 
analytic spaces G,?/T,,,, Orn. We shall now elaborate somewhat on tli 
geometrical situation involved. 

As we have just seen, maps %,? onto and may be uniqueli 
extended to a homeomorphism ¢ of Y,,* with the union ©,* of a certail 


1It should be noted as a direct consequence of the definition of Q(t) (namely 
that certain diagonal entries of Y must be of the same order of magnitude) thi 
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countable collection of replicas of the spaces ©? (0 = rn) supplied 
with the finest topology such that each of the injections 


y( U clos Q;,) C y € Sp(n, f), 


is continuous, the action of y€ Sp(n,£) on ©,* being defined in an evident 
manner. C, is to be identified with one of the S,,o?, which we denote simply 
by S,?, and Q, is an open subset of G,?. 
Let U be an open subset of ©,* such that VU = U, and let U-= 6 PN U. 
It is clear that the closure of U, in the topology of ©,* contains U, for r <n. 
Letting 
Sp(n, = U 


be a decomposition of Sp(n,£) into double cosets modI” and ©," (which, as 
in [12, exp. 13], may be seen to be finite in number), put 


Urn M,y71 U 
and 
= tr M G,”) 


Then U= UMM and (I’M is non-empty only 
Tr 


if If furthermore s<r<n and 
Sp(r, k) U G,", 
v 


and if M,,Ms,"—= M’M,,L, M’€ I’, LE Gs", we write (A,v)—>p. It is of 
course possible that we may have (A’,r’) > yp, AA, Av. 

The above has the following geometrical significance: A “ fundamental 
open set”? B*(Q) for IY in S,* consists of the interior of the closure in ©,* 
of the fundamental open set B’(Q) for IY in G,?. For each 7, B*(Q) meets 
a certain finite number of the spaces G,?. Let a maximal subset of these, 
inequivalent under I’, be denoted by ©,,?, A belonging to a finite indexing 
set A, and we may choose the M,, such that W,jS?—G,y?. Let 8(r) 
=jpr(r+1). Then M,, carries the $(7)-dimensional “vertex” 
B¥(Q) AS, onto the 8(r)-dimensional vertex B*(Q)N Gp? of B*(Q). 
Moreover, B,,*(Q) = M,,7(B*(Q) S,y?) is a fundamental open set in 
©,” for the group T,,, and M,,"* may be chosen to carry the §(s)-dimensional 


* Here the use of the term “fundamental open set” is a convenient abuse of language 
(it is inaccurate because I” does not act discontinuously in G,*). The term is used 
here to denote a set containing only a finite number of points from each orbit of I’ 
and whose intersection with each of the lower dimensional spaces G,,g? is a fundamental 
open set in this space with respect to a certain group acting there. 
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vertex B,,.*(Q) S,? onto the 8(s)-dimensional vertex N 
of B,*(Q2), and so M,,M,,* carries the vertex B,*(Q) NS? (which is 
transformed onto some other open domain in ©,? by all y€ G,") onto some 
other 8(s)-dimensional space which is a translate under some J’€ I” of a 
5(s)-dimensional vertex contained in, say, Gg,?. 

Let Z,€0,, let U, be a connected neighborhood of Zo, stable under 
a,(I’)z,, and let be defined as before, r<sSin, K>0, 
It is easy to see that there exist a finite number of M€ (I'*)z,, say M,,---, Mn, 


such that the closure of (I”)z,(LU Min) is a (saturated) neighborhood of Z, 
i=1 m 
(in M,,*, if we identify S,? with %,?). However, J) Mi, may not be con- 
1 
nected. Let --,N,€ Sp(n,f)z, be of the form 
1 


t 
where U; = 


0 


and ¢,,- have all possible signatures in f. Let 


Zo 0 
Yra 


€ Uy 


0 


For appropriate fized choice of p, we can always find 
(depending on U,,) such that the “ray” from Z,* to Z will be containend in 
Nn, Let Gz, be the subgroup of Sp(r,R)? leaving Z, 
fixed. Then the kernel 9t of the canonical homomorphism of (Sp(n, 2)?)z, 
onto Gz, has as many components as there are different signatures (i.e., 2’). 
Therefore if M;€ MM; can be joined to one gN; by a fixed path in 
The union K = U XH; is a compact set fixed once for all. Let & be the 


(dense) set of points of 1Sp(n,£) contained in a fixed compact neighborhood 
@@ of K in the space consisting of the finite number of cosets gM involved. 
Let D= (T’)z,€Un. Since U, is connected, it follows easily from our con- 
struction that D is connected. Since each g€ Sp(n,f) acts continuously on 
%,* (with our usual identifications), it is clear that the closure of D is 2 
neighborhood of Zo. Finally, direct computation shows that, since @ is 
compact and fixed once for all, the closure of D runs over a basis of neighbor- 
hoods of Z, as 11, runs over a basis of connected neighborhoods of Z, in G,; 
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and K—>-+-0. Therefore, since D is connected for each of these, we have 
(as in [12, pp. 13-08 to 13-10]): the canonical image of Z, in G,*/T’ has a 
basis of neighborhoods {Ua} such that each Uath(Gy?/T’) ts connected. 


2. Modular forms and Eisenstein series. Let I” be a subgroup of 
Sp(n,£) commensurable with the modular group [=—TI,,,. By a (matrix- 
valued) modular form of weight & and multiplier v with respect to I’, we 
mean a holomorphic (matrix-valued) function f on ©,? with values in the 
space M,(C) of qq complex matrices satisfying 


f(MZ) det (CZ + D)*f(Z)v(M)7? 
for M -(¢ “ € I’, where v is a homomorphism of I” into GL(q,C) such 
that the kernel of v is of finite index in I’. We denote the module of such 


forms by ©n,r'(%,v), and if g=1 and v(M) —1 for all MET’, this module 
is denoted by 

Let S be an n Xn symmetric matrix over 0, and assume S=0, which 
means that each of the conjugates of S is positive semi-definite, all conjugates, 
of course, being of the same rank r. As in [12] we let 


-1 
Gs — {M| Mc 6", UStU=8, tr(ST) € 0}, 


Ty’ =I’ N Gg. 
The Hisenstein series Hy-,s,, for an even integer k, I’, and S is defined by 


Ey.sx(Z) «(S:MZ)N det (CZ + D)-, 
M:Tg'NI’ 


where e(X) = exp(2zitr(X)), and where M: I's’\I” means that M 
runs over a complete system of right coset representatives of I's’ in I’. For 
fixed hk, let Ey = Ey 

We shall shortly return to the proof of the convergence of these series 
for sufficiently large &, noting that is sufficient to prove the convergence of 
Ey.3 because of the following easy propositions: 


(I) If Y” is a subgroup of I’, and if Ey, converges, then Eyp,s 
converges. 

(II) If IY” is a normal subgroup of I” of finite index, the convergence 
of implies that of Ly.g. 


It is easily seen that Ly-,3 is a modular form of weight & with respect 


856 WALTER L. BAILY, JR. 
to I’. Moreover, if we define (f|M)(Z) =f(MZ)N det(CZ + D)-* for any 
M€ Sp(n, f), it is clear that 
| ME Sar (k). 
Let w€ GL(q,C) be fixed and let 


‘u TU 


| M=«(8Z)o}, 
where «(SZ)w|M—e(SZ)N det(CZ-+D)*wv(M) for Sp(n,f). Then 


more generally we can consider the series 


8,0 


Jern or; 


which, if it converges, € Onr(k%,v). In order to establish the convergence 
of this it is evidently sufficient to prove the convergence of the series L[y.«. 

We first consider the case S>>0. We shall not exhibit many details 
here because most of these are the same as in [12, exposé 9]. 


THEOREM 1. Let 8S be an n Xn symmetric matrix over f, S>>0, and 
let be defined as above. If k >2n, converges uniformly on every 
compact subset of ©,?. 

Proof. Proceeding as in [12], we let J(M,Z) =N(det(CZ 
I(Z) = N(det Y)**. Then letting J’(M,Z) =I(MZ)J(M, Z)I(Z)-*, we see 
that |J’(MZ)|—1. Therefore if we let ¢(Z) =I(Z)«(SZ), we have 


(N (det = J’ 
M:Ts\P 
and since for holomorphic functions convergence in the 2'-norm on an open 


set implies uniform point-wise convergence on every compact subset, it will 
suffice to prove the convergence of the integral 


f az, 
M: I'g\T 
ZmodI 
where dZ = N((det Y)-"*dXdY) is the invariant measure on ©,?. This 


integral is equal to 


J 
ZmodIg 
E 


and since the subgroup I, of I'y consisting of the translations M = 0 EF 
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is of finite index in T'y (since UStU =S must hold for each of the conjugates 
of U and S), it is therefore sufficient to prove the convergence of 


Zmod 
N (det Y)*/? exp(— 2ntr(SY))N (det dXaY) 


f II (det exp(— 2x tr(St¥*)) TI (det 
4 4 4 


*>>0 
p 


where A is the discriminant of f. Since each of these last factors converges 
if k: > 2n, the proof is complete. 
Let IY be commensurable with A norm || is defined on by: 


The space of f€ Gar(k) with || f is denoted by The 
integral estimate of the preceding proof shows that Ly Sr“ (k) if k > 2n. 

We turn to the proof that Hy,s converges if S=0. This is more difficult 
than the case S>>0 and we shall give an arithmetic type of proof along the 
lines of [4, 13], rather than attempt to carry over the proof in [12]. We 
have 


Eps= > (S-MZ)N det(CZ+D)-~. 
M 


By using the device of [4, p. 391] it is easy to see that we may restrict our- 
selves to investigating the sum for detC0. For a fixed symmetric pair 
(C,D), det C40, we wish to estimate the sum 


do,p(Z) 
where M runs over the same system of coset representatives for the fixed pair 
(C,D) as in Ey. 
t 
All such representatives can be chosen in the form ( . i >) 


0 D 
A, B being fixed once for all. Then 


| ¢e,n(Z)|S 2 exp(— 


D 
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where 


= Im((AiZi + (CiZi + Di)+) 
+ Di) Vi(CiZi + Di)-1 (Yi = Im 


and the summation is over a set of coset representatives of the group of 
units of S in the group of unimodular matrices over o (i.e., detU is a unit 
of o). If S is of rank r, this summation is over a certain group of real 
lattice points in C"™ X- + - xX C™"=C"?, with appropriate choice of coordi- 
nates (these are not products of lattice points in the component factors, but 
are in correspondence with a certain additive group of r X n matrices over 9 
of finite index J in the group of all such matrices in such a way that the i-th 
component of the lattice point is the 1-th conjugate of the matrix). If 


(V?,- V?) € Cre, 
V+ being an r Xn matrix, (CZ-+ D)-* acts as a linear transformation on 
Cnrp by 
(CZ + D)*V ( + + V2), 


and the real determinant (i.e., Jacobian) of this transformation is 
| N det(CZ + D)|-*". To estimate | ¢c,n(Z)| for Z belonging to a compact 
subset of ©,?, we sum over the lattice points in an expanding sequence of 
concentric ellipsoidal shells. Namely, if R is the region between two con- 
centric sphere in C"’?, with respect to the metric tr(>*V+V*), we wish to 
i=1 

estimate the number of lattice points of our summation in the ellipsoidal shell 
which is the image of R under the mapping (CZ+ D)-1. We have 


and I(det C*) (C*)-+, having coefficients in 0, is an endomorphism of the set 
of lattice points, whereas the fact that Z remains in a compact set makes 
it clear that the ratio of the maximum to the minimum eigenvalue of 
the transformation Z+-(C)-"D is no greater than some constant times 
| NV det(Z + (C)-*D) |", where e, is some positive integer. Therefore, the 
number of lattice points in the ellipsoidal shell is no greater than some 
constant times | V(det(CZ + D))|%, for a suitable (possibly altered) choice 
of the positive integer e,. Since 


| ¢o,n(Z)|S exp(— (S*Y*[ (C#Z* + D‘)U*]), 
it is then clear that 


sup | SC, | N det(CZ + D) |, 
€ 
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C, being a positive constant depending only on the compact set K. Therefore 
it suffices to prove the convergence of 
y(Z) = | W det (CZ + D) 
(C,D), det C740 
(C, D) running over a system of left non-associate, symmetric, primitive pairs. 
We have, letting k—e,—p, 


Let Bo(Z) => | NW det(Z + C“D)|-*, D running over integral matrices such 
D 


that (C,D) is symmetric. 

We say that two matrices H, and H, are congruent modC@ if H,—H, 
=(-T, T being integral. It is clear that the number of residue classes 
modC of integral D such that C-"D is symmetric is not greater than 
| V det C |#("*». Tt is also clear that a representative D, from each residue 
class can be chosen such that C-*D, lies in a fixed compact subset of the 
space of real symmetric matrices, independent of C and the particular residue 
class. Therefore, to prove that y(Z) converges uniformly on K, it is sufficient 


to show that 


| det and S| det(Z+ H)| 
C H 


converge uniformly, where in the second sumation H runs over all symmetric 
matrices Over 0. 

If C is a non-singular matrix over o, the number of left non-associate 
matrices A over o satisfying ‘AA —'CC is no greater than some constant 
times V det(*CC) for some positive integer e, independent of C. In fact, if 
‘AA = 'CC, M = (det C)(AC-*) is a matrix over o such that ‘MM = (det C)*E£, 
and since, after multiplying C by a suitable unit of 0, we may assume 
|(det C+) /(det C/)| <A for all i, j, our assertion follows from a direct com- 
putation (here A is some constant > 1 depending only on the field £). Since 
‘CC =8 is a positive definite matrix with coefficients in 0, we see that 


> | det 
Cc 


converges provided that the following series converges: 


det(S)|-*, 
s>>0 


where o= $p—n(n-+1)/4—e, and where S runs over a system of repre- 
sentatives of equivalence classes of positive definite symmetric matrices over 0 
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(S:~ 8S. if there exists a unimodular nn matrix U over o such that 
‘US,U =S.). By Humbert’s reduction theory [8], there exists a finite 
number of matrices A,,-*:,4m€ GL(n,£) such that for each symmetric 
S>>0 there exists p, 1pm, such that S[A,] is equivalent to a point 


in the domain Q(t) (q.v., §1). Therefore the series > | N det |-¢ is not 
S>>0 
greater than K,- >} | NdetS|-’, K, being a positive constant. If S€ Q(t), 
S€ Q(t) 
S (s,), it is clear that detS@ =>Cs®- + - Sa, and sy, | 


all i, 7, k, where C is a suitable positive constant and C's;6) < sj) < C-1s;(@) 
all 1,, 7. Let Ns;;==7; For fixed positive rational integers 7,,° -,7, 
all the elements in the j-th column of S are such that they, together with all 
of their conjugates are no greater than c’7;/. Therefore each of them can 
take on at most ¢’7; values, where c” depends only on c’ and k. Hence, the 
number of § for given is at most and there- 


fore > |NdetS|-* is majorized by K’- which evidently 
S€Q(t) Tn 
converges if >n+1. 


We now need only show that 
S| W det(Z +H) 
H 
converges uniformly over every compact for sufficiently large o. If Z—=X-+iY, 


we may write (as in [13]) PYP—L, P(X+HA)P—W. If An 
are the characteristic roots of W, 


| det(Z + H)| = det (1+ det (1+ 
k=1 k=1 


n 
If we put > A,”, then A* = tr(W?) => wj;*, so that if is the integer 
k=1 4,J 
such that g—12A <q, we have | wi | <q, all 
H = (P’)*WP*—X 


and since P and X range over fixed compact sets, this implies the existence 
of a constant c > 0 such that | hi; | < cg. Hence, for fixed g, the total number 
of matrices H such that g—15 (tr((W*)?)) <q for each of the conju- 
gates H‘ of H is no greater than c’(q?)3"*), and for each such matrix 
| det(Z+ H)|=c’q. Therefore, ~ | det(Z + H)|-* is dominated by 

q-7*#en(n*1) which converges if o >4pn(n+1)+1. This is probably 


qintegral 
(almost certainly) not the best exponent of convergence, but our only aim has 


been to show the existence of a finité exponent of convergence. 
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In particular we have shown, in view of (I) and (II), that 
Vdet(CZ + D)|-° converges for sufficiently large p, where (C,D) runs 
C.D 


over all left non-associate pairs such that some M = # 7) € I’. Therefore 


a(Z) =[ | N det(CZ + D)|-°]?/° is what Pyateckii-Shapiro [10] calls a 
C.D 


normal majorant function for I’, and according to [10, p. 24 (Lemma 5)] 
it follows that dim (k) < +03 


8. The operator @ and the ringed structure on ©,*/K’. In this 
section we shall supply the space G,*/I’ with a ringed structure, le., a 
subsheaf 9 of the sheaf of germs of continuous, complex-valued functions on 
S,*/T’, with respect to which it will be proved later that ©,*/I’ is a normal 
general analytic space. Because the case p—1 has been dealt with in [1, 
11, 12], we shall assume here that p>1 in order to avoid treatment of 
special cases. 

As usual, IY denotes a group commensurable with T—T,,». We let Q, 
U, S?, Ur, Min, Srr?, Urn, Msy™, and T,, have the same meanings as in $1. 
Moreover, we let and Then &,* 
= U By. 

We denote by Sn,r,q,,(k,v) the module of holomorphic functions on U, 
satisfying 

f (MZ) =N det (CZ + D)*f(Z)v(M)", 


for M€ I’, & being a non-negative integer and v having its usual meaning. 
Let f€ Snr.qn(k,v) and let Z,€U,. By appropriately restricting U, we 
may asusme that % is stable under all the real translations: Z->Z-4+T, 
in [12, p. 14-02], we have 


Since IY M MN,” is commensurable with TQ N,", it follows that there exists an 
Integer g€o, g>40, and a subgroup y,.,” of finite index in the group of 

* Since it may not be too easy to establish the bounded convergence of the series 
for a(Z) in the set Q(u,t), a normal majorant function may be obtained easily in the 
following way: By using the fact that the image under ®,," is everywhere dense in 
S,, (a fact which does not make use of the finite dimensionality of the latter) one may 
establish the existence of a finite number of modular forms ¢,,: - - , ¢y of a suitable 
high weight having no common zeros on G,*. Then a suitable power of the quantity 
| by i a | ¢y |? provides us with a normal majorant function. 
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(n—r)X(n—r) unimodular matrices over o such that YN MN,” contains 
all of the transformations: 


0 E, 0 


(ii) ,U=— (mod q) 


T 12, T, =0 (mod q) 


where we may suppose v to be trivial on M in (i), (ii), and (iii). Therefore f 
has a Fourier expansion in the connected component of U, to the closure of 
which belongs Z,: 


f(Z) = ag,(Z1, Z12)€(S2Z2) 
12 + S.Z2) 
the summation being over matrices S, 8:2 with entries in f such that tr(S,7,), 
tr(‘Si2732) are integral if T is as in (iii). These series converge uniformly 
on every compact subset of U,. 

From the uniqueness of the Fourier expansions and from the fact that f 
must be invariant under a subgroup of finite index in YM M,", we see as 
in [12] that the coefficients as, and bs,,s,, must satisfy the following: 

(a) (Z1, Z12) = det U*ag,(Z1, Z12U 2), 


(b) dg,(Z1, Z12 + 12) = det U~*ag,(Z1, Z12) 
e(— (Z,[U 12] 12Z12) ) 

(c) dg,(Z1, Zi2 + Tiz) = Z12) 

(d) = det 

(e) 839421252 = det r2] + *812Z1U 12) 
for all M in (i), (ii), (iii). We say that S,, is rational multiple of 8, if 
there exists an rX(n—r) matrix W over £ such that S,.—WS. It is 
seen just as in [12] that if n = 2, bs,,s,.(Z1) 40 implies that Sj, is a rational 
multiple of S,. If r>0, we have from (d) (putting Ui2=— qU;2’): 


g,(Z1, Z12) 


S12 mod {2qU 32'S} U’s2mod U(S2 
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U(S:) denoting the set of Ui,’ such that U1.’S.—0. The series 
| + + 282'Z12) U2’) 


must therefore converge. There exists a non-singular matrix P over f such 


0 
tat — P( 0 0 


of rank t=n—r and S,.° is rXt#t. Then the convergence of the above 
| series of absolute values implies that of the follcwing series: ié 


yep, Si2 = (812°0)*P, where S.° is a non-singular matrix 


the summation being taken over all rXé# matrices over 0. Choosing 
Uy.” = (g0---0), where g is any (n—r)-(column) vector in o*, we see 
that 

exp (— 2a (82°) [g] + 

p 


must converge, where depends on 8,.°, 82°, Z:1, Zi2°, the summation: on p 
being over the distinct isomorphisms of f into R. Suppose S,.° is not positive 
definite. Choose g such that (8.°)[g@] <0 and let e be a unit in £ such 
that |e | >1, |e | <1 if Then 


exp(—2r (> (0) [g] 
m 
p 


must converge, being a subseries of the above — but this is evidently impos- 
} sible. Hence 0. 
If r= 0, we have the following from (a) 


(1) = det U*as, 
| as well as the estimate 
(2) | ag, | = K exp(trS8,.) 


derived from the convergence of the Fourier series S\as,e(S2Z.). From (1) 
§ and (2) we easily deduce 

(3) | ag,| SK | det U* | exp(tr(*US.U) ) 

} for any n X n unimodular U =F (modq). Ifn= 2, and if 8. is indefinite, 
we can “isolate ” the terms tr(*US,©U™) by finding a unit e=1 (mod W(q)) 


such that |e | <1 if po, |e|>1, and then multiplying U by e™ for 
sufficiently large m. Then by Koecher’s argument [12 exp. 4] it follows that 
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ag,=0. If n=—1, tr(*US,U) => s(u™)?. Supposing s™ <0, we could 
p 


choose ¢ as before and let uo — (e)™. Using (3) and letting mo we 
easily deduce that ag 0 (this is the same argument as in [6]). Therefore, 
if p > 1, the restriction n > 1 is unnecessary in order to guarantee that as, 40 
only if S,=0. 

Since a(Z1, Z12) = b00(Z1) depends only on Z, and is a holomorphic func. 
tion in a neighborhood of Zo, we may define f,(Z1) = (®,"f) (Z1) = bo0(Z,), 
Then it may be verified as in [12, pp. 14-08 to 14-10] that f, € Sn,7,,0,(k, v), 
where IT,’ G,") and v,(M,) —det D.*v(M) acts naturally on a 
certain quotient space of C2 (v(M) € GL(q,C)) which, for our purposes, js 
unnecessary to specify (here 


A, 0 B, By 


M= C, 0 Di tr (M,)). 


0 0 0 Dz, 


Moreover, it is not hard to verify that lim f(Z,) —f,(Z,) for any sequence 
Zy>Zo 


{Z,} C U, converging to Z). Finally, if s<r<_n, it may be verified without 
difficulty that ©,76," — 

Let ME Sp(n,f£). Then as in [12, p. 14-13], f | vu), 
where vy(M-*M’M) =v(M’), so that 


&,"(f| M) € Mmaune,» var). 


If, furthermore, LE G,", it can easily be shown that ,"(f| ML) 
= 6,"(f|M)|7,-(L). We define 


fr=Orn"f = 8," (f | Mr), 
for f € so that 
If furthermore s << r <n and if (A,v) then 
Bey = | 


if = M’M,,L, 1’, L€ &,". The proofs of the above, being purely 
formal, are in no way different from those in [12]. By means of the corres- 
pondence: the module §,,7,,, ,,(k,-,) can then be identified 
with Where =0,(M,), Mr € Tr 
In particular, $,,7,,(4) may be identified with 
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For fixed r, A, let 3,,(k,%,,) denote the intersection (in §,,r,,(, Ura) ) 
of the kernels of all the maps &,,™. 3,,(K,v,,) is known as the module of 


cusp forms. Let 
=I tn), =I era), 


! and in particular let $,(k) = 3o,(k) =C for all A. It is clear that the 
homomorphisms ©," taken together give a single homomorphism 


Bir)”: Halk) > 


| In general, ®,,)" is not onto, but, as we shall see, 3,(k) is contained in the 


image of Bip)”. 

If f€ we consider the collection (f,,), fr=Prn"f, all 
Such a collection is called a modular form of weight & on U. By virtue of 
| the mappings V,,, a modular form ¢ of weight & on U gives rise to a modular 
form of weight & with respect to on C Sr?. Because of 
the continuity of the mapping ® (i.e., Pc f(Z.) =f,r(Zo)), it is easily 


seen that there is a certain complex line bundle F(k) over B,* such that the 
modular forms of weight & on U in a natural manner represent continuous 
cross-sections of #'(%) over the natural image of U in %,*, and that F'(k) is 
uniquely defined by this requirement. 

If f€ Sar(k,v), f is invariant under a group J of translations: 
| Z>2Z+T of finite index in the group I,’ of all translations in I’. There- 
fore it is easily seen that f has a Fourier expansion 


f(Z) = Dase(SZ), M,(C), 


where the summation is extended over all S§ such that tr(ST) is an integer 
| for all Te JF. It we define for 
M€Sp(n,€), it is not hard to show that f|M€ Onu-ru(k,vm), where 
| =0(M’). (f|M) also has a Fourier expansion (f| (Z) 
| = Sdsye(SuZ). If for each M it is true that as,~0 implies Sy=0, f is 
called integral. If for each M it is true that as, 0 implies Sy>>0, f is 
| clearly a cusp form (by the continuity of the operator @). We have seen that 
p>1orn>1 implies that every modular form is an integral form. Satake 
has proved [12], in the case that if = 2n, then G,(k) = Gnr4(k). 
| In our case (p>1), the proof that ©,(k) C Snr4(k) is exactly as on 
| P. 1-09 of [12], because in order to show that a given f€ §,,r-(&) belongs to 
j §.,r4(k), it is sufficient to show, since Q has finite (invariant) volume, that 
Mn+.) approaches zero exponentially as approach + oo in the domain 
Q for each A; and this condition is evidently satisfied for the cusp forms (and 


| 
| 
| 
| 
| 
| 
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not merely for those such that ag,+40 implies Sx>>0; we can see this by 
applying the more or less obvious generalizations of Lemmas VII and VIII 
of [1] for Y€Q and observing that as a result of these the Fourier serie; 
for f| M can be written as the sum of a finite number of terms, each of 
which is @(e-°"') for some c>0. However, inasmuch as consideration of 
only the forms for which asy ~0 implies Sy >> 0 is sufficient for our purposes, 
we do not dwell on the details here, and only remark the above for the sake 
of completeness. As a matter of fact, though, we shall shortly see that the 
latter type of cusp form is the only type of cusp form.) In case kB = 2(n +1), 
it can be proved that §,,78(k) C 3,(%), in a manner analogous to that on 
pp. 9-33 to 9-35 of [12] by considering each of the finitely many 8(n—1)- 
dimensional vertices of B’(Q) in turn, noting that M“IYM N G,"* is con- 
mensurable with 'N G,"* for M«€ Sp(n,f). In fact, using the same line of 
reasoning as on pp. 9-33 to 9-35 of [12] it is not hard to see that if 
Z1€© (Z1) AO, and if V™ (U,-1, K) is a suitably small neighbor. 
hood of Z, in G,*, then 


(Un-1 K) 


is bounded from below by 


td, dn 
K K K 


K 


(c,c’ >0) which diverges if p($k8—n—1)+p=0, i.e, if 
kB=2n. This characterization of the cusp forms makes it clear that if 
fé€ (k)and if Sp(n,f), then (f | M) € 3,(k), because if | N det Y 
| f(Z)|* is integrable over B’(Q), then | NV det Y |*6/?|(f| M)|* is integrable 
over M-*B’(Q) which is a fundamental open set for M“I’M. On the other 
hand, if the Fourier expansion of f contains the term a-e(SZ), a0, that 


t 
of f| contains the term ca-e(S[*U]Z) if u=—("> ba | where 


c==N(detU)~*, and by appropriate choice of U we may assume S[‘U] 

-(* ») where S*>>0 has the same rank as S. If rank S* <n, it i: 
clear that ®,_,"(f | Jf) 40, which is a contradiction. Hence the cusp forms 
f are just those such that if f | M—= Sasye(SuZ), M€ Sp(n,€), then asy4 
implies Sy>>0. Finally we observe that for we have € Sr'(k) 
= 3,(k) if & is sufficiently large. 
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As we have seen, the modular forms of a given type form a finite dimen- 
| sional vector space over C, and in particular the cusp forms are a (finite- 
dimensional) subspace of this. If as in [12] we define 


H;,(S) = det Y* exp(—-tr(SY))N det Y-" d¥ 


= N det Y*-"-1 exp(—atr(SY))dY, 
Y>>0 


we may verify by the same steps as in [12, pp. 9-08 to 9-09] or [9, pp. 574-5] 
' that if f€ G,(%,v) and if S>>0, w given, then 


(4) <f, Es = tt[w*H, (48) f(S)], 


' * denoting conjugate transpose, c a constant depending on f and 8 and f(S) the 
} coefficient of «(SZ) in the Fourier expansion of f, and where <f,g> is defined 


or by 
6) tr(g(Z)*N det az, 


being the Sp(n, £)-invariant measure on G,?. 


In view of (4) it is clear that the Hisenstein series Hg, span the space 
of cusp forms for T. By the use of the same “cutting down” and “averaging ” 
processes as on pp. 16-08 to 16-11 of [12], it is not difficult to see that this 
result may be generalized from I to IY and that 3,,7(k,v) is spanned by the 
| transforms of the Hisenstein series S>>0, by Sp(n,£) (i-e., by 
| the sedies 8S>>0, ME Sp(n,f)). 


4, Global ontoness of @. We refer here to the notation of § 3 and the 
approach of [12, pp. 16-01 ff.]. Our aim is to show for each r, OS rln—1, 
that 3,(k) C Byyy"(Gn(k)). For this it is clearly sufficient to show that if 
then there exists f€ Sn(k) such that $,."f =fr, if 
|V4A. Since 3,,(k) is generated by the transforms of the series Ey,y’;s,, 
-S:>)0, it follows that it is sufficient to establish for each S,>5>0 and 
L,€ Sp(r,£) the existence of f € $,(k) such that 


| We shall prove this by computing | Mo), Mo€ Sp(n,f). 


t -1 
M, -( Uo ) € Gp", Ey (det U.)*e(STo) Ey ;U0S* Ue: 


0 
So 0 


0 So>>0 of rank ¢. 


Therefore, we may assume S = ( 


if 
e 
- 
f 
f 

T | 
T | 
] 
) 
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Because the class number of f is in general >1, we cannot in genera] 
say that every element M of I, can be written in the form 


A, 0 B 
0 0 0 E 
Ay Bo = 
where ( C, ) ET,», —T has coefficients in 0, and J, J 


0 
belong to the group of n Xn unimodular matrices over 0 (as is the cas, 


according to Siegel [14], if the class number of f is 1). However, every 
Mé€ Sp(n,€) can be written in the above form if we require only that 


ite € Sp(s,f), detCp> 0. Let We 
Cs Dy 
0 


now wish to compute lime(SZ)|M, So>>0 of rank |, 
Z>Zo 


A B 
C D 


U,V«é GL(n,£), and ( 


MéESp(n,f). If M -( € Sp(n,£) is written in the above form, we 


have 
| N det U | | det(CZ + D)| = | N det Cy | | det (Z[Q] + | 
| N det Cy | N det Y[Q], 


where @ is the n X s matrix made up of the first s-columns of V. By replacing 
V by VU*A,, where A, is one of a finite number of matrices in GL(n,f) 


, 
and U* is unimodular, Wwe may assume 


Y[Q]€ Q(t) and since the fixed C, is then replaced by C,'A,’*U*’*, we may 
assume that |NdetC,|=c,. If Y[Q]€ Q(t), 


where c, is a constant (depending only on nm and s) and where gq; are the 
columns of QY. Therefore 


lim «(SZ)|M = lim e(S-MZ)N det(CZ + D)*= 


unless Q = ey! Q, being r Xs, sr. In the latter case we may assume 


1 
z) 


V; being r Xr. Proceeding further as in [12, pp. 16-13 to 16-14] we deduc 
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further that lim «(SZ)|M—0 unless the matrix P composed of the first r 
columns of U is of the form 


P, 
P, being r Xr, and finally unless M—WNL, NE Gs, LE G,", so that if 


* 


A, 


we have lim e(SZ) | (det U)*N (det Dz)*e(SoZo) | For given M, 
Z>Zo 
it is clear that (det U) (det D,)-* depends only on L,. 


Then if we wish to calculate 
Mot) =," Mo? My), 
it is evidently sufficient to calculate 


(Ly | My) (Zo) = lim «(SZ)| M, 
M:Tg"\T° My 
where we may suppose that Z remains in the union of a finite number of 
translates of Q under elements of Sp(n,f£). Since the calculations are purely 
formal in nature, apart from establishing the region of uniform convergence 
of a simple Hisenstein series in one variable, we omit these with the remark 
that the computations are just as in [12, pp. 16-04 to 16-06 and pp. 16-15 to 
16-16; on line 6 from the top of p. 16-16, Cy, 0 should be Cy,40] and 
So 


write down the final result that if S —( 0 


then 


where So>>0, rank 


cE Nn Grr) ; So| Ly if a) G," 0, 
®,"(Ly | Mi) = 4 (LEM, G,", L,—7,(L)), 
otherwise, 
where c40. 
Therefore, letting = Mo My, 


38 | Mo) (L EM G,", L= m,(L), 0), 
0 otherwise. 


Since, as remarked, the space of cusp form for I,’ is generated by the trans- 
forms | of the series So >> 0, we see that 3, C 


A, O B, 
V * & 
ry 0 O BD, 
lat 
Ve 
ng 
f) 
ay 
| 
ce 
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5. The analytic structure on Gn*/Wn,’. The compactified space 
Sn*/Tn,p can be written as a union: 


Vn=Gn?/Tn, is everywhere dense in this space, and for each 1, A, V, 
= (G,”)/T;,,p’ is a general analytic space of dimension }pr(r-+1). If 6 is 
an open subset of ©,*/Iy,»’ and f a complex-valued continuous function on 6, 
we say that f is an %-function on © if f|(%,M @) is analytic in the natural 


analytic structure on B19 O. 

As we have seen, the cusp forms on ©,” of weight & with respect to I, 
can be characterized, if k > 2n, as precisely constituting §y,,"(k), and just 
as in [12, p. 10-20] this space is just the space of Poincaré series of a certain 
weight. By the existence theorem of [12, p. 10-44] it is known for given m 
that if a,,---,a, are pairwise incongruent points of ©,?mod TI,’ and if k isa 
sufficiently large multiple of an integer k, depending only on I; ’, then the 
Poincaré series of weight & span the direct sum of the residue classes of 
(invariant) power series modulo the m-th power of the maximal ideal (of 
invariant power series) at a,,- - -,@; From these facts we have the following 


THEOREM 2. Let -,a,€ be pairwise incongruent modT,,’ and 
let m be a positive integer. Then if k ts a sufficiently large multiple of ky, 
there exists f € dyz,):(k) having preassigned (invariant) power series develop- 
ments at a,,° - -,a, up to and including terms of degree m—1. 


Since 3, C Bi)"(Gn), we have the obvious 

Let B,,. Then if k ws a sufficiently large multiple of ky, 
there exist *,fa€ Gn such that 

(1)  (®rr"fo) (4) AO. 

(2) «x is an isolated point of the variety of common zeros of 

®,)"f1, 

(3) 941) = 0, j=0, and 0, j= 0, if 

Let x€ Br, let fo,- - +, fs be chosen as in the above Corollary, and let U be 


a compact neighborhood of z on &,* such that fp 40 on U. If rSr’ San, 
let Up = U Brn NU. 


If f:,- - -, fx are functions on an open set @, we let 
V (fis fe) = {2|2€ 0, = 0}. 
THEOREM 3. The %-functions on U separate the points of U. For each 
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on U 


sv, N=SZr, there exists a finite number of Y-functions gi,° 
such that V(g1,° 9+) U). 

Proof. We prove the last part of the theorem first by induction on n —s. 
This part is trivial if sn. Suppose it has been proved for s+1. Let 
be such that AUC clos(Bsir NU, and let be 
Y-functions on such that ANU. If 
y€ U—clos(Bsy), there exists an %-function g on U such 
that By C V(g), g(y) ~0. In fact, either y€ Bzi1,,, in which case there 
exists h € Beir (1), for some sufficiently large multiple 7 of ko, such that 
h(y) and there exists f€ Hp» such that or else y€ 
Av, and there exists f € such that &,,"==0, (®,,-"f) (y) 40; in either 
case some power of f divided by a suitable power of f) is the desired - 
function g. If are M-functions on U such that 
B.C 9t), consists of a certain countable 
number of irreducible analytic spaces. Let be chosen such that 
the highest dimension of any of these is as small as possible. We assert that 
then V(gi,° 92) = In fact, suppose this were not the case and let 
+, be all the components of -,9:) —Bsp of highest dimen- 
sion = d, and let Vi, i=1,2,- --. We know there exists an %{-function 
g in U such that g(p;) 40, By C V(g). Then (just as in [12]) 
we can construct a uniformly convergent series > cig) = g, c; constants, such 
that g(pi) #0, i=1,2,---. Since the dimension of the highest dimen- 
sional component of V(g1,° must now be strictly less than d, 
we have arrived at a contradiction. This completes the proof of the last part 


of the theorem. 

Now let y:,y¥2€U. Suppose y,€ Br. yo€ Br It is an immediate 
consequence of the corollary to the preceding theorem that if 7, > 72 or 
if A,>4A2, then for suitable 7 there exists f€ such that 
ZO, (Yo) =0. If yo € then there exists h € S,,, (1) 
such that h(y,) ~0, h(y2) =0, and there exists f € such that ®,,,"f =h. 
In either case, a suitable power of f divided by some power of f, is an Y%- 
function g on U such that g(y:) ~g(y2). 


Corottary. There exists a finite set of U-functions g,,-¢ -,gn on U 
such that for suitable integers 1<Ini<Ipn2<:+*<i4<l<N we have 

Now consider the mapping 


g: CN 


defined by g(y) = (9:(y),- *,gw(y)). Since g*g(x) this is evidently 
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a proper mapping if U is chosen small enough, and by the preceding Corollary 
we may assume the images n= s=r, are disjoint. Proceeding just 
as in [1] we may assume, by suitably choosing open neighborhoods U, and %, 
of such that C Us, C U we may assume that g*(g(Uz)) NU, CY, 
and that if a€ g (Bev Us); then g*(a) NU is a compact analytic sub- 
variety of U,M Bs», and since the %-function on U separate points, g-*(a) is 
a finite set of points [1]. Therefore, g(¥s» Uz) is an analytic variety of 
dimension $ps(s-++1) in a neighborhood of each of its points. It therefore 
follows from a theorem of Remmert and Stein [15] by an obvious procedure 
of induction that g(U.) is an analytic variety of dimension 4pn(n-+-1) in 
a neighborhood 1 of g(a), and the inverse image of each of an everywhere 
dense set of points of g(Uz) NN consists of exactly d points for some positive 
integer d. Then, just as in [1], we can make d=—1 by an appropriate choice 
of *, gn, because the %f-functions on U separate points. On the other 
hand, each point y of U has a basis of neighborhoods {Ua} such that UeN U, 
is an irreducible analytic variety, and by our definition of {-function it follows 
easily [12 exposé 15] that the ring %, of germs of -functions at y is 
integrally closed. Moreover, it follows for the same reasons as in the place 
cited that g(U.) is irreducible at g(x). If y1,y2€Us. are such that 
=g9 (yz), and if Y, and Vz are small connected neighborhoods of y, 
and y, respectively, it is clear that g(V1) and g(Vz) define distinct irreducible 
germs of varieties at g(yi1) —g(y2). Therefore, there is a natural homeo- 
morphism of U.Mg-1(N) with the canonical normal model of g(U.)N N 
which preserves the ringed structure [1]. Hence, provided with the given 
ringed structure of %{-functions, WU, is a normal general analytic space. It 
follows at once that %,* is a normal, general analytic space. 

Let & be a multiple of & and let ¢o,- - -, dn x) be a basis of the modular 
forms of weight k. We let V(k) denote the variety of common zeros of 
go,’ * *;¢n(x)- Then we can find an increasing sequence of integers 
Keo | |- | | such that V(ki) D t=0,1,---. Since 
¥,* is a compact general analytic space, there exists m) such that V(/,,) 
= V (kn) =" ++. From the Corollary of Theorem 2 it follows that if 
x€¥B,* and if & is a sulliciently large multiple of k), then there exists a 
modular form ¢ of weight & such that (x) 40. Therefore V(Kp,) is empty. 
We denote k,, again by & and in what follows assume that & is always a 
multiple of ko. Since V(¢o,- - +, ¢n x)) is empty, we may define a mapping 
v;,: B,*— CPN®, where CP’ is the complex projective space of dimension 

X > CPNY CPN® 


b 
1 
| 
( 
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be defined by X Vy. Let A; be the diagonal of x and 
let Dy is a subvariety of K If is a 
strictly increasing sequence of positive integers such that ko|k,|ke- --, it 
is clear that D;,2 D,,2-+~*, so that for sufficiently large N we have 
Diy = Diener = Tf 2, y€ Bap*, there is a modular form ¢ of 
sufficiently high weight & such that (x) =0, ¢(y) #0. This makes it clear 
that if D is the diagonal of Bn»* X Bn»*, we must have D,,—D, which 
means that W;, is one-to-one. 

The holomorphic functions on ©,? form an integrally closed domain of 
integrity. Therefore [12, p. 17-10] it follows that the integral closure A’ 
of the graded ring A generated by ¢o,- - -,¢y(x) (the elements of degree d 
are the homogeneous polynomials of degree d in ¢o,- dy is contained 
in the set of modular forms of weights which are multiples of /, and is finitely 
generated (as an algebra over C) since A’ is of finite type over A. We know 
(12, p. 17-05, prop. 4] that there exists an integer d’ such that if A’(d’) 
is the graded ring in which the elments of degree h are the automorphic forms 
in A’ of weight hd’, then A’(d’) is integrally closed and is generated by its 
elements of degree 1. Letting go,- - -,gm be a basis of these elements of 
degree 1, the mapping 

defines a 1-1 holomorphic mapping of %,* into CP™. Since g“g(a) =a, 
the image g(¥,*) is an analytic and therefore (by Chow’s theorem) an 
algebraic variety. Since A’(d’) is (naturally identifiable with) the quotient 
of the algebra of homogeneous polynomials in CP” by the homogeneous ideal 
of homogeneous polynomials vanishing on g(%,*), it follows that g(%,*) is 
algebraically and therefore analytically normal. Therefore g, being a one-to- 
one analytic mapping, is actually an isomorphism of %,* onto g(%,*). This 
completes the proof of 

THEOREM 4. %,* is complex analytically isomorphic to a normal com- 
plex projective variety. 

Since dim(¥,*— Bn) < dim(¥,*) —1 if p>1, we have, just as in 
[1, p. 363], 

THEOREM 5. Every meromorphic function on invariant under I’ 
is a quotient of modular forms. (Provided n>1 or p>1.) 

The referee has kindly pointed out to us a recent note [16] in which 
Pyateckii-Shapiro announces, without proofs, results containing most of the 
important results of this paper as special cases. 
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THE LEBESGUE CONTANTS FOR JACOBI SERIES, II.* 


By Lee Lorcu.* 


1. Introduction and statement of results. This is a direct continua- 
tion of Part I [5] whose Introduction outlines the background of this Part 
as well. The main results presented here are for a narrower range of the 
parameter a, but, for this range, are substantially more precise. The methods 
here are different and do not use the result established in Part I. 

As before, the Lebesgue constants for Jacobi series (1. e., developments in 
terms of Jacobi polynomials P,(“)(z) at the end-point x1), are written, 
following H. Rau [6, p. 249, (40) ], as 


L, (a, = 
f, “(sin 46) (cos $0) | (cos 0) | 


An asymptotic expression for L,(@, 8) is established in Part I [5, (6) ] 
for a >—4 and 8 >—1, a restriction on 8 which is imposed throughout 
this Part as well. 

For a—=—4 and —1<a<—+4 the respective results, due to G. Szegé 
[9,§ 20], are recorded without proof in [6] and repeated in [5, (4) and (5) ]. 

Here, [5,(6)] is sharpened for the restricted range —4<a<#, 
4—B<1, by replacing the O-terms found there by an explicitly determined 
constant plus O-terms which are 0(1), the detailed statement given by (2). 
The same is done for [5, (4)], dealing with «——4, in (7). 


For the first case mentioned, we have 
(2) Ln (a 8) = Aagn*t + Ba + + 
Here 
(3) Aap = + ($8 + (a+ 8] +1)}, 


* Received December 17, 1958. 

* This work was suppoited by the National Science Foundation through Research 
Grant NSF G-3663 to Philander Smith College. Professor G. Szegé rendered much help- 
ful advice for which I am grateful. I want to thank also the Stanford University 
Mathematics Department for the facilities it provided while this research was being 
conducted. 
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Ba = {2-*/T(a+1)}{M,(a) + 


+25 — ae}, 


where both infinite series are absolutely convergent. 


In (4), J,(x) is the Bessel function of first kind and v-th order, jn = joss 
the n-th positive zero? of Jas. n= 1,2," +, Jo==0, and 


(5) M;,(@) = (—1) a (Joss,x) > 0, k=1,2,-°°. 


M;,(a) is positive, as stated, since the zeros of Ja(xz) and Ja.:(r) are 
interlaced [11, p. 479], jar << jaz * *, and > 0. 
It is noteworthy that the constant term (4) in (2) is independent of 8. 


In the important particular case of Laplace series (1.¢., developments in 
terms of Legendre polynomials at the endpoint r=1), a—8=—0, and (2) 
becomes 


L,(0,0) 
(6)* (Ie(0) — (28/2) [k—1}))} 
+ O(n). 


Here M;,(0) can be interpreted as the ordinate of the k-th positive 
extremum (turning-point) of |J)(z)|, inasmuch as the extrema of J)(z) 
occur at the zeros of J,(z) since Jo’(x) =—Jd,(z). 


The constant term in (6) has a somewhat different appearance from that 


2 The customary designation, ja,,,n, is avoided in the limits of integration for typo- 
grapical reasons. 

* The principal term in (6) is due to T. H. Gronwall [1,2], whose remainder term 
was o(n?). His proofs were rather complicated; simpler ones were devised by G. 
Szegé [7,8]. 

The constant term in (6) was suggested to me by Szegé, along with the outline of a 
proof. (The value I announced in abstract 544-18, Notices of the American Mathematical 
Society, vol. 5, 1958, p. 212, is incorrect.) A proof of (6) can be given without the 
full argumentation needed for (2); (15) and (18) can be joined together directly 
through the familiar asymptotic formula applied to Jo(w) and J,(#) without the inter- 
vention of the Lemma of § 2. 
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which is obtained on putting «0 in (4). The transition is made by 
rewriting the second infinite series in (4) in this case as 


n> 


=lim{M,(0) +- -+M,(0) — (28/2) nd}, 


in view of (31) below, since, for « —0, 


ji 
f | —JTo( jz) 
0 0 
—_ 1 + M,(0). 
The more precise version of [5, (4)] is: 


(7) L,(—4, 8B) = log n + Cg + O(n log n) + O(n-F4), 


where 


Cp = (4/n?) log 2 + (2/m) sin 6 
0 


f ({1 — (cos 6) 6*8} /sin 8) 


fox (2/r) —| sind |}d0. 


Putting 8B —=—4 in (7) gives rise to the case of Tchebycheff polynomials 
(equivalent to ordinary Fourier series; cf. footnote 6 in [5]). In this case 
(7) and (8) assume the form found for the Lebesgue constants for Fourier 
series in [3], except for the remainder term. 

The discussion of the cases considered here («=-—4; —4<a<}) 
is based on (20), a representation of L,(a,8) in terms of Bessel functions. 
This formula requires for its justification a Lemma permitting the substitu- 
tion of one (real) solution of Bessel’s differential equation for another in 
certain integrals. This provides the content of §2. The basic representation 
(20) is then established in § 3. 

Thereafter the cases are handled separately: « in §4 and 
<4,a—B<1in§5. The case—1<a<—+} [9,§ 20], in which L, (a, B) 
is bounded, can be handled by the simpler formula (15). This is left to 
the reader. 


2. A lemma on Bessel functions. In deriving (20), the following 
result is needed. Its final sentence justifies replacing one Bessel function by 


| 
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another in the integrals involved, without altering either the value of the 
limit or the magnitudes of the remainder terms. 


Lemma.* For v>—1, define 


e” T-€ 
and 


(10) Sy’(a,B) = Ne (sin 40) *-#(cos 36) | 6,(N@, 8) | 
where® 6,(x,8) =J,(x) cos 75 — Y,(x)sin 


Then 
Sy (a, B) = (sin $6)*-4(cos 46) do 


(11) 
+ 0(N*4) + O(N##4), 


and 


Sy’ (a, B) = J "(sin 40) *4(cos 40) dp 


(12) 
+ 0(N*4) + O(N), 


In both (11) and (12), the expressions on the right are independent 
of (fixed) v and 8. 


Proof of (11). Hankel’s asymptotic formula [11, p. 488] for @,(N6,8) 
shows that, for = y) + O(N), 
where y—=5—4v7—7/4. Using it in (9), we see that its remainder term 
contributes to Sy(a,8) an amount which is O(N*4). 

Thus, (11) will be established once it is shown that | cos(N6-+ y)| can 
be replaced by its mean value 2/z with an additive error O(N*-4) + O(N“). 
This, in turn, is an immediate consequence of Theorem 2.1 of [4, p. 90], 
whose hypotheses can be verified readily for the case at hand. (Cf. [5, §3, 
femark |.) 


Proof of (12). As in the proof of (11), it is clear that the remainder 
term in Hankel’s asymptotic formula contributes only O(N*-4) to Sy’ (a, B). 
To complete the proof of (12), therefore, it is plainly sufficient to show that 


‘This Lemma is valid without any restriction on a, provided B > —3, i. e., under 
broader conditions than the requirements a >—1, 8B >—1 placed throughout both 
Parts. 

*This is a minor adaptation of the usual notation for real cylinder functions; 
Y,(a) is the Bessel function of second kind and »v-th order. 
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the contribution of the integral over (r—1/N,z) involving the principal 
term does not exceed the error terms stated in (12) ; this is a straightforward 
calculation, which is left to the reader. 


3. Representation of L,(#, 8) in terms of Bessel functions. In this 
section, the integrand in (1) is replaced by an asymptotic representation (20) 
in terms of Bessel functions, on which the proofs of (2) and (7) are based. 
This change can be accomplished by means of an asymptotic formula, due to 
G. Szegs, of “Hilb type” [10, p. 191, Theorem 8.21.12]. However, this 
requires decomposing the integral (1) into the sum of two integrals (0 <« < 7) 


where the factor preceding the integral sign in (1) is understood to precede 


each of the integral signs in (13). 
Szego’s formula can be applied directly to the integrand of Lyn: (a, 8). 
Doing so yields 


(sin 40) (cos 46) (cos 6) 
(14) = (T(n+ a+ 2)/N%n!) (sin $0) %4(cos 40) (40) 470.1, 
1/nS0S7—« 


where VN =n-+4(«¢+8-+2), a notation which is retained throughout. 

The remainder term in (14) contributes O(n*4) to Ln(a, 8), from (1), 
as may be seen from Stirling’s formula. 

Next, when the factor not involving @ in the principal term of (14) is 
combined with the factor preceding the integral sign in (13) [the same as 
in (1)], the resulting product is 


a+ (a+ 1)P(n+B+1)}. 


This is, from Stirling’s formula, N*1/'(a +1) + O(n*%), since N—n is a 
constant. 
Thus, 


ag) = +1) + 
J (sin 38) *4(cos 3) 6*8(40)3 | d6 + O(n). 


— 
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In Lno(a,B) it is helpful to replace 6 by + — 9, so that in view of 
[10, p. 58, (4.1.3)], 


(16) 
f (sin (cos $f) | (cos | dd. 
0 


In this case Szego’s formula [10, p. 191, Theorem 8.12.12] becomes 


(17) = + B+ 1) /n!) (sin $6) (cos $6)*4(3¢) 2] (No) 
4 
(n8), O< I1/n. 

As in the case of Ln,(%,8), there is no difficulty in showing that the 
error terms in (17) contribute O(n*-**) + O(n*4) =O(n%4) to 

Furthermore, combining the ¢-free factor in the principal term of (17) 
with the factor preceding the integral sign in Ln2(%, 8) gives rise to a factor 
which is N%*?/Cl(a-+1) + O(n*), in the same manner as before. 

Reverting now to @, (17) shows thus that 


(a, B) = {N/T (a+ 1) + O(n*)} 


(18) 
f (sin $6)*-4(cos — | Jg(N —0})|d0 + O(n). 


We wish now to replace (4{7— 6})3 | Jg(N{x— 6})| by | Ja. (N6)| 
in (18). This can be justified by means of (a) Hankel’s asymptotic formula 


[11, p. 488] and (b) the Lemma of § 2. 
It is convenient to consider separately the cases B =—4 and BA—}. 


For B =— 4, [11, pp. 55, 64], 
(7—0)3| = (2/r)4N4| cos NO | 
| J_4(N6)| ¥,(N0)| = 6,(N0,—3)| 
so that 
(19) (3 — 0})4 | J_4(N — 6})| = (40)4| 

Using (19) and the Lemma of § 2 (whose final sentence permits replacing 
6;,(N0,—+4) by Jau(NO)), the integrand on the right of (18) becomes 
identical with that in (15) with an error of O(n*8) + O(n). 

Hence, for 8 =— 4, we have from (13), 


Ln(a, B) = {N/T (a+ 1) + O(n*)} 


(20) 
‘ (sin $0)*-4(cos $6)6+4(46)8 | | dd + O(n*-8-2) + O(n). 


he 
( 
sl 
T 
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The same formula is valid also when B“—}4. To show this, it is 


helpful to decompose 8) : 
( 
w-1/N 


(21) 
= Dy.’ (4, B) + (4, B). 


Now, 


B) = f (cos — 6)4 | Jp(N {x — 6}) | d0 
-1/N 
= O(n?) (sin. 46)5+36 | Jg(V6) | dé 


1/N 
= O(n**6+) 678+! = O(n*-8-1), 
0 


since Jg(N@) ~ for N@ small [10, p. 16, (1.71.10) ]. 

To Ln’, Hankel’s asymptotic formula [11, p. 488] may be applied. 
This implies, for 
(22) | Ja(N — | = | 8) | + (x —8)*O(N-4), 
a result which takes the more precise form (19) when B =— 4. 

For B ~A— 4, the remainder term in (22) contributes to Ln2’(@,B) an 
amount which is + 

Thus, 


(a, B) = +1) + O(n*)} 


f (sin 36) (cos $0) 83(40)3| (NO, B) | 
+ O(n™-8-2) + O(n), 


The expression corresponding to the right member of this last equation 

oD 
with the limits of integration replaced by r—1/N and aw is O(n*%8-*) 
+0(n*4), as shown by the same argument used to establish (12). Hence, 


Lino (a, B) = (a+ 1) + O(n2)} 


40)*-3(cos $6) 4(40)4| @5,,(NO, B)| dO 
+ O(n%8-1) + O(n™4), 


To this the Lemma of §2 applies, showing that the replacement of 
| Bp.1(NO,8)| by |Jas.(@)| in the integrand does not affect the value of 
Lno(%,8) beyond the error stated in (12). This substitution made, (13) 
shows that (20) is valid also for BA—4, as well as for B—=—}. 
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4. The case « ——4; proof of (7). When «——4, (20) becomes 
[11, p. 55] 


Ln(— 3, B) = {2/4 + O(n*)} 


23 
fe (cos 6) | sin |/sin 6}d6 + O(n-82) + O(n). 
0 

The desired asymptotic expression for L,(—4,8) is obtained by com. 
paring the integral on the right of (23) with the extension to non-integral 
N of the Lebesgue constants for Fourier series (cf. [4, Theorem 4.1, p. 96]), 
essentially L,(—4,—+4). Obviously, it suffices to consider B~— } below. 

In order to include the case in which B + 4 is negative, it is convenient 
to decompose the integral in question into the sum of two integrals, over 
(0,4a—z/(2N)) and (r—n/(2N), 4x), say pm(—4,8) and pre(— 3,8), 
respectively. 

It is easy to show that pn2(—4, 8) =O(N-*%), an amount which can 
be absorbed in the error terms already found in (23). 

Hence it is sufficient to consider prai(—#, 8). 

Now, 


(2/2) ({1 — (cos 6) 4+3}| sin 26 |/sin 0) dé 


(24) am-1/(2N) 
= (4/x*) — (cos 6) /sin 8) d0 + 


from Theorem 2.1 of [4], since the mean value of | sin@| is 2/z. 


Thus, 
/(2N) 
Ln(—3,B) = (2/n) f (| sin |/sin 6) do 
(25) 


f ({1 — (cos 6)4*4}/sin 6)d@ + O(N-6-2) + O(N”), 
0 
and from this it follows easily that 


L(— 3, B) = {(2/r) + O(n“)} sin 2NV6 |/sin 6)d6 


(26) a 
— (4/n*) ({1 — (cos 6)*8} /sin 6)d0 + O(N-6-2) + 


The first integral on the right in (26) is the extension to non-integral 
values of the n-th Lebesgue constant in Fourier series. This is directly 
covered by Theorem 4.1 of [4, p. 96], whose use completes the proof of (7) 
since V —n is a constant, namely $(8 + $). 
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5. The case —4<a<i, a—68<1; proof of (2). In this case, 
the remainder term in the factor of the integral on the right of (20) induces 
a contribution to L,(a,B) which is O(n*4) and hence absorbable in the 
error terms already present in (20). This can be shown by estimates of the 
same type as have already been made frequently in previous sections. In 
carrying them out, it is convenient to write L,(«, 8) =Lni(%,B) + Dno(a, B) 
again and to use the representation (18) for Ln2(a,8). Alternatively, this 
can be held in abeyance, to appear incidentally in the forthcoming estimate 
of the integral on the right of (20). 

In any event, the factor of that integral may as well be taken as 
Ne/T(a+1) from the outset, thus simplifying the notation. This done, 


(20) can be written as follows: 
T 
B) (8)O-* | Jars | a 
+ + 0 


where 
(28) fog (0) = (46 cot sin $6)%(cos $6)8. 


Now [11, p. 45], = Hence, integrating by 
parts and writing N06, NO; = With OSO< 7, <7, we have 


Ox 


+f fag’ (0)0-°Ja (NO) dd, 
Ox 


where Jg.i:(N6) is of constant sign (—1)* in the interval of integration. 


Furthermore, 
yew | Jour (NO) | dO 
{cos(t/[2N]) dl 
— (t) dt + O(n), 


70 


since Jq,,(¢) > 0 in the interval of integration, and the factor of ¢*Ja.1(t) 
in the next to last integral is an even analytic function assuming the value 1 
at the origin and hence representable as 1+ O(¢?/N?). 


LEE LORCH. 
Thus, (27) can be written as 
Lin( 2B) (2*/E(@+1)){ at 
[N]-1 
+2 = gop (Ox) Mi(%) + gag (A.) (a) 


(29) + + (N*/T(« + 1)) J, | dé 


+ O(n%4) + 
where [N] denotes, as usual, the greatest integer S N, and 
(30) gap(9) = 2"fap 


Now we need the asymptotic estimates 
M;.(«) (2/m) + O 
the first of which follows from [11, p. 506], the second becoming then a 
consequence of [11, p. 488] or [10, p. 15, (1.71.7) ]. 
Now, Jas (t) =O(t*) and so that 


(31) 


since the left member is 


* O(1/n) 
O(n*4) (cos $0) = O(n*4) J, do 


== (n*-6-?) O(n"), 
since B > —1. 
Furthermore, 

gap(0,)M,(a) = M,(a) + O(n), 

since gag(#) is an even analytic function assuming the value 1 at the origin 
and 6, = j,/N, while 
(34) gap (@) == (n*-F-1), 


a magnitude already included in the error in (29). 
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The estimate (34) follows from (30) and (31), since 6;y; =xr— O(n"), 
while 
gap (a) = O( {cot (a — n*) }4{sin (1/n) }8) O (n™4) 


Next we consider 
[N]-1 
k=1 


in the form 


[N]-1 jk+1 
D, = («+ 1)) = (—1)* f fag’ a(x) de. 
c=1 dk 


From (28) it is clear that fag(@) is 2-“6°* times an even analytic 
function, regular in a neighborhood of the origin, whose value at the origin 


is 1. Thus, 


fap(O) = 2-76°*{1 + (8-0), 
whence 
jas’ (0) = (2a) G21 4 0 (62441), (60). 
Hence 
[N]-1 
Dy = (2*/T(a+1)) (—1)* (2a O(a?/N?*) }a%Ja(x) de. 
k=1 ik 


The remainder term in this integrand contributes to D, an amount 


which is 


[N]-1 
0(N-) J | Ja(x)| dex 
j 


k=1 k 


—0(N-*) f | Ja(a)| de 
j 
* 
== ()(N-*) dx = O(N-*) joss, 
ji 
= 0(N*-4) = O(n), 
since Ja(x) = O(x4), and = O(N) according to (31). 
So, 


[N]-1 


Ik 


= 
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Now, 
if f 20-8 de 
ik Ik 


= O(1) — 4} = O(1) + 4} 

=0O (k*-3), 
where we have used again that Je(z) O(a) and (31), and, for the final 
estimate, the mean-value theorem of the differential calculus. 


Thus, 
(86) Dy—= (2**a/P(a+1)) (—1)* + O(n), 
k=1 
where the infinite series is absolutely convergent, since each term is O(k*?) 
and a < 4. 
There remains only to consider the first (finite) sum on the right in 


(29). For this purpose we write 


(N]-1 
2 = Jap My («) 


[N]-1 ik 
(37) = gop (Or) (Mu(a) — dr) 
k=2 


[N]-1 7 ix 
+ (2/r)? = J, dz. 

Here we note that gag(@) is an even analytic function, regular in a 
neighborhood of the origin, which assumes the value 1 at the origin. Thus, 
from (31), gog(0x) =1+ O(k?/n?), k=2,:--,[N]—1. 

We consider first the contribution induced by the remainder O(k?/n’) 
to the first sum in the right member of (37). In that sum, the expression 
in braces is O(k*-2), from (31), so that the contribution now under dis- 


cussion is 


[N]-1 
O(n) =O(n*) k*4=O(n%4). 
k=2 


Thus, gag(6,) can be replaced in the first sum on the right in (37) by 1, 
with error O(n*4), an amount which can be absorbed in the error terms 
already present in (29). 

Passing to the final sum on the right of (37), we note that gag(%) 
= gap(@) + O(n"), as can be inferred from the mean-value theorem of 
differential calculus, since gag(@) =1-++ O(n-*) and gag’(@) =O(n"). Re- 
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placing gag(@) by gas(@) + O(n), we find that the error term induces a 
contribution of 


INI-1 7 
O(n") > dx = O(n") dz = O(n*4), 
k=2 ji 
since jpvy = O(N) =O(n) from (31). 

Hence, 


ik 
gap (Ge) Me(2) 2 (Ma (a) — de} 


Jk-1 
(38) 
+ de + O(n®), 
ji 


where the passage from the finite sum which arises directly from our discussion 
of the first finite sum on the right of (37) to the (absolutely convergent) 
infinite series in (38) leads to an error of only O(n%4) since each term of 
the series is O(k*-2) from (31). 

Now, using (28) and (30) and putting x= N86, 


Jap (0) x4 dx 


1 


f (sin (cos 40) do 
Jt 


(sin (cos 40) dé + 
0 


(48 + + B} +1) + O(n). 


The replacement of 6, and @,y;-1 by 0 and z, respectively, introduces the 
stated error O(n%4), since 6,—=O(n") and The 
resulting integral is a standard form in the theory of the gamma and beta 
functions. 

Now we substitute in (29) the above, together with (38), as well as 
(32), (83), (34), (85) and (36). This proves (2) with n replaced by N. 
Since N—n is a constant, namely 4(¢-+ 8+ 2), the error committed in 
replacing N by n in (2) is O(n*4), an amount already present there. 

This completes the proof of (2). 


UNIVERSITY OF ALBERTA, 
EDMONTON, ALBERTA, CANADA. 
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SELF-LINKED SUBGROUPS OF SEMIGROUPS.* 


By M. L. Curtis. 


1. Introduction. A. D. Wallace posed the following question. If 
euclidean 3-space H* has a continuous associative multiplication with a unit, 
and (' is a circle subgroup, does it follow that C is unknotted? The principal 
result of this note is that C is unknotted if it is tame. The hypothesis that 


there be a unit is not needed. 
A set Y in a space S is said to be self-linked if Y is contractible to a’ 
point in S, but there does not exist a homotopy y: Y X J->S such that: 


(1) y* is the identity, 
S—Y for all ¢>0, 
(3) w,(Y) is a point. 


We prove a basic theorem about compact self-linked subgroups of locally 
compact semigroups and use this result to prove that, in the situation of the 
first paragraph above, C cannot be self-linked. 

Next we use a theorem proved by Papakyriakopoulos (and communicated 
to us by R. H. Fox) to the effect that if a tame simple closed curve in E% 
is not self-linked, then it is unknotted. (Some wild simple closed curves 
bound disks and hence are clearly not self-linked). The theorem is a slight 


generalization of Dehn’s lemma. 


2. Three trivial lemmas. 


Lemma 1. Let S be a semigroup, e be an idempotent in S, and K = eSe. 
If x€ K has an inverse relative to e, then it has an inverse relative to e in K. 


Proof. Let zy=e with K. Then r=eze so that ere and 
hence «== exe. Now exey =e implies that exeeye =e, so that eye € K is also 
aright inverse for z relative to e. 

We note for future reference that K —eSe is precisely the set of all 
elements of S for which e acts as an identity. 


* Received . 
* Supported in part by National Science Foundation Grant G-4211. 
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Lemma 2. Let S be a semigroup and e an idempotent in S. Let C be 
a subgroup of K=eSe such that e ts the identity of C. If «€K and 
tC (or then cE C. 


Proof. Suppose zr—=c with r and c in C. Then zrr-*=—cr™ so that 
xze==cr-*, Since e is an identity for z, we have r—cr“*€ C. 


Lemma 3. Let S bea topological semigroup with e,C, K as in Lemma 2, 
If a: IS is a path such that «(0) =e and a(t) € K —C for each t>0, 
then the homotopy ¢: CX I—S defined by $(c,t) =ca(t) ts such that ¢, 
is the identity and o(c,t) € K —C for all t>0. 


Proof. The only thing to prove is that $(c,t) € K —C for each t>0, 
Suppose ca(t)—d with c,d€C. Then ea(t)—c'd and a(t)€K, so 
Lemma 2 implies «(¢) € C contradicting an hypothesis. 


8. Basic theorem. 


THEOREM 1. Let S be a locally compact topological semigroup with a 
compact self-linked subgroup C having identity e. Suppose that each point 
x of K—C (K =eSe) can be joined to e by a path a such that a(0) =e and 
a(t)€ K—C forallt>0. Then K is a topological group. 


Proof. It follows from elementary group theory together with Lemma 1 
that K is a group if each x€ K has a right inverse relative to e (which is 
clearly an idempotent). 

Since C is self linked there is a contraction 7: CXI—-S of C toa 
point. Let H=2(C XJ). We will show that for each K, rH NC 

Choose a path « from e to z as in the hypotheses of the theorem.. Define 
a homotopy of C by 
{ a(2t)c 


We see that 6(C,1) isa point. Also 6 is well defined at 4 because «(1) c= 
and ar(c,0) «ac. Since C is self-linked there must exist (¢o,¢)) such that 
6(Co, to) € C. By Lemma 3 we must have >4. Hence 2t,—1) €C 
and 1C~¢ as asserted. 

Then for 2€ K we can choose y€ H such that zy€ C. Then zy has an 
inverse m in C and zyme. By Lemma 1 we have that eyme is an element 
of K which acts as an inverse for z. Hence K is a group. To show that K 
is a topological group it remains to show that the inverse map is continuous. 

Let p: K X H—>S be the multiplication of S cut down to K X H. Let 
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P=p(C). Define B: P>S by B(2,y) =y(ay) and define ¢: by 
o(y) =eye. For K let €P]. Then the inverse map 
can be described by 


L,—S— K. 


Hence for each x, 8(L,) is a point and clearly B and ¢ are continuous. 

We note that since S is locally compact and ¢ is a retraction, K is locally 
compact. Since C is compact, H is compact. From this it follows that the 
set function mapping z to ZL, is upper semicontinuous. Let 29? be the inverse 
of i.e. Let U be a neighborhood of Then there 
exists a neighborhood W of Z,, in P such that ¢8(W) CU. Since the r> L, 
mapping is upper semicontinuous, there exists a neighborhood V of z, such 
that for € V we have L,N WA. It follows that ¢B(Lz) lies in U for 
each x, establishing the continuity of the inverse map. 


4, Application to 


THEOREM 2. Jf H* has a continuous associative multiplication and con- 
tains a circle subgroup C, then C cannot be self-linked. 


Proof. Assume that C is self-linked. Let e be the identity of C, and 
let K =eH%e. We will show that K is a topological group, and by Theorem 1 
this will follow if we can find paths « form e to points x in K —C with only 
the end point of ¢ in C. 

Now K is arewise connected since ¢: H*-—>K is a retraction. Given 
z€K—C, let B be a path from some point ¢) of C to x such that for 
t>0 we have B(t)€ K—C. Let 6 be a path from c,? to e in C. Define 
a(t) = 6(t)6(t), and note that «(0) £(0)0(0) and that 
a(1) B(1)0(1) Also if t>0, then a(t) = B(t)0(t) and € C. 
If a(t) € C, then we would have a contradiction of our choice of B. Hence 
K is a topological group. 

Now K is a closed subset of H#*. For if y is a limit point of K, then 
eye is a limit point of precisely the same subsets of K of which y is a limit 
point, since for each z in K we have that «—eze. 


Next we show that K is 2-dimensional. Suppose that dim K —3. Then 


K contains an open set in E%, and since it is homogeneous, K must be open. 
It follows that K = E*. Then K is a Lie group with the compact subgroup 
C, and we have a fibering of E* with a compact fiber. This is not possible 
(see [1] and [3]) so that dim K <3. Now K is contractible since it is a 


= 
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retract of a contractible space. Thus K contains a singular disk with C as its 
boundary, showing that dim K > 1, so that dim K = 2. 

The existence of the retraction ¢ implies that K is locally contractible, 
It is clearly locally compact and finite dimensional, so it follows from the 
theorem on page 185 of [2] that it is a Lie group. As a contractible 
2-dimensional Lie group K is a plane. Since C C K, C cannot be self-linked, 
and this contradiction establishes the theorem. 


CorotLary. With the hypotheses of Theorem 2 if C is also tame, then 


C is unknotted. 


Proof. This follows immediately from Theorem 2 and the theorem of 
Papakyriakopoulos mentioned in the introduction. 


UNIVERSITY OF GEORGIA. 
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ON INVOLUTIONS OF THE 3-SPHERE.* 


By Morris W. HirscH and STEPHEN SMALE.? 


1. Introduction. If 7 is an orientation reversing involution of the 
3-sphere S%, it follows from the Smith theory [15] that the fixed point set F 
of T is either a 2-sphere or two points. If F is a 2-sphere, it may be wildly 
embedded in S* [2], in which case T will not be equivalent to a linear involu- 


tion. (If 7, and 7, are involutions on spaces XY, and X, respectively, an 


equivalence between T, and T, is a homeomorphism h: ¥,— X, such that 


hT;=T.h.) On the other hand if F =? is tamely embedded, it is easy to 
show that 7 is equivalent to a reflection through an equatorial 2-sphere of S*. 
The main purpose of this paper is to study the case where F is two points. 


We will prove 


THEOREM 1.1. Jf T': S?—S®? is an involution with fired point set F 
consisting of two points, then T is equivalent to the linear involution: 
? 


L: S— L (x1, V2, %3, = — 2, — — 24). 


Here we suppose that S* is the unit sphere in Euclidean 4-space with 
coordinates (2,2, 23,274). If T is differentiable, then one can obtain actually 


a differentiable equivalence by our methods. 
Theorem 1.1 answers a question of Floyd [6, p. 92]. 


The problems concerning an orientation-preserving involution on S* 
remain largely unsolved.? 
As a by-product of the proof of 1.1, the following two theorems are 


proved : 


THEOREM 1.2. Let M be a non-orientable triangulated 3-manifold with 
an element B of m,(M) such that B?=1 and B reverses orientation. Then 
the projective plane P can be embedded in M piecewise linearly. 


THEOREM 1.3. Let T be an involution on a topological 3-manifold M 
* Received January 26, 1959. 
* Both authors have been supported in this research by the National Science 
Foundation. 
*For the 2-sphere these problems have been solved by Eilenberg and Kerekjarto; 
see S. Eilenberg, Fund, Math. XXII (1934), pp. 28-41. 
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with an isolated fixed point y. not in the boundary of M. Then there is an 
invariant Euclidean neighborhood V of yo such that T restricted to V is 
equivalent to a linear involution. Furthermore, suppose V is a Euclidean 
neighborhood of yo and h: 0V—>S? C E® ts an equivalence between T'| dV 
and S| 8’, the reflection through the origin of E*. Then h can be extended 
to an equivalence between T and S. 


The proofs of the above theorems depend strongly on the methods of 
Papakyriakopoulos [11], especially in the version of A. Shapiro and J. H. (. 
Whitehead [13]. 


2. Proof of 1.2. Let « be the generator of 7,(P) ~Z,. An orientation 
reversing embedding f: P—M is a one-one piecewise linear map such that 
f#(a«) reverses orientation in M. The proof of 1.2 is similar to the proof of 
Dehn’s lemma by Shapiro and Whitehead [13]. We shall prove the following 
statement, which implies 1.2: 


2.1. There exists an orientation reversing embedding f: P— WM if and 
only if there exists B € 7,(1/) which reverses orientation, and such that 2? =1. 


It is clear that given an orientation reversing embedding f: PM, 
then 8 = f#(a) reverses orientation (by definition) and 8? —1 because « =1. 
It remains to find f, given 8. It should be remarked that we do not prove 
that there exists an embedding f: P—M such that fg(«)—£. The proof 
of 2.1 is broken up into several lemmas. 

A map f: P— M is canonical if it is piecewise linear, maps each 2-simplex 
in a one-one fashion, and f(P) has double curves and triple points (see [1], 
§ 2]) as singularities. 

To obtain canonical maps, it is convenient to use their differentiable 
analogues, normal immersions. We can assume M has a differentiable struc- 
ture [5], which by [14] is unique up to diffeomorphism. A map f: Pod 
is an immersion if it is differentiable and has Jacobian of rank 2 everywhere. 
We say an immersion f: P— is normal if whenever 2,,° 2p, are points 
of P such that y—f(z,) =: --—f(2,), then the intersection of the n 
tangent planes to f(P) at y has minimal dimension. It follows that n <3, 
and that f(P) has only double curves and triple points as singularities. 

It is shown in [7] that if A and B are manifolds, dim A < dim B, and 
A can be immersed in B, then any map A—>B can be approximated by an 
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‘mmersion.2 Since P can be immersed in Euclidean 3-space (Boy’s surface) 


P can be immersed in any 3-manifold M. In [8] it is shown that any immer- 
sion can be approximated by a normal immersion. We leave it to the reader 


to prove that a normal immersion can be approximated by a canonical map. 
(Compare this statement with [4], for example). Using these approximations 
and the fact that every 3-manifold has a triangulation, unique up to sub- 


division [9], we have proved: 


LemMA 2.2. Any map f: PM can be approximated (and is thus 


homotopic to) a canonical map. 


Lemma 2.3. Let B€-=2,(M) be such that B?=1. There exists a 
canonical map f: P—>M such that fg(«) =B. 


Proof. Let D be the unit dise in the complex plane and S' its boundary. 
Let A: be a map representing B. Let be the double 
covering Then Aw: S'> M represents 8? and is therefore 
extendable to a map h: DM. Since h sends antipodal points of S* into 
the same point, h defines a map g: P— M, if we consider P to be obtained 
from D by identifying antipodal boundary points. It is clear that g¢(«#) —B. 
By 2.2 there is a canonical map f: P— M, homotopic to g. Thus fg(«) = 8, 
and 2.3 is proved. 

Let f: P— MM be a canonical map, and put Pp=f(P). By a regular 
neighborhood of Py we mean a 3-manifold V (with boundary) such that V 
is a sub-complex of M containing Po, and admitting P, as a deformation 
retract. It is easy to construct regular neighborhoods (cf. [13]). 

Given f and V as above, we say a covering space p: V’— V is proper if it 
is two sheeted, and f(a) € py(m(V’)). 


Lemma 2.4. Let V be a compact non-orientable 3-manifold with non- 
empty boundary dV. If H,(V) ts finite, then at least one component of dV 


is a@ projective plane. 


Proof. We first show that not every component of 0V is the boundary 
of a 3-manifold. This is because a compact 2-manifold N which bounds 
some 3-manifold bounds a (possibly non-orientable) henkelkorper Q, in the 
sense of [12]. The embedding i: VN—>@Q has the property that i,: H,(N) 
>H,(Q) is onto. Now suppose that each component N; of @V bounds a 
henkelkérper Q;. Then the union of V and the Q; forms a compact non-orient- 
*The map 4 > B must be homotopic to an immersion. Using the results in [7], it 
ls easy to show that any map P—> M has this property. 
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able 3-manifold W without boundary, and because t,: H,(Ni) > H,(Q;) is 
onto, and H,(V) is finite, it follows that H,(W) is finite, in contradiction 
to [12, Satz IV, p. 206]. 

Thus some component of 0V is not a boundary, and therefore is non- 
orientable. Let there be s=1 non-orientable components X; of 0V, whose 
genera (number of cross-caps) are k,,---,k,;, and r=0 orientable com- 
ponents Y; whose genera are h,,- - -,h,, if r>0. We must show that some 
k; = 1. 

The Betti numbers b, of V satisfy bb) =1, —0, b; and b,=r; 
the last relation follows from the fact that H?(V,0V) 0, since V is non- 
orientable. Let x stand for Euler characteristic; then [12, p. 223] (V) 
= 2,(0V). Substituting in this the values y(X;) = 2— ki, x( Yj) =2— 2h, 
and the relations among the 0, above, we obtain, after simplifying, s = >,'h; 
+331%%; +1. Since each h; = 0 and each kj = 1, it follows that some k;=1, 


This prove 2. 4. 

Lemma 2.5. Let f: P—M be a canonical map and V a non-orientable 
regular neighborhood of f(P). If V has no proper cover, then there is an 
orientation reversing embedding of P in V. 

Proof. The boundary 0V of V consists of a finite number of compact 
2-manifolds. We shall show that some component of @V is a projective plane. 
Let w: 7:1(V)—H,(V) be the Hurewicz homomorphism. If H,(V) were 
infinite, we could map H,(V) onto Z, such that yfz(«) would be in the kernel 
K ; the covering of V corresponding to y-*(K) would then be proper, contrary 
to hypothesis. Therefore H,(V) is finite. By 2.4, dV contains a projective 
plane P’ which is piecewise linearly embedded in M. It is clear that the 
embedding P’— V reverses orientation in V, and therefore also in I/, and 
2.5 is proved. 

Lemma 2.6. Let f: PV’ be an orientation reversing embedding, and 
let p: V’—>V be a double covering. There exists an orientation reversing 
embedding P—> V. 

Proof. Let g=pf: P—V. By a slight deformation of f, keeping it 


an embedding, we may assume that g is a canonical map. Clearly, g#(«) 
reverses orientation in V, since fy(«) does so in V’. Since f is one-one and 
p is two-one, g(P) has no triple points, but only double curves as self-inter- 


sections and these consist of mutually disjoint simple closed curves, piecewise 
linearly embedded in g(P). Let C be such a double curve. Then g*(C) 
consists of a pair (not necessarily distinct) of simple closed curves C’, (” 
contained in P. There are several cases to consider: 
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i) 0’ =C”, homotopically trivial 
ii) C’=C”, C’ not homotopically trivial 
iii) C’ AC”, both homotopically trivial 
iv) O’C”, one (say C’) not homotopically trivial. 


Case i) cannot occur, for both C’ and C, being null-homoptopic, preserve 
orientation, but it is easily seen that C must reverse orientation if CO” —(C’ 
(cf. [8, 8.1]). Case ii) is impossible, for C’ =C” means the map g: C’>C 
is a double covering, hence the homotopy class gz(@) can be represented as 
g, where 8 is the homotopy class of C (with some orientation). But g#(a) 
reverses orientation, while the square of any homotopy class preserves orien- 
tation. Case iii) In this situation C’ and C” bound discs and the original 
“cuts” (umschaltungen) of Dehn can be used, as described e.g. in [11]. 
It is easy to check that after making the cuts, the map g,: P— V is canonical, 
has no triple points, fewer double curves than g, and gi¢(«) reverses orien- 
tation. Case iv) is impossible, for gz (a) 1 (because it reverses orientation), 
and if C’ represents a, C” must also; but on a projective plane any two non- 
null-homotopic curves must intersect, contradicting the result that C’ and C” 
are disjoint. Thus all pairs C’, C” are as in Case iii), and by making a 
finite number of cuts, we obtain an orientation reversing embedding of P in V. 


Proof of 2.1. By 2.3, there is a canonical map g: P—M, such that 
gz(a) =, B reversing orientation. Let V be a regular neighborhood of g(P). 
If V has no proper cover, then 2.5 implies 2.1. Otherwise let p: V’—V be 
a proper cover. Since gz(a) € pgwi(V’) by the definition of proper cover, 
there is a map g’: PV’ such that pg’=g. It is clear that g’ is canonical 
and g’z(a) reverses orientation. Moreover, it is easily seen, as in [11, 9.1], 
that g’(P) has fewer curves than g(P). If g’is an embedding, 2.1 follows 
from 2.6. If not, we take a regular neighborhood V” of P’, a proper cover 
of V” (if possible; if not, 2.1 follows from 2.5 and 2.6), and proceed 
inductively. Thus 2.1 is proved by 2.5, 2.6, and induction on the number 
of double curves of g(P). 

Remarks. Concerning the problem of embeddings f: P—>M such that 
fz(%) preserves orientation, we have the following results, which: are not used 
in the rest of the paper. 

2.7. If there exists an embedding f: PM such that fz(a) preserves 
orientation, then Z, is a free factor of 7,(M). 


Proof. Let V be a regular neighborhood of f(P), where f is as in 2.6. 
Then x(V) = (f(P)) =1, since f(P) is a deformation retract of V. Since 
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2x(V) = x(0V), we have x(0V) Since each component of OV is orient- 
able, @V is a 2-sphere &, which separates M into two parts, whose closures are 
V and V, (say), with VO V,=—¥%. It follows that 7, (Jf) is the free product 
of and 7(V) = Zz. 

In the case where f is assumed to be a differentiable embedding, we can 
choose for V a “tubular” neighborhood of f(V). In this case it is easily 
seen, by considering the normal bundle of f(P), that V is homeomorphic to 
the mapping cylinder of the double covering S*—>P. This proves: 


2.8. A necessary and sufficient condition that there exist a differentiable 
embedding f: P— M such that f¢(«) preserves orientation, is that M be the 
sum (in the sense of [12, p. 218]) of projective 3-space and another 3-manifold. 


3. Proof of 1.3. We will use the following lemma. 


Lemma 3.1. Let R: S?XI—-S? XI be an involution without fixed 
points such that for i=0,1, R(S? X 1) =S? X17 and R restricted to 8? Xi 
is equivalent to the antipodal map A on S*. Then R ts equivalent to 
XI, where e: ts the identity. Furthermore, an 
equivalence between R and A X e on S* X 0 can be extended to an equivalence 
on S?X I. 

Proof. The orbit space S*<I|R=JX is triangulable by Moise [9], 
and hence there is an induced triangulation on S? X I in which T is simplicial. 
In the rest of this section objects (maps, embeddings, etc.) will be considered 
from the piecewise linear point of view. Let p: 8? I—X be the orbit map 
and let X¥;= p(S? X17), 10,1. It is well known? that an involution on S° 
without fixed points is equivalent to the antipodal map. Hence the 1‘; are 
homeomorphic to the projective plane. 

We define a map of the cylinder J=£S' XI into Y as follows: Let 
fi: S'Xi—-> Xj, i=0,1, be embeddings which represent the non-trivial 
elements of z,(X;). By consideration of the covering space maps (S? X i, p, Xi) 
— (S* X I, p, X), 0,1, it is easily seen that f, and f, are homotopic in 
Thus we obtain a map Ff: JX which is an extension of fy + f:. 

Since the boundary @/ of J is embedded in 0X, we can deform F slightly 
to a map #’: such that if Jo—F’(J) and =F’ (0/7), then there 
are no self-intersections in a neighborhood of @J, and 0J, C 0X. Then J, 
is a Dehn surface of type (0,2) in the terminology of [13]. Application of 
[13, 1.1] yields an embedding G: J—> X which agrees with F’ on a neighbor- 
hood of @J. (Note that 1.1 of [13] first yields a non-singular surface of type 
(0,9), 0<qS2, but in our case-g must equal 2 since our boundary circles 
are essential. ) 
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Denote G(J) by J, and p*(J,) by Q. Since G is essential in XY, Q will 
bea cylinder in S* X I which doubly covers J, and 0Q C 0(S* XJ). Further- 
more Q remains invariant under f&. 

Let h: S?X 0—S?X0 be an equivalence between R and A Xe, both 


restricted to S? X 0, and lett K =h(QN 8S? X 0). Let 
Qo= € XI| xe K}. 


Then Q, is invariant under A Xe. By the well known analogue of 3.1 in 
dimension 2, h can be extended to an equivalence of R and A X e on Q and Qo. 
Thus we have h: (S?X0)UQ—(S?X0)UQ>. Let the components of 
S? x I—Q be denoted by A and B, the components of S*? K I—Q, by Ao 
and By. Then it follows from Newman’s [10] and Alexander’s [1] theorems 
that A, B, Ao, and By are 3-cells. Extend h to a homeomorphism between A 
and A. Finally define h on B to be (A Xe)hR. This h is our desired equiva- 
lence between R and A Xe. 

We now start the proof of 1.3. As before we can assume without loss 
of generality that 7 restricted to the complement of the fixed point set is 
piecewise linear. The following lemma is where 1.2 is used. 


LemMA 38.2. In every neighborhood of yo there is an nvariant 2-sphere. 


Proof of 3.2. Let U be a given Euclidean neighborhood of y, in M. 
Choose V to be an open connected neighborhood of y) such that V C U and 
TV CU. Let x: M—M/T be the orbit may, V* = x(V), and = V* — x(yo). 
We claim that V, satisfies the conditions of 1.2. From [3] it follows that 
T is orientation reversing, so V, is non-orientable. Let x€ V, rA yo, and 
let b(t) be an are joining z to Tz in (VU TV) —ypo. Then it is easy to see 
that B = {b(t)} satisfies the conditions of 1.2. Hence there is an embedding 
j: PV, of the projective plane in Vo. The inverse image r*(j(P)) CU 
will be the desired 2-sphere. This proves 3. 2. 

Returning to the proof of 1.3, let U be as in 3.2. If N is an embedded 
?-sphere in U, denote by C(N) the closure of the component of M—N 
containing yp. Then by 3.2 choose disjoint invariant 2-sphere V,, V2, V3,- - - 
such that lim (diameter V;) =0, U D V, and for each i, C(Vi) D Vins. 

Let W; be the sphere about the origin in H* of radius 1/i and let 7, be 
the reflection through the origin of Z*. Let h: V,— W, be some equivalence 
between the restrictions of 7 and Ty. By 3.1 extend h to 


C(V,) —interior C(V.) > C(W,) — interior C(W,). 


Here we again use Newman’s and Alexander’s theorems to show that 
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C(V,) —interior C(V.) is homeomorphic to 8? XJ. Repeated applications 
of 3.1 yield the desired equivalence of 1.3. 


4, Proof of 1.1. Let the fixed points of T be denoted by y; and y,. 
By 3.2 let V,; and V, be disjoint invariant 2-spheres about y, and yz respec- 
tively. In let {xe S*|2,—4} and W.— {re S*| z,——}}. Let 
h: V,— W, be an equivalence between the restrictions of JT and L. By 3.1, 
extend / to be an equivalence on the domain of S*— V,— V, not containing 
the fixed points. Then by 1.3 h can be extended to an equivalence on all 


of 
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ON SPHERICAL IMAGE MAPS WHOSE JACOBIANS DO NOT 
CHANGE SIGN.* 


By Puitip Hartman and Louis NIRENBERG.* 


Introduction. This paper is concerned with oriented hypersurfaces, of 
class C?, of dimension n immersed in (n-+ 1)-dimensional real Euclidean 
space H”** and with the property that the Jacobian of the spherical image 
mapping does not change sign. In case n= 2, this means that the Gauss 


curvature does not change sign. The main result (Theorem II’) asserts that 
the spherical image map of a compact portion of the surface is monotone,’ 
in the sense that the boundary of the image set is contained in the image of 
the boundary. 

We shall deal mainly with hypersurfaces having simple projection on 
a hyperplane, i.e., admitting the representation = The 
spherical image may then be adequately described in terms of the vector 
p(z) = grad 2(z), where - -,2"). 

Thus a large part of the paper is concerned with mappings p= p(2) 
of an n-dimensional x region D into n-dimensional p space, which are of 
class C! in D, of class C° in the closure D, have the property that the vector 
p(x) is locally a gradient (i.e., the Pfattian w= p; da* is closed, dw = 0) 
and that the Jacobian of p with respect to x does not change sign. Our 
main result (Theorem II) asserts again that the boundary of the image of D 
is contained in the image p(D’) of the boundary D’ of D. 


Theorem II implies, in particular, that each component of p(x) satisfies 


a weak maximum and minimum principle. This fact is used in Section 7 

* Received January 29, 1959. 
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for any purpose of the United States Government. 
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“Our use of the word “montone” is derived from Lebesgue’s notion [Rendiconti 
del Cireolo Matematico di Palermo, vol. 24 (1907), p. 380] of a monotone function of 
two real variables. ‘“‘ Monotone” maps in our sense are “ quasi-interior ” in the sense of 
Whyburn [Memoirs of the American Mathematical Society, no. 1 (1950)], rather than 
“monotone ” in his sense. 
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to derive an analogue of Rado’s theorem [8] (see also von Neumann [6]) 
on saddle surfaces for n-dimensional hypersurfaces. 

The basic lemmas used in proving Theorem II are given in Sections 2 
and 3. In Section 3, we consider maps p(x) of the type described above 
which have a vanishing Jacobian. For such a mapping it is shown (Theorem 
I) that p(D) is contained in p(D’). The proof depends on a sharpened 
form and a generalization of a standard theorem on the differential geometry 
of torses. Theorems II and II’ are presented in Sections 4 and 5. 

On the basis of Lemma 2 and its corollaries, it is shown (Theorem III 
in Section 6) that a complete hypersurface of constant zero curvature in 
(n+ 1)-(Euclidean) space is an (m—1)-cylinder, i.e., the hypersurface js 
a cylinder erected over a curve. In particular, a complete 2-surface in 3-space 
having zero Gaussian curvature is a cylinder; cf. Pogorelov [7]. 

Sections 8 and 9 which form Part II of the paper are concerned with 
a more detailed study of surfaces, n=2, having zero Gauss curvature, 
Consider such a surface in (z',x*,x*) space with simple projection on the 
(z',z*) plane, i.e., which admits a representation = on, say, a 
bounded convex region D in the (21,2?) plane. If x= (z',2?) in D is the 
limit of points in D corresponding to nonplanar points on the surface, then, 
as follows from the results of Section 3 (see Section 9), through «x there is 
a unique straight line with endpoints on the boundary of D along which the 
normal to the surface (or gradz) is constant. In general this will not be 
true for a point having a neighborhood consisting entirely of planar points. 
Consider the following: 

Example. Let D, be any convex subset of D closed relative to D with 
boundary consisting of a subset of D’ and of straight line segments with 
endpoints on D’. In D, define the surface as follows: z=0 in D,, and the 
surface is a cylinder in each connected component of D— D,. 

Thus, in general, through a point z in D, there is no line segment having 
the properties above. However, as we prove in Section 9 (Theorem B), there 
always exist rays from x, going to the boundary, and along which the surface 
normal is constant. In Theorem A of Section 9, we also describe in general 
the connected subsets D, of a domain D which are such that the normal to 
the surface may be constant there. 


Part I. 


1. Notation. In the following, unless otherwise stated «= (z',: --,2"), 
P= Pn), 9g") are n vectors, D is a domain (i.e., au 
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open connected set, which is sometimes assumed to be bounded) in z space, 
and D’ is its boundary. By a k-dimensional plane section 2; of D through 
a point x of D is meant the connected component, containing 2, of the inter- 


section of D and a k-dimensional plane through z. 

Let p= p(x) be of class C' in D. Let J(x) denote the Jacobian matrix 
(so that the Jacobian itself is detJ(x)); r(x) the rank of J(z) ; 
finally r*(a) the largest integer s with the property that every neighborhood 
of « contains a point with r(z*) =s. In particular, r(z) Sr*(x). Let 
S, denote the subset of D defined by r*(r) =k(=7n), so that S;, is an 
open set. 

By a gradient mapping p—p(x) in D will be meant a vector valued 
function which is of class C? in D and is such that the Pfaffian 


w=> 


dw = 0. 


Since p=p(x) is of class C1, the requirement (2) is equivalent to the 
condition that J (2) be a symmetric matrix. 

All mappings p= p(za) are of class C' in D and, in some cases, are also 
assumed to be of class C°® in the closure D—=DU D’ of D. 

The image of a set A will be abbreviated by p(A), its boundary by p’(A). 


2. Maps with Jacobian not changing sign. The mappings p= p(x) 
in this section are defined, and of class C1, in a bounded domain D; they are 
also of class C° in D. They are not assumed to be gradient mappings. 

LemMA 1. Let p=p(x) bea mapping with Jacobian not changing sign. 
Suppose that A is a sub-domain of D satisfying 
(3) p(A) p(D’) =0 and p(A) p’(D) £0. 

Then the Jacobian det J is identically zero in A. 

In the particular case that D = A, condition (3) is equivalent to 
(3’) p(D) p(D’) =0 and p’(D) E p(D’). 

Actually, this particular case implies the general case of the lemma. 


The proof of the lemma, which depends on a theorem of K. Knopp and 
Rh. Schmidt [5], was suggested by the proof of A. Douglis for the maximum 
principle in [3]. 


Proof. Since the degree of the mapping is constant on each component 
of the complement of p(D’), the first part of (3) shows that the degree of 


9 
ve 
ed 
ry 
I] 
in 
is 
ce 
| 1) 
h ( 
is closed, 
(2) 
a 
is 
e 
h 
1 
) 


904 PHILIP HARTMAN AND LOUIS NIRENBERG. 


mapping d at each point in p(A) is the same; and because of the second 
condition there is a point 2 € A such that p(z) is contained in p’(D) but 
not in p(D’), so that the degree of mapping at p(2)) is zero. Hence d=(, 

Suppose now detJ(y) 40, say, detJ(y) >0 for some point y in 4, 
The mapping p = p(x) then maps a neighborhood U of y onto a full neighbor- 
hood p(U) of p(y). Since the p image of the x set where det J (x) —0 is an 
n-dimensional zero set (Knopp-Schmidt [5]; cf. also [9]), the neighborhood 
p(U) contains points p* such that detJ(z) >0 at every preimage of p’*, 
Since p* has no preimage on D’ if U C A, it has only a finite number & of 
preimages in D. MHence the degree d of the mapping at p* is k>0. 
Contradiction ! 

The proof of Lemma 1 yields a more general result* where we replace 
the x and p spaces by n-dimensional manifolds. 


Lemma 1’. Let M,, Mz be two n-dimensional orientable manifolds of 
class C*. Let M be an open connected subset of M, with boundary M’ and 
compact closure M. Let N be a mapping of M into M, which is of class C! 
in Mand C° in M. Assume, having fixed some orientations, that the Jacobian 
of the mapping N does not change sign. Suppose further that 


N(M) N(M’) =0 and N’(M) CN (M’). 
Then the Jacobian of the mapping N is identically zero. 


In the remainder of this section, we present some corollaries of Lemma 1 
which are not used in the rest of the paper. 


1. Let D and p=p(z) be as in Lemma il. Let v=v(p) 
be a continuous mapping of the p space E” into a v space E™ and let v= v(p) 
be monotone in the sense that v’(P) C v(P’) holds for every bounded domain 
P im p space. (L.g., lee m—=n and v=p or let m=1 and v=p,). Let 
V be a closed, bounded set containing v(p(D’)) and having a connected 
complement; e.g., let V be the convex hull of v(p(D’)). If, for a point x 
of D, v(p(%o)) ¢ V, then det J (2) =0. If v=v(p) takes p sets of measure 
zero into v sets of measure zero, then vol V=volvu(p(D)). 


By volA is meant the m-dimensional Lebesgue measure of the (simply 


covered, measurable) set A in v space. 


* We have learned that, since this paper was completed, theorems similar to Lemma 
1’ have also been obtained by S. S. Chern, for n = 2, in “ Complex analytic mappings of 
Riemann surfaces, I” to appear in this Journal and by S. Sternberg and R. G. Swan, 
for arbitrary ”, in “On maps with non-negative Jacobian” to appear in the Michigan 
Mathematical Journal. 
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2emark. If d—diamv(p(D’)) is the diameter of the set v(p(D’)), 
§ each of the two parts of the corollary furnishes a lower bound for d. Let V 
E be the convex hull of v(p(D’)), so that diam V—d. Let A be the open 
(possibly empty) subset of D where detJ(x) ~0, then by the first part, 
§ v(p(A)) C V; hence d= diamv(p(A)). When the conditions of the second 
part of the corollary hold, then d= 2(volv(p(D))/om)/", where wm is the 
» yolume of the m dimensional unit sphere |v| <1. This inequality for d 
follows from a theorem of Bieberbach [1] which states that vol VS w,(d/2)™ 
when d= diam V. 
The inequality d= 2(volv(p(D) )/wm)?/” generalizes a result of G. S. 
Young [11]. 
Proof of Corollary 1. Let 2€D and v(p(%))¢V. Suppose, if 
| possible, that det J(2)) 0. Let A be the connected component, containing 
| 2, of the set of points y in D such that v(p(y)) ¢ V. Clearly, v(p(A’)) C V, 
so that p(A) p(A’) =0. 
. Since det J (a) 0, p(x.) is an interior point of p(A). Let P be the 

connected component, containing p(z»), of the set of interior points p of p(A). 
Since V is closed, bounded and has a connected complement, the point v(p(o)) 
can be joined to infinity in #"—V, so that the boundary v’(P) of the set 
| vo(P) containing v(p(2)) is not contained in V. From the monotony of 
| the mapping v—v(p), it follows that v’(P) C v(P’), hence v(P’) is not 
» contained in V. Finally, v(P’) C v(p’(A)) and so, v(p’(A)) is not con- 
tained in V. 
Hence p(A) p(A’) =0 and p’(A) p(A’). Consequently, Lemma 1 
; implies that detJ vanishes in A, in particular, at 2. 

To prove the last part, suppose that v(p(D)) —V has positive measure. 

» Then, by our hypothesis on v= v(p), the set of points p(x) such that 
j v(p(x)) ¢ V is not a zero set in p space. The theorem of Knopp-Schmidt 
[5] mentioned above implies that there is a point x with detJ(2) AO and 
v(p(z)) ¢ V. This contradicts the first part of the corollary. 


Corotuary 2. Let D and p=p(x) be as in Lemma 1. Let F(p) be 
real-valued, continuous function defined on p space and satisfying a weak 
mazimum principle on every bounded domain (i.e., the maximum of F on 
| the closure of the domain occurs on the boundary). Let M—=maxF(p(z)) 

forze D’. If, for a point x of D, F(p(ao)) > M, then det J(a,) =0. 


Proof. Clearly, p(x)) ¢ p(D’). Let A be the connected component, 
» containing 2, of the set of points y in D such that F(p(y)) >M. Then 
| F(p(x)) SM on A’, so that p(A) N p(A’) =0. Since the maximum of F(p) 
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on the boundary of every bounded p domain containing p(A) is at least 
F(p(ao)) > M, it follows that the maximum of F(p) on p’(A) exceeds Mf, 
so that p’(A) C p(A’). Consequently, by Lemma 1, detJ=0 on A; in 
particular, det J (2) = 0. 

As a consequence of Corollary 2, we have the following result of 


Liouville type. 


Corotuary 38. Let p=p(x) be a mapping of class C1 of a domain D 
(possibly unbounded) into E", with Jacobian not changing sign. Suppose 
that there exists a non-negative, continuous function F(p) defined on p 
space such that (i) F(p) satisfies a weak maximum principle on every bounded 
domain, (ii) F(p) #0 on any open p set, and (iii) F(p(x)) tends to 0 as 
az tends to the boundary of D (or infinity). Then the Jacobian of the mapping 
p(x) ts tdentically zero. 


This is a more general form of a result stated in a note [11] by G. 8. 
Young. There D—F™ and it is assumed that p(x) tends to a limit as 
|2|—>0. Corollary 3, with the choice F(p) =| p,—const. |, shows that it 
is sufficient to require, for example, that p,(x) tends to a limit as z tends 
to D’. 

Note that condition (iii) can be relaxed to: (iii’) there exists a sequence 
D,, of bounded subdomains of D such that D; C D =U Dy, and 
for D,’ satisfies m,—>0 as 


Proof. Let x be a point where F'(p(z)) >0. Denote by D, the con- 
nected component, containing 2, of points y with F(p(y)) >4F(p(z)). By 
condition (iii) on F, D, is a bounded domain and D, C D. By condition (i) 
on F, Corollary 2 is applicable on D,, so that det J=0 there; in particular, 
detJ =0 at x Thus the Jacobian vanishes at all points x for which 
F(p(z)) > 0. 

Suppose finally that det J ~0 at a point x where F(p(x)) =0. Then 
p= p(x) maps a neighborhood U of z onto a neighborhood p(U) of p(z). 
Since F(p) #0 for pe€ p(U), it follows that there is a point y€ U at which 
F(p(y)) > 0, so that detJ(y) 0. Since this is true for some y in every 
sufficiently small U, the continuity of detJ implies det J(x) =0. 


3. Gradient maps with zero Jacobian. Throughout the section, we 
consider only gradient maps, with Jacobian identically zero, of class C* in a 
domain (which may be unbounded unless otherwise stated). 


Lemma 2. Let p=p(x) be a gradient mapping with Jacobian which 1s 
identically 0. If at a point x, of D, r(ao) and r*(2,) have a common value k, 
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then p(x) is constant on an (n—k)-dimensional plane section anx(%) of 
§, through 2. Furthermore, all points x near x, for which p(x) = p(%o) 
lie on Finally, =1* (x) =k for all x on myx. 


Lemma 2 is essentially a result proved by Chern and Lashof; [2], Lemma 
2, p. 814. A proof of Lemma 2 is given below. 
An immediate consequence of Lemma 2 is the following. 


Corottary 1. If r*(x%) =k at a point x of D, then p(x) ws constant 
onan (n—k)-dimensional plane section wn of S; through x. Also XE max 
implies that r*(x) =k and that either r(x) =k or r(x) <k according as 
r(%) =k or <k. 

The first assertion of the corollary follows from that of Lemma 2 by 
considering a sequence of points 2,,22,- - - tending to x such that r*(z;) 
=r(a;) =k and that r»+.(2;) tends to a limiting position containing a section 


tm-- a8 j—>0o. The second assertion of the corollary follows from the last 


part of Lemma 2. 

Note that if »—gradz, then 2z is clearly a linear function on ap (in 
both Lemma 2 and Corollary 1). 

In general one cannot assert the uniqueness of a,~ in Corollary 1. 
Uniqueness does hold in the following simple case. 


CorotLary 2. If k=1 in Corollary 1, then the plane section mn of 81 
through x» 1s unique—even locally. 


In order to verify this, let an. be the (n—1)-section constructed above. 
If 7’,. is another (n — 1)-section through 2, of a neighborhood U C 8S, of a, on 
which p= p(a), then and necessarily intersect at a point 
in U for j sufficiently large. This is based on the fact that r»4(aj) and mp1 
are of dimension n—1. But by Lemma 2, 2 € w»+4(a;) implies that 
(aj) =r(x;) =1 and that there is only one (n—1)-section (even locally) 
of 8, through 2; on which p is constant. Contradiction. This proves 
Corollary 2. 


As a final consequence of Lemma 2, we prove 


THEOREM 1. Let p=p(a) be a gradient mapping with zero Jacobian 
in D (so that r(x) <n for all x in D). Assume that D is bounded and that 
p ts of class C1 in D and class C° in D. Then p(D) is contained in p(D’). 


Theorems I and II (below) are false if the condition that p= p(z) is 
a gradient mapping is omitted, for we may take and po: pn 
arbitrary. 
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Proof. Assume that the theorem is false. Let A be a component of 
the set of points x in D such that p(x) is not in p(D’). Clearly A is an 
open set and p(A’) is contained in p(D’). Let k—maxr(z) for z in 4, 
Then k <n and A is contained in S;. There exists a point 2 in A with 
r(2%) =k; in particular r(x) =r*(2%) =k. According to Lemma 2, there 
is an (n—k)-dimensional section of S;, hence of A, through x on which 
p(x) =p(x). Consequently p(z,) is contained in p(A’) and hence, in 
p(D’). This contradicts the definition of the set A. Thus Theorem I is 
proved. 

We now present the 


Proof of Lemma 2. (a) It will first be shown that in a small neighbor- 
hood U of Zo, the z-set p(x) = p(2) is a unique (n—/s)-dimensional plane 
section of U. Without violating the condition that p= p(x) is a gradient 
mapping, it can be supposed that the matrix J;,(x) = (0pa/dxg), where 
a, is non-singular at (For otherwise the map p(z) 
can be replaced by the map z-> 7’p(Tx) where T is a suitably chosen constant, 
non-singular matrix and 7” is its transpose.) Hence the mapping rq 
= (pi(Z),° +, px(v), -,a") has a nonvanishing Jacobian at 2, and 
so g can be introduced as new coordinates in a vicinity U of 2. 

By considering the Jacobian matrix (0p;/0q/), it is seen that the assump- 
tion =k implies that - +, depend only on -,¢q*) 
and are independent of (q**?,- - -,q") = (a**1,---,a"). Hence, in U, the 
relations p(x) =const. are equivalent to (q',: - -,q*) == Const. 

By (2), 0=dw=S dp; A dx‘. Expressing the right side of this 
equation in q-coordinates, and equating the coefficients of dg* (A dq‘ to zero 
gives 

dx*/0qi +- dp;/0q* = 0 for <j. 
Consequently, we have 
i>k 
where = 0p;/0q%, b* are functions of (q',- --,g*) only. Thus, in 
the hypersurface = is an (n—k)-dimensional plane section of U. 

(b) Let an~x—=7n«(%o) be the corresponding (n—k)-section of Sj. 
It will be shown that p(x) is constant on »-~. Since the change of coordi- 
nates is of class C1, the functions a;*(q',- - -,q"), *,q") 
(4) are of class C1. Inserting (4) into pa=pa(zx) and differentiating with 
respect to gg = pg gives 


& 
Sap = (Ipa/dx7) + for 
y=1 t>k 
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Hence 


(5) 1—=detJ,(x) - det ( S + 0b%/0q8)), where a, 8—1,---,k. 


We claim that p(x) =p(a)) and detJ;(z) on If not, there 
exists an arc OSt<1, on starting at on which 
either p(x(t)) is not constant or detJ,(x(t)) vanishes somewhere. Let 
ft, << 1 denote the least upper bound of ¢ values for which 


(6) p(x(s)) =p(x) and detJ;,(x(s)) 40 


holds for s#. It is clear that p(x(t))) —p(a). Furthermore the coordi- 
nate transformation «— q in part (a), hence (5), is valid in a neighborhood 
of each point z(s) fors<t. Along z—~2(s), s < to, the functions da;“/0q8 
are independent of s. Hence (5) implies that detJ;,(2(s)) is bounded away 
from zero as s—>f). Consequently (6) holds at st). Since z(t) is a 
point of hence of S;, it follows that r* (x(t) ) =r(a(to)) =k. Applying 
the result of (a) at the point r(¢,), it is seen that (6) holds on an s-interval 
larger than [0,¢]. This is a contradiction, and so p(x) =p(a), r(2) 


=1r* (zx) =k on 


4, Gradient maps with Jacobian not changing sign. We now present 
our main result. 


THEOREM II. Let p=p(x) be a gradient mapping with Jacobian not 
changing sign in a bounded domain D, with p of class C* in D, C° in D. 
Then p’(D) ts contained in p(D’). 


Proof. Assume the theorem to be false. Then there is a point x in D 
with p(w) in p’(D), but not in p(D’). Let A be the connected component, 
containing 2, of the set of points y in D with p(y) not in p(D’). Then 
p(A’) C p(D’). Applying Lemma 1, we see that the Jacobian vanishes 
identically in A. By Theorem I, it now follows that p(A) is contained in 
p(A’), and hence in p(D’). Contradiction! 

We remark that under the conditions of the theorem, it is not true that 
p(x) € p(D’) for every point x where the Jacobian vanishes, as the following 
example shows: Take n= 2 with coordinates (z,y), D the unit circle, and 
p=grad(a2*y +-y*x). Then p0 except at the origin, while the Jacobian 
is —4(a2?-+ zy + y*) =0 and vanishes only at the origin. 

A simple consequence of Theorem II is 

CoroLLary 1. Let p=p(x) satisfy the conditions of Theorem II. Let 
F(p) be a continuous function defined in the p space satisfying a weak 
maximum principle on every bounded domain (i.e., the maximum of F on 
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the closure of the domain occurs on the boundary). Then the maximum of 
F(p(x)) on D occurs on D’. 


A particular case is the following: 


Coronary 2. Under the conditions of Theorem II, each component 
pi(z) of p(x) assumes its maximum and minimum on the boundary D’; 
furthermore, | assumes its maximum on 


Another simple consequence of Theorem IT is 


CoroLuaRy 3. Under the conditions of Theorem II, assume that the 
range of values of p on D’ omits an open connected set A in p space. If, for 
some point x in D, p(ao) € A, then all the p values in A are taken on by 
p(x) in D. 


A particular case is 


CoroLtLary 4. Under the conditions of Theorem II, assume that 
|p|=a>0 on D’, where a is a constant. Then either | p(x)| 2a in D 
or else p(x) assumes in D all values p in the sphere |p| Sa. 


5. Hypersurfaces with non-simple planar projections. Theorems | 
and II above may be extended easily to hypersurfaces of dimension n immersed 
in (n+ 1)-space—without the requirement that the surface be representable 
in the form 2**! = 2(z',- - -,2"). 

We consider differentiably immersed compact pieces of Riemannian mani- 
folds: Let MJ be a connected open subset of an oriented n-dimensional Rie- 
mannian manifold of class C? whose closure M is compact; denote its boundary 
by M’. We consider an isometric mapping v: M — H#™* with the Jacobian 
matrix everywhere of rank n, so that the mapping is locally one-to-one. This 
defines an isometric immersion of 1. The mapping is assumed to be of 
class C? in M and of class Ct in JM. 

The letters x, y will be used to denote points on M and also to denote 
local coordinates (z',---,z"). We use v==(v1,- - to denote 
coordinates in 

Let N(az) be the unit normal to v(M) at the point v(x). Since M is 
oriented, a fixed choice of N(x) can be made so that N(x) is of class ( 
in M and of class C° in /@. Choosing fixed orientations on M and on the 
unit sphere in #"**, and denoting by V(A) the image set under the mapping 
N of a set A in M and by N’(A) its boundary (on the surface of the unit 
sphere), we can extend Theorems i, II as follows: 
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THEOREM I’. Assume that the Jacobian of the mapping N(x) is 
identically zero. Then N(M) C N(M’). 


THEOREM II’. Assume that the Jacobian of the mapping N(x) does 
not change sign. Then N’(M) C N(M’). 


We note that the conditions on the Jacobians are independent of the 
particular choice of local coordinates provided fixed orientation is maintained. 
Furthermore, the rank r(z) of the Jacobian matrix, and hence also r*(z) 
as before, are well defined, independent of local coordinates. 

Theorem II’ follows from Theorem I’ with the aid of Lemma 1’ in just 
the same way as Theorem II from Theorem I and Lemma 1. 

The proof of Theorem I’ in turn follows closely .that of Theorem I. 
Assume the theorem to be false. Let A be a component of the set of points 
cin M such that N(az) is not in N(M’). A is open and N(A’) CN(M’). 
Let & be the maximum of the rank of the Jacobian matrix of the mapping 
N(z) in A. There exists a point z in A with r(a%)—k. Let U be a 

neighborhood of 2) in A such that v(U) has a simple projection on a hyper- 
| plane, say, the hyperplane v"*t 0, so that v(U) admits the representation 
yto=z(vt,---,v"). Denote by P the orthogonal projection on the plane 
vt—=(, Applying Lemma 2 to the form (1) w=—dz, we see that v(U) 
contains a portion of + of an (n—s)-dimensional plane, along which the 
normal NV to v(U) is constant, and such that Px is an (n—k)-section of 
Po(U). 

About any point of v(U) we can again take a neighborhood on v(M) 
with simple projection on v"*?=0 and again apply Lemma 2—in order to 
extend the plane z. In this way one sees easily that if we draw a ray from 
v(z)) lying in w, and extend it, then the extension lies on the hypersurface 
(and along it the normal N to the hypersurface is constant) until we reach 
a boundary point of the hypersurface v(A), i.e., a point in v(A’). But then 
it follows that V (z,) € N(A’) C N(M’), completing the proof of the theorem. 


6. On complete hypersurfaces with constant zero curvature. Consider 
a connected, complete, C*, orientable, n-dimensional, Riemannian manifold 
M isometrically immersed in (n +1)-space E"*! by a C? mapping v = v(z) 
as in the last section. As above, x denotes either a point on M or local 


the immersion of M by S. 


| 
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TuHeorEM III. Jf S ts of constant zero curvature, then it is an (n—1).- 
cylinder in the sense that S has a parametrization (in the large) of the form 


n-1 
v=v(z) = Daai+b(z") for all r= (z2',- - -, 2"), 
j=l 


where * are constant (n-+-1)-vectors, b(x") 1s an (n+1)-vector 
of class C? and a,,° * *,Gn1, 0b/0x" 1s a set of orthonormal vectors. 


This theorem depends on Corollary 2 of Lemma 2 in Section 3. 

A similar result under weaker differentiability hypotheses has been stated 
for n=2 by Pogorelov [7]. 

Theorem III implies the following: Let the (scalar) function z= (zr) 
be of class C? for all z in #” and such that the rank r(x) of the Hessian 
matrix (0@°2/dx‘dx/) satisfies r(z)=1. Then, after a suitable rotation of 
the x space, has the form d(a"), where 
Ci," * *,€n+1 are constants and d(2”) is a (scalar) function of 2”. 

It can be supposed that W/ is simply connected, for otherwise it can be 
replaced by its universal covering manifold. 

Since S is only of class C?, the meaning of its “constant zero curvature” 
should be explained. Consider a piece of C? hypersurface v = v(x), not neces- 
sarily S, in £"** as follows: let v= v(z) be defined and of class C? on a simply 
connected xz set D in E” such that 


(7) ds? = | dv |? = gix(x) dxtdxk 


is positive definite. The gi,(x) are of class C1, so the the Riemann-Christoffel 
symbols I‘; of the second kind are defined and continuous. <A curvature 
tensor can be defined extrinsically in terms of the second fundamental matrix 
(ix) by 


or intrinsically by the requirement that 


A’ e A 


holds for arbitrary pieces A of 2-dimensional C* surfaces bounded by (’ 
piecewise Jordan curves A’, where A C D. These definitions are equivalent 
for C? hypersurfaces v= v(x), since they are equivalent for smooth hyper- 
surfaces. 

The assumption that S has a constant zero curvature is to be interpreted 
to mean that if S is given locally by v=v(z), then 


(8) hihi; — =0 for t, 


Cor 
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and/or 
A’ A 


is an identity as explained above. 

If a positive definite, C? metric ds? = gj,dx‘dx*, whether embedded or 
not, satisfies the identity (9) in A, then there exist local mappings x— y of 
class C? reducing ds? to the Euclidean form ds? = 8,dy‘dy*; [10]. This 
implies that the complete, simply connected manifold M can be mapped one- 
to-one isometrically onto an entire x space #”. Thus, it can be supposed 
that M is 

The identity (8) implies that the rank r(z) of the Jacobian matrix of 
the normal image mapping of S satisfies r(z#) =1, so that r*(z) is either 
0 or 1. 

Proof of Theorem III. Assume that S is not a hyperplane in /™*?, 
Then there is a point 2 with r*(z,) 1. Applying Lemma 2, and its 
Corollary 2, to the image v(U) of a neighborhood U of 2x, such that v is 
one-to-one in U7 and v(U) admits a simple projection on a hyperplane, we 
see that through v(2)) there passes a piece r of a unique (n — 1)-dimensional 
plane on S on which N is constant. The boundary of 7 is on the boundary 
of v(U). Since the map v is isometric, the preimage of any line segment 
on 7, being a geodesic, is a line segment in the x space. Hence the preimage 
of r is part of an (n—1)-dimensional hyperplane x(2z,)) in the x space and 
vis linear on this part of r(2,). On the preimage of 7, r*(x) =1. Thus this 
argument can be repeated, replacing 2) by any boundary point of the pre- 
image of +. In fact, as in the proof of Theorem I’, we see that through 25 
there is a unique hyperplane +(2,) on which N is constant, v((7(a)) is an 
(n—1)-dimensional plane on S, v(x) is linear on r(a)) and r*==1 on (2). 

It follows now that if z is another point with r*(z) 1, then the 
corresponding x(x), on which r*(z) =1, is parallel to r(z)). 

Suppose now that z is a point with r*(z) =0. Let w(x) be the hyper- 
plane through « parallel to r(z)). By the preceding, we have r*—0 on 
7(x). But this implies that a neighborhood on S of v(2(zx)) lies on a hyper- 
plane, so that NV is constant on w(x). Since the image of any line segment 
on r(x) is a geodesic and on a hyperplane of the v space, it is a line segment. 
Consequently, v(x) is linear on x(x) and v(x(z)) is an (n—1)-dimensional 
plane. 

Thus we have shown that through every z, there is a hyperplane 2(z) 
such that v((z)) is an (n—1)-dimensional plane on S along which WN is 
constant and the hyperplanes +(x) are parallel. After a rotation of the z 
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space, it can be supposed that the 2” axis is perpendicular to the r(x). Since 
v(z) is linear on every x(x), it has the form 


+ b(a"), 


where @,° * *,@n1,6 are C* vectors in v space. From the isometry of the 
mapping, it is easily verified that a,,- - -,d, are constant vectors and that 
* 0b/0x" are orthonormal. 


7. Generalization of a theorem of Rado. As above, let EH” be the 
Euclidean x = (z1,- - -,2") space. In this section, let H"* be the Euclidean 
(z,z) = (21,---,2",z) space, and call the z axis the vertical axis. The 
following terminology will be used below: A point set A; is said to lie above 
[or below] a point set A, in H#”** if for every pair of points (z,2,), (2, 22) of 
A,, Az, respectively, having the same x coordinates, the inequality z, =z, 
[or z,z.] holds. By the slope of an n-dimensional hypersurface in E™ 
is meant the absolute value of the tangent of the angle between its normal 
and the z axis. 


THEOREM IV. Let D be a bounded convex domain in the x space EI", 
Let z=2z(x) be a function of class C? on D and of class Ct on D. Let the 
Hessian matrix where 2; = 0°z/dx'dxi, possess both non-negative and 
non-positive eigenvalues at each point x of D and satisfy 


(10) det (zi;) does not change sign in D. 
(If n is even, these conditions on the Hessian hold, for example, if 
(10’) det (2i;) = in D 


holds.) Let 8 be the n-dimensional surface S: z—=2(x) in E™* and 8’ its 
boundary. Let K be a number with the property that through every point 
of 8’, there pass two n-dimensional planes with slope K such that S’ lies 
above one and below the other. Then | gradz(x)|=K in D. 


If n = 2, this is implied by a theorem of Rado [8]; cf. von Neumann [6]. 
In Rado’s theorem, the differentiability conditions and (10’) are relaxed to 
the assumptions that z(z1,2?) is continuous on D and that, for arbitrary 
constants a2, the function z(z', x?) — a,c! satisfies a weak maximum 
and minimum principle and the assertion is that z(x) satisfies a Lipschitz 
condition with K as a Lipschitz constant. 

If n is odd, the conditions on the Hessian in Theorem IV cannot be 
replaced by (10’). This can be seen from the example z = R? — | |? on the 
sphere D: |x| < R. 
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Theorem IV is false for both odd and even n(> 2) if condition (10) 
is omitted (and, in fact, it is then impossible to find an a priori bound for 
|gradz|). In order to obtain an example, let p= (v°)?-+- - -+ (a")?, so 
that | |?== (2")?-+ (a?)?+>p, and let k(>-) be a large constant to be 
specified below. On the sphere D: |x| S1, put 


= — (a2)? + (1—| 2 |?) sin kp. 


-,0) —2zsin kp 
+ 2k(1—| 2x |?) (0,0, - -,2") cos kp. 

Let H (x) = (2i(x)) be the Hessian matrix of z. The 2 by 2 matrix (z;;(7)), 
where i,j = 1,2, in the upper left corner of H (2x) is a diagonal matrix with 
diagonal elements 2—-2sinkp, —2—2sinkp. Accordingly, H(x) has an 
eigenvalue A= 2—2sinkp=O and an eigenvalue AX=—2—2sinkpS0. 
On D’: |x| 2(x) reduces to = (2')?— (a?)*, so that there exists 
a constant K satisfying the assumption of Theorem IV and K can be chosen 
independent of k. On the other hand, if 21 = 2? = 0 and | z |? =p—2/k(< 1), 
then | grad z| = 2(1—-2/k) (xk)3. Hence, for such points x, | gradz| >K 
if & is sufficiently large. Thus the assertion of Theorem IV is not valid. 

In the proof of Theorem IV, we shall need the following simple lemma. 


LemMaA 3. Let z=2(2) be a function of class C? on a bounded domain 
D in E” and of class C° on D. Let the Hessian matrix (2;(7)) have a non- 
positive [or non-negative] eigenvalue at every point 2 of D. Then z(z) 
assumes its minimum [or maximum] value on D’. 


Proof of Lemma 3. It is sufficient to verify the non-bracketed part. 
It can be supposed that z20 in D’. It will be shown that z= 0 on D. 

Let R > 0 be so large that D is contained in the sphere |x| << R. Put 
+2(x) fore >0. It suffices to show that z=0 in D for 
alle >0. For the desired conclusion then follows by letting «— 0. 

It is clear that z.(2) >0 on D’ for all e>0. Suppose that, for some 
¢>0 and some 2) € D, <0. Then has a negative minimum on 
D which is taken at some point, say 2, of D. Then the matrix (z.;(a )) has 
only non-negative eigenvalues. But =— dij + so that 
(2eij(7o)) has a negative eigenvalue since (2;(%))) has a non-positive one. 
This contradiction proves Lemma 3. 


Proof of Theorem IV. Consider the two n-dimensional planes with 
slope K through a point of S’ such that S’ is above one and below the other. 
An application of Lemma 3 to z(x) plus a linear function shows that, not 
only 8’, but S is above one plane and below the other. 


Then 

| 
| 
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It follows that the inequality | gradz(2’)|<K holds at every point 2’ 
of D’. Since z(z) is of class C* on D, this inequality certainly holds at a 
point z if D’ has a tangent (unique supporting) hyperplane at 2’. Since 
such points are dense on D’, continuity considerations imply that the 
inequality holds at all points 2 of D’. Theorem IV now follows from 
Corollary 2 of Theorem II (at the end of Section 4). 


Part II (n= 2). 


In this part we study more closely surfaces (n = 2) in 3-space with zero 
Gauss curvature. We shall make considerable use of Corollary 2 of Lemma 2 


in Section 3. 
It can be remarked that Lemma 2 and its Corollary 1 imply the 


following completion of a classical theorem in differential geometry (see 
also [7]): 

Let S: x? =2(z', x”) be a surface of class C*, defined for (xt)? + (a)? <1. 
Then the Gauss curvature of S ts identically zero tf and only if through every 
point (21,27,2*) of S there passes a line segment on S along which the 


normal vector is constant. 


Standard texts give a proof of the “only if” portion of this theorem 
only under the additional assumption that “every or no point of 8S is a flat 


(planar) point.” 


8. On parametrizations by asymptotic lines. The following is an 
immediate corollary of Lemma 2 and its Corollary 2. 

CoroLuary 3. Let S: in (z')?+ (27)? <1 be a surface 
of class C* with zero Gauss curvature and with its nonflat points dense on 
(x1)? + (2?)? <1, so that r*=1. Then S has a C° parametrization of the 


form 
zi = ai(u)v + for 1, 2,3 


where (u,v) varies over some simply connected plane domain. Here 
a== (a'(u),a*(u),a*(u)) is a continuous unit vector, the vector b = (b'(w), 
b?(w), b®(u)) is of class C? and the vector product [a(w),b,(w)] is not zero 
and is normal to the surface at the point (u,v). 

The unit vector a(u) is, of course, in the direction of the “asymptotic” 
line segment through the point (u,v) of S. If S has no flat points, then 
the above parametrization can be chosen of class C1, but it may not be 
possible to choose it of class C?, cf. [4], p. 169. On the other hand, if 8 
contains at least one flat point, hence a line segment of such points, then 
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it may not be possible to choose such a parametrization of class C* (even if z 


js analytic in 2* and 

The last statement follows from the example S: z= (#?)*/(2—za"')?. 
Since = 3(x?)*/(2—a1)* and 0z/dx? = it follows 
that 0z/dx1 = f (0z/0x?), where f(q) =3(q/4)*/*. S has the parametrization 
gi =v, = (u/4)*/2(2—v), = (u/4)*/2(2 — v), which is linear in v, and 
is such that the normal to 8 is independent of v. This parametrization is 
continuous but not of class C’. An argument similar to that of [4], pp. 169- 
170, shows that S has no C* parametrization of the desired type. 

As is seen from the Example in the Introduction (by choosing D, to be a 
triangle), Corollary 3 is false if the assumption r*==1 is omitted. Corollary 
3 has, however, a “local” analogue without this assumption. 


Corollary 3’. Let S be a surface of class C* with zero Gauss curvature. 
Then every point of S has a neighborhood which admits a parametrization of 
the form given in Corollary 3. 

Proof. We may always assume that S has the representation xz? = z(2), 
r= (a',2*), in a neighborhood of the point in question. Let the point be 
(0,0,0). If r—1 or r*=0 at the point there is nothing to prove. Thus 
we only consider the case that r—=0 and r* —1 at the origin. Suppose z is 
defined in D:|x| << R. By Lemma 2 and its Corollaries 1 and 2, we see that 
through every point xz with r*(x2) —1 there is a unique 1-section /(z) of D on 
which grad z is constant, these line segments /(x) do not intersect, and 1(2) 
depends continuously on z. We may suppose that /(0) lies on the z'-axis; 
then for | x | Se, « small, the lines /(z) are practically parallel to the 2'-axis. 

At least one of the half neighborhoods of the origin: | «| <«, 2? >0 or 
2” <0, say xz? > 0, contains a point y with r(y) =1. Consider the portion 
D(y) of |x| Se lying between the line /(y) and the z'-axis. We shall show 
that, through every point of D(y), there passes a 1-section of D on which 
grad z= constant, that these 1-sections vary continuously, and that no two of 
them intersect. The set of points in D(y) with r* —1 is clearly covered by 
such 1-sections. The remaining points, with r* 0 form an open set, and 
each connected component of it is bounded by two arcs on |2|=e and by 
two 1-sections on which r*=1. Clearly the component can be covered by a 
continuous one parameter family of non-intersecting 1-sections on which 
gradz= constant (since gradz is constant in the whole component). Thus 
D(y) may be so covered. 

If the half neighbrohood | z7| <«, 2? <0 also contains a point g with 
r(¥) =1, we repeat this argument and obtain a covering of D(¥) which 
together with the preceding yield a covering of a whole neighborhood of 
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x=0(; the corollary then follows immediately. If the half neighborhood 
| «| <«, 2? <0 contains only points with r*—0, then we may cover it by 
lines x? constant (on which, of course, gradz is constant). This covering 
with the preceding yield again a covering of a whole neighborhood of z=9, 


9. The sets N(x) =constant. We shall consider again surfaces 
= 2(x) = 2(x', with simple projection on a domain D of the = (z', 2°) 
plane, and shall make some attempt to characterize the sets of D on which J, 
the normal—or what is the same, p= grad z—can be constant. Thus in the 
following p(x) is a gradient mapping, with zero Jacobian, defined in a 
domain D (not necessarily bounded) in the plane; p is of class Ct in D and 
of class C°® in D. 


Definition. For any point x of D, let C(a,) be the arewise connected 
component, containing 2, of the set of points x for which p(x) = p(2,). 


The following assertions concerning C'(2,) will be proved: 


THeoreM A. (a) If D is a boundary point of then there 
is a 1-section of D through x belonging to the boundary of C(x). Thus, 
the boundary of C(x.) consists of 1-sections of D and a subset of the boundary 
D’ of D. (b) If D ts simply connected and contains a closed line segment 
[2,22], where the endpoints are points of C(2%), then C(x) contains the 
line segment [2,22]. In particular, if D ws convex, so is C(x). 


It is easy to see that (b) is false if D is not simply connected. 

Also, in space, (b) is false. In fact let n 3, write (2, y,z) for x, and 
let p=grad(x+ 27(1— y”)*) = (1, — 4yz?(1— y?), 22(1— y”)”), that 
the Jacobian vanishes identically. The set p= (1,0,0) consists of the three 
planes z= 0, and y=-+1. Since this set is arewise connected, it is C'(0, 0,0). 


but it is not convex. 


Proof of Theorem A. Since a point z in D which is in C(z,) belongs 
also to the boundary of C(a)) if and only if r*(x) —1, part (a) of the 
theorem follows from Lemma 2 and its Corollary 1. In order to prove part 
(b) suppose that the segment [2, 22] contains a point z not in C(x). It may 
be supposed that p(x) ~Ap(a), r*(z) =1. By Lemma 2, p is constant on 
a 1-section S of D through x, which necessarily has x,, 2. on opposite sides. 
In case D is convex, this contradicts the connectedness of C(z)) and proves 
(b) in this case. In general, the connectedness of C(x.) implies that not 
both endpoints of S are at infinity. 

Let @ be an arc in C(2,) joining z, and a2. It can be supposed that 6 
does not meet the open segment [2, z,], for otherwise z, can be replaced by 


t 
a 
§ 
J 
t 
I 
| 
f 
a 
t 
nN 
V 
V 
a 
] 
I 
Cc 


SPHERICAL IMAGE MAPS. 919 


the last intersection z,’, going from 2, to 2, of @ and the segment [2,7], 
and «2 by the first intersection after x,’ of @ and the segment [rz.|. By a 
similar argument it can be supposed that @ has no self intersections. Thus 
6 together with [2,2z.] forms a simple closed curve in D, which by the 
Jordan curve theorem, has one endpoint of S inside it and the other outside. 
Since the endpoints of S are boundary points of D this contradicts the assump- 
tion that D is simply connected, and proves (b). 


Remark. In case D is a bounded convex domain, then a subset D, is a 
possible region O(a) if and only if it is of the form in the Example of the 


Introduction. 

We now prove the existence of rays on which p is constant. First a 
definition: Let a€D. By a ray from az in D we mean the connected 
portion, containing 2, of the intersection of D with a half infinite straight 


line having x) as endpoint. 


THEOREM B. If 2 € D, then there exist at least two rays emanating 
from a on which p is constant. If D has the property that it contains no 
infinite (in both directions) straight line and if r*(a) =0, then there are 


at least three such rays from 2p. 


Proof. In view of Lemma 2 and its Corollary 1, it can be supposed 
that **(a)) 0, so that x is an interior point of C(a)). Furthermore, we 
may suppose that D is star shaped about 2, and so, simply connected, other- 
wise, we restrict ourselves to the star-shaped domain made up of all rays from 
2 in D. 

Consider a ray from 2, on which p is not constant. (If none such exists, 
we have nothing more to prove.) Moving along the ray from x, we come to 
a first point x, of D belonging to the boundary of C(2z), so that r*(2,) =1. 
Let z(,) be the 1-section through x, of Theorem A(a) on which p is constant. 
It follows from Theorem A(b) that the straight segment joining x, to any 
point of r(2,) belongs to C(a), so that p is constant on it. But then it 
follows that p is constant on the straight segments joining 2) to the end- 
points of +(2,) (which may be at infinity). These segments are rays of D 
from 29, so that we have shown the existence of two rays having the required 
property. 

Suppose now that D contains no infinite straight line. Then the triangle 
made up by the straight segments from 2, to points of z(2,) above, on which 
p is constant, has an angle at the vertex a smaller than 7. Let us now 
consider a ray from 2 in D which does not belong to the triangle and on 
which p is not constant. Repeating the argument above we obtain a 1-section 
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a(a;’) such that p is constant on the straight segment joining 2, to any 
point of it. But the sections 7(z,), 7(%:’) can have at most one endpoint in 
common. Thus we have three distinct rays from 2 on which p is constant, 


Remark 1. That there need not exist more than three such rays can 
be seen from the Example in the Introduction, where for D, we take a 
triangle with vertices on the boundary of D. Then D, serves as a set C (4) 
for any point 2, inside it, and from any such point, the only rays on which p 
is constant are those to the vertices of D,. 


Remark 2. The proof of Theorem B shows for any D that if, from z, 
in D, there are two non-collinear rays on which p is constant, then there is 
a third. 
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COLLINEATION GROUPS OF NON-DESARGUESIAN PLANES, I.* 
The Hall Veblen-Wedderburn systems 


By D. R. Huaues.* 


1. Introduction. In the modern study of projective planes, a problem 
of considerable interest is that of determining the collineation groups of the 
known non-Desarguesian planes. For the group reveals much about the 
structure of the plane, and interesting problems of group theory can be 
involved. Perhaps the most thorough investigation of this sort to date is due 
to Zappa ({9]); he determined at least part (and possibly all) of the 
collineation group of a typical “ Hughes plane,” showing among other things 
that the group is necessarily not solvable. Essentially, this was because the 
collineation group contains a subgroup isomorphic to a three dimensional 
projective group. In this paper we shall show that the collineation group 
of a Hall Veblen-Wedderburn plane contains the two dimensional general 
linear group over an appropriate field; this group is non-solvable with certain 


exceptions. The only exceptional case that interests us (when the field under 
consideration is GF'(3)) is shown to give rise to a non-solvable group for 
other reasons. Also, the whole collineation group of a finite Hall Veblen- 


Wedderburn plane is determined. 

In Section 2 the Hall Veblen-Wedderburn systems are defined. Sections 
3 and 4 are concerned, respectively, with existence and uniqueness theorems 
on collineations of the planes. In Section 5 we find conditions that non- 
isomorphic systems shall coordinatize the same plane; in particular, it is shown 
that two finite Hall Veblen-Wedderburn planes of the same order are iso- 
morphic. Section 6 is concerned with the exceptional plane of order 9, which 
is the same as the problem of the field GF'(3) mentioned above. 

Since this research was carried out, it has been shown by Albert that the 
planes coordinatized by “twisted fields” have solvable collineation groups, and 
still more recently the author has shown that all the other known finite non- 
associative division rings give planes with solvable collineation groups. It is 
not clear what conclusions, if any, should be drawn from these facts. 

The author would like to thank Marshall Hall for several helpful con- 


* Received February 6, 1959. 
* Supported in part by the Office of Ordnance Research. 
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versations about this paper; in particular, he pointed out the truth of Lemma 
5.1 and Theorem 6.1, thus filling what would have otherwise been gaps in 
the treatment. 


2. The Hall Veblen-Wedderburn systems, For a background on the 
notion of the most general coordinatizing system for projective planes, see [2, 
3, 7] and in particular [3] for the scheme used here. We shall only be 
interested in a special type of coordinate system and we restrict attention to 
that system. 

Suppose # is a set containing at least the two distinct elements 0 (zero) 
and 1 (one), and possessing two binary operations, addition and multiplica- 
tion. We let R* denote the set of non-zero elements of R. If the following 
are satisfied, then R is called a left Veblen-Wedderburn system (left V-W 
system, or merely V-W system, for short) : 


(a) (R,+) is a group with “identity” zero; 


(b) (R*,-) is a loop with identity 1; 
(c) a(b-+c) —ab-+ac, for all a, b, c in 


(d) if a, b, c in R, aA}, then there is a unique x in RF such that 
ax=br+te. 


It has been shown that then (f,-+-) is necessarily abelian, and if RP is 
finite, ( +-) is even elementary abelian, so that the order of R, (i.e., number 
of elements) is a prime power. Furthermore, if FR is finite, then (d) is 
redundant. (See [7] for proofs.) If we wish to emphasize the operations 
of R, we write (R,+,°). 

If & is a V-W system, a projective plane z is constructed from Ff as 
follows: the points of z are the symbols (x,y), (x), (oo) for all 2, y in R, 
“co” is a symbol not in R; the lines of + are the symbols [m,k], 
[oo, (k,0)], L., for all m, k in R. The incidence rules of are: (2, y) is on 
[m,k] if ma + y—k, and (2,y) is on (&,0)] if (z) is on [m,k] 
if and (x) is on Lz; is on and on (k,0)]. (Again, see 
[2, 3, 7] for more details.) A collineation of + (indeed, of any projective 


and where 


plane) is a one-to-one mapping of points onto points, lines onto lines, which 


preserves incidence. 

If + is a projective plane coordinatized by a V-W system (e.g., a 
above), then it is known ([2, 7]) that every coordinate system for z with 
the same choice of ZL. (the line at infinity) is also a V-W system (not neces- 
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sarily isomorphic), and if R is not an alternative division ring, then no other 
choice of the line at infinity will lead to a coordinate ring which is a V-W 
system. Hence in particular, if R is a V-W system but not an alternative 
division ring, no collineation of x can move the line L,. (We recall that finite 


alternative division rings are fields.) 

Now we proceed to the construction of a class of V-W systems. Let 
KA~GF(2) be any field over which there exist irreducible quadratics, and let 
f(z) =z — pz —q such an irreducible quadratic over K.? Define F to be the 


set of all elements Aa + b, where a, 6 are in K (and A is a new symbol), with 
an addition in #& given by: 


(1) (a+b) + (Ac+d) =A(a-+c) + (b+). 
Define multiplication in R by: 
(2) (A:0-4b) (ac-+d) =Aa(be) + (bd), 
(3) if then (Aa+ (Ac+ d) =dA(ad— be + pe) 
+ bd—a-*c(b*— pb—q). 


Then F is a left V-W system, never satisfies the right distributive law, and 
never satisfies the associative law for multiplication except in the single 
instance that K = GF'(3) and p=0,q—=—1. (Proofs are in [2,7].) Such 
a system will be called a Hall V-W system, and the projective plane coordi- 
natized by it a Hall V-W plane. Since the set of elements of the form 
A-0+ 6 forms a subfield isomorphic to K, we will identify this subset with K. 

It is not at all hard to prove, using (2), (3) above, that the following 
rules hold in R: 


(4) if ais in R, then az— za for all x in R if and only if a is in K; 

(5) if ais in R, then (xy)a—=x(ya) for all z, y in R if and only if 
ais in K, or K=GF(3), p=0, g=—1, in which case a can be any 
element of R; 


(6) if vis in R, but not in K, then 2? = pr gq. 


Indeed, Hall’s original definition ([2]) of these systems was made by 
means of (1), (4), (5), (6), whence one can show (2), (3) as consequences. 
In view of (4) and (5), we call K the center of R. 

The automorphism group of R has been determined in [4]; we will give 


*In case K = GF (2), the resulting system is G@F'(4); for certain purposes, GF (4) 
does indeed behave like a Hall V-W system, but the exceptions are numerous enough to 
Warrant excluding it from consideration here. 
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it after giving a larger group of “autotopisms” which turns out to have 
considerable importance. Let a, b, c, d be in K, with ad—bc0, and define 
S = S(a,b,c,d) to be the following mapping of FR (clearly one-to-one and 
onto) : 


(Av + y)S + by) + (cx + dy). 
Then (see [6]), S satisfies: 
(7) (a+y)S=—c28S + yS, for all z, y in RB; 


(8) (ry)S=(as)S(y8), for all z, y in R, where s is the element 
defined by sS 


Furthermore: 


(9) if 2, y, u, v are in R, yA0, vA, @ not in Ky, wu not in Kz, 
then there is a unique mapping S = S(a,b,c,d) such that 78 =u, yS =v. 


If B is the set of all mappings $(b,0,a,1), with 60, then the auto- 
morphism group of F# is the direct product of the group 8 and the group 
of automorphisms of K which fix the elements p and g. The group 8 is 
transitive on the set of elements of R which are not in K, and thus, if it is 
convenient, we can choose A, say, as a “typical” element of R which is not 
in K. 


3. Existence of collineations. Now let R be the Hall V-W system 
constructed over the field K using the irreducible quadratic f(z) = z? — pz—4q, 
and let z be the projective plane coordinatized by R. We shall proceed to 
exhibit various collineations of z. 


(1) The translation group 2; this group is possessed by all V-W planes. 
For each pair a, b in R, define s —7(a,b) by: 
7: > (x#+a,y+5) [m,k] > [m,k + ma-+ 5] 
(x) > (2) (k,0)] > (k +4, 0)] 


(00) > 


(2) The automorphism group %. For each automorphism « of K which 
fixes p and q, define « on R by (Av+ y)a—A(xa) + (yx), and then define 
on by: 


a: (2, y) (xa, ya) [m, k] [ma, ka] 
(x) — (ra) [e0, (k,0)] (ka, 0) ] 
(00) (0) La Le. 
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(3) The multiplication group Mt. If a is in K*, let w=p(a) be 
defined by: 
(2, y) (za, ya) [m, ke] [m, ka] 
(x) > (2) (k,0)]— (ka, 0) ] 
(co) > La Le. 
(4) The autotopism group ©. For each mapping S, as defined in 
Section 2, define o—o(S) as follows: 
a: (2, y) (a8, y8) [m, k] > [ (ms) 8, kS] 
(x) > ((#s)8) (k,0)]—[o, (KS, 0) ] 
(co) (0) Le. 
Here, as in Section 2, s is the element defined by ss =1. Note that MCG, 
since if S(a,0,0,a), then o(S) —p(a). 
(5) The linear group 2. For each choice of a, b in K, not both zero, 
define {(a,b) by: 


((pa + b)« + ay, gax + by) 
x) — (x), if is not in K 
— qa) (zca— pa—b)-*), if zis in K, but raf~pa-+ b. 


p+ ba-t) > (0), if a0 
0) — (— ba"), if a0 
(0) ifa—0 
[m, k] > [m, mka + bk], if m is not in K 
[m, k] [—(mb — qa) (ma— pa— bd)", 
—k(b? + pab — qa?) (ma— pa— b)-*], 
if m is in K, but ma~pa+b 
[p+ ba, k] [oo, (ka, 0)], if a0 
(k,0) [— ba, — ka (b? + pab — qa*)], if a0 
[oo, (k,0)]— [0o, (kb,0)], if a=0 


Lig 
Note also that Dt C &, since £(0,a) =p(a). 


6) The involution § defined by: 


( 
8: (2,y) > pr+y) [m,k] > [—m + p,k] 


D. R. HUGHES. 


Excepting the cases of the linear group & and the involution 4, it is 
obvious that the above mappings are collineations. We will sketch the proofs 
for these cases before proceeding to a discussion of the various groups. 

Consider £(a,b) in &. Suppose (2,y) is on [m,k], whence mz + y=k, 
Then if m is not in K, we must show that 


m{ (pa + + ay] + qax + by = m(ma+ y)a+b(me+y). 
Straightforward simplification reduces the above equation to: 


mzx(pa + b) + mya + gax + by = [m(mz) + my]a + mab + yb, 


which reduces to 
+ qz=m(mz) 


if a0, and if a0 we are done. Now we can assume that m=, and 
x—=)Au-+v, where u, v are in K. Then we have: 


A(Au + v)p + (Au + v)qg=AlA(Au + v) ], 


which is easy to verify, using the fact that A®7—=Ap-+ q. 
On the other hand, if m is in K, ma pa-+ b, then the equation to be 
checked is: 


— (mb — qa) [(pa + b)x + ay] (ma — pa—b)* + qax + by 
= — (max + y) (6? + pab — qa*) (ma — pa—b)*. 


Since only z and y might not be in K, this equation is easily simplified and 
verified. 

The remaining possiblities are either trivial or similarly straightforward, 
and so & is a collineation group. Note that the one-to-one-ness of (a, 5) 
is assured by the fact that 6?-+- pab—qa’? is zero only if a=b=0; for 
if a40, say, then b? + pab—a* —a*(c?— pe—q) —a*f(c) where 
c=-—ba"*. The verification that § is a collineation is similar, while the 
assertion than 6 is an involution (i.e., 6?==identity) is immediate. 

We remark that the subset of consisting of LZ, (), and all points 
and lines all of whose coordinates are in K is a subplane of 7; we will call 
this subplane 7’. Clearly x’ is Desarguesian, with K as its coordinate field 
(see [7]). We shall let x’,, denote the set of points of x’ which are on Lz, 
and for convenience, L.—~7’,. will denote the set consisting of the remaining 
points on L,. By the finite points of x (or 7’) we will mean the set of points 
of + (or x’) which are not on Lz. Finally, & will denote the group of all 
collineations of =. 
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THEOREM 3.1. The groups of collineations given above have the following 
properties : 
& is transitive on the finite points of + and is normal in ©. 
S fixes every point of x’. and is transitive on L~—r'». 


fixes every point of and is transitive on 


If B= {2,8} =group generated by & and 8, then [BV:2] S2.5 


S is isomorphic to the group of all non-singular two-rowed square 
matrices over K, and hence is non-solvable if K has more than three elements. 


(g) & is isomorphic to the multiplicative group of the quadratic exten- 
sion field K[w], where w? = pw + gq. 


Proof. (a) is well-known, see for instance [7]. The proof of (b) will 
be found in [6]. (c) is immediate from the definition of 2, while (d) and 
(e) are straightforward. Noting the fact that the mapping S acts on the 
two-dimensional vector space R (over K) exactly as a linear transformation, 
(f) is clear. Finally, (g) is evident when we set up the correspondences: 


aw +b in K[w]. 

ga b 
We shall see later that when K  GF(3), then © and & are both normal in @; 
it can be demonstrated that under any circumstances each normalizes the 
other. Indeed, it will be one of our aims to show that we have given essen- 
tially all of ©, except in the case that K = GF(8) or K is infinite. Specifically, 
we shall show that G/T =BGY. In order to achieve this, we must show 
that every collineation of + maps 7’. into itself, and so although 7’ is not an 
invariant subplane, its intersection with ZL, is invariant. 


4. Uniqueness of collineations. We shall examine here the possibility 
that other collineations than those generated by the groups of Section 3 can 
exist. From [6], + possesses a collineation group fixing 2’. pointwise, also 
fixing (0,0), and transitive on the points (2,0), 20, of the z-axis (in fact, 
© is the necessary group) ; certainly & is transitive on the finite points of z. 
So if two different coordinatizations of + exist, using the same points (0), 
(0), (1), such that one of the two (at least) is a Hall V-W system, then we 


_ * [8:2] = 2 excepting possibly in an infinite field of characteristic two, where 5 
will be the identity if p = 0. 


9 


(d) M=—SNL. 
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can assume that both use the same points (0,0) and (1,0) (and hence the 
same points (1,1) and (0,1) also). Thus if the set R of symbols is assumed 
to be the same for both systems, it is easy to show (see [2, 7] for instance) 
that R has a permutation ¢, where 0¢ = 0, 1¢ —1, such that the two systems 
(R,+,-) and (R,@,*) are related by: 


+ 94, = (rd) (yd). 


That is, the two systems are isomorphic. 

If (R,+,-) is a Hall V-W system over the field K (= its center), then 
(R, @,*) is a Hall V-W system over the field K’— Kg". If K, is the prime 
field of K, then K,—K,¢, so that the set of symbols in K, make up the 
prime field of K’ also. (We shall see that for our purposes we can even take 
K’ = K.) 

Suppose z is finite, with order n; then L, contains n+ 1 points, while 
contains n3-+-1 points. Since n}-+-1 never divides n it follows that 
if a collineation of + moves w’~, then there are some pairs of images of 7’, 
which are not equal but have a non-empty intersection. So if a collineation 
moves zw’, there is a collineation moving 7’, but keeping the point (0) 
fixed (since & is transitive on 7’). This argument breaks down in the 
infinite case, and so we restrict attention to finite Hall V-W systems excepting 
insofar as some of the results have restricted validity for infinite systems. 
Thus we now consider the situation that (0) is fixed; our conclusions will 
be valid for collineations of infinite planes which fix 7’,. 

So we suppose that a collineation of z moves (0) to (r), (1) to (s), and 
fixes (co) and (0,0). We will investigate a coordinate system for + (using 
primes for the new coordinates) which has (0)’=(0), (0)’=(r), 
(1)’=(s), (0,0)’= (0,0). From the remarks above, we can complete the 
coordinatization in any convenient fashion, and must arrive at a Hall V-W 
system isomorphic to (R,+,-). Let Then since (1)’, 
(0,y)’, and (y,0)’ are collinear, it follows that (0,y)’ = (0,sy—ry). Since 
(z,y)’ is collinear first with (oo )’ and (2,0)’ and second with (0)’ and 
(0,y)’, one easily shows that (x,y)’ = (2,sy—ry—rz). Finally, (m)’ is 
collinear with (1,0)’ and (0,m)’, so (m)’== (sm—rm-+r). 

It is easy to show that in the new system, which we will call (R, @,*), 
the addition is unchanged: x ®@y=a-+y. The multiplication is as follows: 
if m*2—k, then (m)’ = (sm—rm--r) and (2x, 0)’ = rz) are collinear 
with (0,4)’= (0,sk—rk). So: 


(1) (sm —rm + = sk —rk. 
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| Lemma 4.1. The set of elements of K is precisely the center of the 
| system (R, ®,*). 

Proof. It is easy to show that the only elements of a Hall V-W system 
f which distribute on both sides are the elements of its center. Now let z be in 
K,in (1). Then we have smz—rmz = sk—rk, or s(mz—k) =r(mz—k), 
whence m*2—k—mz, since sr. So v) 
for any u, vin Hence 
K must be in the center of (R,@,*). But (R,@®) is the same two-dimen- 
sional vector space over K as it is over its own center, since + and © are the 
same operation. Thus it follows that K is precisely the center of (R, @,*). 


THEOREM 4.1. If K is finite and K AGF (3), then no collineation of 
moves point of outside of 


Proof. It suffices to show that r and s must be in K. We let m be in 
K, whence k =m* maz, from Lemma 4.1. 


Case 1. Suppose r is in K, but s not in K; we take s—A, without loss 
of generality. If «—Aa-+), and m is in K, then (1) becomes: 


(2) (Am r—rm)(dra + 6) — r(Aa + =A(Ama + mb) —r(Ama + mb). 
| If m40, this simplifies to: 

Afa(p + rm —2r) + bm] — mal (r—m)?— p(r—rm) —q] —brm 
= )[a(pm —rm) + bm] + gam — brm. 

Since a and b are arbitrary, (3) leads to: 

(4) A[p—pm + 2rm — 2r] —m[(r—rm)? — p(r —rm) — q] —qm =0. 
Equating coefficients to zero, we have: 

(5) p(1—m) —2r(1—m) =0. 

(6) qm? + (r—m)*—p(r—m) —q=0. 

Ifm=1, then (5) yields p= 2r; substituting this in (6), we have: 

() 


Thus m?—=1 or g=—r% But if g——r?, then f(z) =2?—pe—q 
' =(z—r)?, which is impossible, as f(z) is irreducible, and so m?—1. So 
| the only non-zero values in K that m can take are +1 and —1; hence 
K=GF(8). 


] 
| 
| 
| 
| 
| 
| 
| 
| 
| 
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Case 2. Suppose s is in K and r is not in K; we assume r= . As above, 
let z—=da-+b. Then if m is in K, but m1, equation (1) becomes: 


ar 
(8) A(pm — 2sm) — q+ gm — (1— m)-*(s?m? — psm — q) =0. 
From pm — 2sm =0, we deduce p= 2s, by letting m be non-zero. From the 6 
second coefficient in (8), this yields: 
(9) m(s* + q) —2(s*-+ q) =0. mi 
As before, s?-++ implies f(z) = (z—~s)?, which is a contradiction, so 
we must have m2. So if m is in K, it must have one of the values 0, 1, 2, 
and thus again K — GF (3). 
Case 3. Suppose neither s nor r are in K, and r—=A, s=da-+ }, where 
a 0,1. As before, let m be in K,andzx—du+v. First let m= (1—a)+, 
whence (1) becomes: If 
(10) A(ap + 2b —p) + ag + a*(b?— pb —q) =0. 
ma 
Equating coefficients to zero, we have p= 2b(1—a)-* from the A term, and 
then from the second term: (1 
(11) q(1—a) (a®?—1) = b?(a+1). If 
80 
If a =—1, then (11) is valid. If aA—1, then (11) yields g = — b?(1—a)*, 
and then f(z) =[z—b(1—a)-*]*, which is impossible. So a=-—1, and 
also p= b. g* 
Now we assume that m+ (1—a)*—2-1, p=b in (1), obtaining: | 
(12) (1 — 2m)~ — p*m —q) + q = 2qm, (1 
and on simplification, this is: » No 
(13) m?(p* + 4g) —m(p*-+ 49) =0. 
If K does not have characteristic two, then p?-+ 4q is the discriminant of ( 
f(z), hence is not zero, so (13) implies that m 0 or m —1; thus once again If 
we are led to K = GF (3). If 2—0 in K, then a——1=1 and this violates 80 
the assumption of Case 3. (1 
Case 4. Suppose r—A, s=2A-+ b, where b 0 of necessity. As before, 
we take m in K, x=Au-+», and equation (1) becomes: ee 
14 b? 
(14) (m?—m) =0 


Since 6 ~ 0, this implies m = 0 or m =1, so K = GF(2), which is impossible. 
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Thus if K ~GF(3), we have shown that r and s must be in K, so we 
are done with the proof of the theorem. 


THEOREM 4.2. If K is finite, K AGF(3), then G=BVSOUZ, and both 
6 and are normal in 


Proof. Suppose y is a collineation of + which fixes (0), (0,0), and 
maps 7’. into itself. We can represent y as below, where 7, U, V, W, Z are 
appropriate mappings of A, or X onto 


(x,y) ((z,y)T, (z,y)U) 
(x) (zV) 
[m, k] > [mV, (m, k) W] 
[ oo, (42,0) ]. 


Ife=—k, then ((z,y)T, (z,y)U) is on (kZ,0)], so y)T =2Z. Hence 
we redefine 7 so that z7f—aZ=—(a2,y)T. If (z,y) is on [m,k], then 
and: 


(15) mV -xT + (2,y)U = (m,max + y)W. 


If =0 in (15), then (m,y)W = (0,y)U, since 07 =0. So we redefine W 
so that kW = (m,k)W. Then (15) is: 


mV-2T + (2,y)U = (mz+y)W. 


| Letting m0 and noting that OV =r, where r is in K, (16) yields (2, y)U 
=yW—r(2T), so (16) becomes: 


mV +yW—r-2T = 


. Now let m1, yO in (17), and note that 1V —s, where s is in K; we 
have then Then (17) is: 


(18) mV —r-«T + (s—r)yT = (s—r)[(mz+y)T]. 


If m—=1 in (18), then we have (s—r)2T + (s—r)yT =(s—r)[(e+y)T], 
| 0 (c+y)T=—a2T+yT, since sAr. So we have: 


(19) mV —r-2T = (s—r)[(mz)T]. 


: Noting that 7 is one-to-one and onto, let ¢ in FR satisfy 7 =1. Letting 
t=t in (19), find: 


(20) mV = (s—r)[(mt)T] +7, 
q (21) [(s—r) (mt)T +1] -cT = (s—r)-(mz)T. 


| 
) 

as) 

(ar) 
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Now if m is in K, then mV is in K, since y maps 7’. onto 7’. So (mt)T is 
in K; define mf = (mt)T, for all m in K. Then letting x=yt, where y is 
in K, and letting m be in K, (21) implies mo: yp = (my)¢. Furthermore, if 
and y are in K, then = (at 4+ yt)T =2$ + yg, 
So ¢ is an automorphism of K. 

Now let AT =da+b, 17 =dAc+d. Letting m be in K, t=), (21) 
becomes : 


[(s—r)-mo+r] -AT—r- aT = (s—r)- (ma)T, 
or: 
(22) (mr) T = AT = dra: + md. 


Similarly, letting m be in K and r=—1, (21) yields: 

(23) mT =md-1T =Ac-m¢d + d- md. 

Hence, since 7’ is an additive map, we have: 

(24) (ac +y)T =A(a- + + (b- + 


But then T is associated with a collineation in GY (see Section 3) and so we 
can assume that 7 is the identity. Then the collineation y becomes: 


(2, y) (2, (s—r)y—rz) 
(x) > ((s—r)t+7r) 
[m,k] > [(s—r)m+r7, (s—r)k] 
(&,0)]—> Loo, (,0)]. 


From this we have immediately: 
(25) = (s—r)me. 


Now if m is in K, (25) is easily seen to be satisfied; if we take m =), then 
straightforward computation from (25) leads to: 


(26) p—2r=p(s—r) 
(27) pr gp 


Now suppose 240 in K. Then squaring both sides of (26) and dividing 
by (27), we are led to: 


(28) — pr) + 4q) =0. 


As above, p* + 4q is the discriminant of f(z), so is not zero, and thus (28) 
implies r—=0 or From this one easily deduces that r= 0 and 


ve 


en 
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or r=p and s—p—1. But if r=0, s—1, then y is the identity map, 
while if r= p, s == p—1, then y is the involution $ (see Section 3). 
On the other hand, if 20 in K, then (26) and (27) become: 


(29) p=p(str), r+pr+q—q(s+r)’. 


If p40, then s-+-r—1, and then from the second equation of (29) we 
have r=0, s=1, or r=p, s=p+1—p—1l. So again y is the identity 
5. 

If p=0, then f(z) =2?+q is irreducible; since every element is a 
square if K is finite, K must be infinite and q a non-square. But if p=—0, 
the second equation of (29) is r?-+q—q(s+r)*, so r??,—q(1+s+r)?. 
Since g is a non-square, this implies 1+s-+r—0 and r—0, hence s—1. 
Thus y is the identity. 

Up to a multiple by an element of &, every collineation can be assumed 
to fix the point (oo), so we have finished the first part of the theorem. The 
fact that GS and & are normal in G/T follows directly from an easy compu- 
tation, since each normalizes the other and % normalizes both of them. 
Alternatively, note that © and & are the sugroups of VOT fixing pointwise 
the two transitive constituents on L,, so they must normalize each other, and 
it is easy to see that 2{ normalizes both. 

Note that we have shown that if y maps 7’. onto itself, then y is in 
even in the case K —GF(8), or K infinite. 


5. Different Hall V-W systems. In this section we will investigate 
the conditions under which non-isomorphic Hall V-W systems, over the same 
center K, lead to isomorphic planes; it is easy to see that the use of different 
irreducible quadratics will always lead to non-isomorphic systems. In this 
section we will also allow K to be infinite. 

We return to equation (1) of Section 4. 


(1) (sm —rm + rx = sk —rk, 
Where k= m* 2, as in Section4. Letting s, 7 be in K in (1), we can write: 
(2) m*x = (s—r)[((s—r)m+r)a] — (s—r)tre. 


As demonstrated in Section 4, this multiplication satisfies properties (4) and 
(5) of Section 2, so we must consider property (6). Thus we let m=x—A 
In (2). Multiplying out, this yields: 


A* A= A(S—r)*(p—2r) — (s—r)?(r? — pr—q). 
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Hence if we let p, = (s—r)*(p—2r), =— (s—r)?(r? — pr—q), we 
have: 
(3) 


Since (3) does not depend on the choice of m (=z), property (6) of Section 
2 follows immediately. I.e., (R,@,*) is a Hall V-W system over the field 
K as center, using f1(z) =z*— piz—q, as the irreducible quadratic (f,(z) 
must be irreducible, for otherwise (Rf, @,*) would have zero-divisors; see 
[7]). Since the group 2 moves (co) anywhere in 7’., we have proved: 


THEOREM 5.1. Any choice of (0)’, (0)’, (1)’ in a’ will lead to a 
Hall V-W system. 


Now we investigate a converse problem: which Hall V-W systems can be 
obtained in this fashion? We can always assume that (0 )’= (0), and so 
we must decide if s and r can be so chosen that 


(4) pi(s—r) = p—2r, 
(5) gi(s—r)* = — (r?— pr—q), 


for a given p, 4, P1, 4:1, With the proviso that f(z) —=2?—pz—q and 
fi(z) =2?— piz—q, are irreducible over K. 

When is f(z), say, irreducible? If 240 in K, then if and only if 
p? + 4q is not a square, as is well-known. But if 2—0, we have no such 
condition. We will develop one of a strikingly similar sort, one which appears 
to be vaguely known, but does not seem to be in the literature. Let K bea 
field (finite or infinite) of characteristic two and let P(K) be the set of 
elements in K which can be written as z?-+ 2, for some z in K. 


Lemma 5.1. If 20 im K, then P=P(K) is an additive subgroup of 
(K,+), and tf K 1s finite, P contains exactly half of the elements of K. 
Furthermore, the quadratic az*+-bz-+-c (where a0) is irreducible over 
K tf and only tf (i) 60 and ca/b? 1s not in P, or (ii) K is imperfect, 
b=0, and c/a is not a square in K. Finally, the irreducible quadratics 
az?+-bz+-c and a,z*+-b,z-+ ¢, define the same quadratic extension fields 
of K if and only if (iii) 640, 6,0, and ca/b? + c,a,/b,? is in P, or 
(iv) K is imperfect, b=b,=0 and x*c/a+ y°c,/a, is a square for some 


non-zero x and y in K. 
Proof. The first sentence is easy to prove. The second part depends on 


noting that az? + bz -+ c= (b?/a)[(az/b)* + (az/b) + (ca/b?)] if b 40, so 
az? -+-bz-+-c=0 for some z in K if and only if ca/b? = (az/b)? + (az/b). 
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Le. ca/b? is in P. The rest of the proof is straightforward computation, 
which we omit. 

Note that if we only consider perfect fields of characteristic two, then 
conditions (ii) and (iv) are superfluous, and the analogy with the dis- 
criminant becomes clearer. In general, if 20 in K and if 60, we shall 
call ac/b® the discriminant of the expression az? + bz--c. 

Now we return to (4) and (5). Squaring (4) and dividing by (5), we 
have : 


(6) (pr? + — pr (pr? + 4q1) + — = 0. 


Thinking of (6) as a quadratic equation for r, its discriminant, if 20, is 
A=p,°88,, where §=p?+ 4q, 6: Then A is a square if and 
only if p,==0 or 88, is a square. But 88, is a square if and only if the 
quadratic extension fields defined over K by f(z) and f,(z) are the same; 
if p; 40 we can solve for s if we can solve (6) for r. On the other hand, if 


pi=0, then (4) implies 2r—=p, and then (5) becomes: 
(7) (s—r)?—= (7? + = 


and we can solve for s if and only if 6/8, is a square. But this is equivalent 
to 85, being a square, and again, we are reduced to the case that f(z) and 
f:(z) define the same quadratic extension field of K. 


Now if 20 in K, (6) becomes: 
(8) + + + = 0. 


If p40, p, 0, then the discriminant of (8) is quickly computed to be 
A=$-+6,, where 8; So (8) can be solved for r if and 
only if A is in P(K), which is to say, if and only if f(z) and f,(z) define 
the same quadratic extension field of K; and of course we can solve for s if 
we can solve for r. 

If p=0, p, ~0, then (8) becomes r?-+q=—0, but this is presumably 
without solutions, since f(z) is irreducible, and so (8) cannot be solved. 
But also the extension fields defined by f(z) and f,(z) are not isomorphic 
in this case. If p40, p; =0, then (8) becomes p?q, = 0, which is impossible, 
so we have a similar situation. 

Finally, if p= p,—0, then (8) gives no information, so we return to 
(5), which yields: 


This is solvable for s and r if and only if (r?-+ q)/q, is a square. If such 
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an s and r exist, then letting y=1, z=r gives + 
Conversely, if x?q, + y°q =2* for non-zero 2, y, 2 in K, then we let s++-r=z/y, 
r= 2z/y. So, utilizing Lemma 5.1, (9) is solvable if and only if f(z) and 
fi(z) define the same quadratic extension field of K. 


THEOREM 5.2. If f(z) and f,(z) are irreducible quadratics over K, then 


the Hall V-W planes defined by f(z) and f,(z) are isomorphic tf f(z) and 
fi(z) have zeros in the same quadratic extension field of K.* 


CoroLtuaRy. Two finite Hall V-W systems of the same order define iso- 
morphic projective planes. 


The corollary is of course immediate since there is only one finite field 
of any given order. Theorem 5.2 probably has a converse, but the detailed 
investigation of moving the point (0) is necessary, and this is extremely 
tedious. 


6. The case K —GF(8). Throughout this section we restrict attention 
to K = GF (3) ; in view of the corollary to Theorem 5.2, we need consider 
only one Hall V-W system. So we let p—0, g—=—1, and then the V-W 
system Ff is even a near-field; i.e., the multiplication is associative. We shall 
determine what collineations, besides those of Section 3, x possesses. ‘T'o begin 
with, let 9¢ be the group defined as follows. For each ¢ in R, t0, define 
6; by: 

6: (x, y) > (a, ty) [m, k] — [tm, tk] 
(x) > (tz) (k,0)] > 


where (co) and Ly are fixed. Then Qt is a collineation group, and taken 
with the groups of Section 3, it is clear that © is transitive on the points 
of Le. 

André has discovered ([{1]) that for each point P on L,, there is a 
uniquely defined point P’4P such that (P’)’—P, and such that any 
collineation of z must map a pair (P, P’) onto a pair (Q,Q’). André’s results 
are not stated in this fashion, but the properties of the “zulissige Punkte- 
paare” of [1] are easily seen to force this conclusion. Thus the pairs 
(P, P’) are systems of imprimitivity on 

‘In some recent papers (Rivista Mat. Univ. Parma, vol. 8 (1957) ; Convegno Inter- 
nazionale Reticoli e Geometrie Proiettive, (1957)) and in a paper to appear in 
Rendiconti dell’Accademia Nazionale dei Lincei, Gianfranco Panella has investigated 


the conditions under which two Hall.V-W systems give isomorphic planes, and has 
obtained results cast in somewhat different form than ours. 
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LemMA 6.1. If P=(0), then P’= (0), and if P=(m) ~(0), then 
P’=(—m). 

The proof of Lemma 6.1 can be found in [1], although it is easy to 
use Section 3 to give a proof, using the fact that the pairs exist. 

Now let , be the collineation group of + generated by the groups of 
Section 3 and the group ®. Let G, be the restriction of G, (as a permutation 
group) to the imprimitive systems (P,P’) on Lq, so that G, is a permutation 
group of degree 5. We note that ©, is a subgroup of G and that G, is a 
homomorphic image of &,, so if we show that ©, is non-solvable, the same 
result will hold for ©. 


Lemma 6.2. @, contains a transposition. 


Proof. The collineation £(1,1) in & fixes every point (v7), 2 not in K, 
and interchanges the pair ((o), (0)) with the pair ((1),(—1)). Soin ©, 
¢(1,1) induces a transposition. 


Lemma 6.3. ©, is doubly transitive on its five symbols. 


Proof. The collineations of Jt fix the pair ((), (0)) and are transitive 
on the remaining points of L.; hence they are certainly transitive on the 


pairs (P, P’) ~A((),(0)). Since G, is transitive on the pairs (P, P’), this 
implies that @, is transitive on its five symbols and the subgroup fixing one 
symbol is transitive on the remaining four; thus @, is doubly transitive. 


THEOREM 6.1. © is non-solvable. 


Proof. As remarked above, it suffices to show that 6, is non-solvable. 
But G, is doubly transitive and contains a transposition, so it is isomorphic 
to the symmetric group on five symbols, and thus is non-solvable. 

We have now shown that the collineation group of any Hall V-W plane 
is non-solvable, even though we have not determined all of the group (perhaps) 
for the infinite planes of the class. 

Let us study the group & a little more for this case K —GIF(3). We 
suppose y is in G; up to a multiple by an element in MX, we can assume that 
y fixes (oo), and from André’s result ([1]), a collineation which fixes (0) 
also fixes (0). Again up to a multiple by an element of 9, we can assume 
that (1) is fixed (and thus (—1) is fixed); because of ZT, (0,0) can be 
assumed to be fixed. Then from the remark at the end of Theorem 4. 2, our 
collineation is already contained in © (for K—GF(3), & clearly has order 
one). Thus: 
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THEOREM 6.2. ©, —6. 


Indeed, one can also show that the order of & is 10-81-48-8, since the 
subgroup fixing (0,0) and («) is GY, of order 48-8; the involution 3 
of Section 3 is equal to the element 6, of %. (And GM is a group, for 
6.0(S) =o(8)6ts)s-) The determination of the group ©, as well as its order, 
was already carried out by André in [1], by the way. 

Finally, it is easy to show that for any Hall V-W plane, the collineation 
group is doubly transitive on finite points if and only if it is transitive on 
the points of Z.. Hence for the finite planes of the class, the plane of order 
nine is the only one whose group is doubly transitive on finite points. 
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A PARTITION FUNCTION WITH SOME CONGRUENCE 
CONDITION.* 


By Isex1. 


Introduction. It is well known that the number p(n) of unrestricted 
partitions of a positive integer n can be expressed by a convergent series 
(see [9]). 

In this paper we shall be concerned with the number p(n;a,M) of 
partitions of n into positive summands congruent to +a modulo M, where 


a, M are integers with M=2. 

This partition function p(n;a,M) has been treated for certain special 
values of M; namely, M2 by Hua [2], M—5 by Lehner [5], M—6 by 
Niven [8], and 1 =p (pa prime > 8) by Livingood [6]; a convergent series 
representation of p(n;a,M) being obtained in each case. 

The main object of the present paper is to derive a convergent series 
for p(n;a,M) in which M assumes general values. 

We may suppose without loss of generality that O0<a< M, (a,M) =1; 
for in the case where a0 and M|n, the partition function in question 
reduces trivially to p(n/M), while in the case where d= (a, M)>1 and d|n, 
it reduces to p(n/d;a/d,M/d). Further we remark that the case M—2 
(partitions into odd summands) is equivalent to the case M = 4, i.e., p(n; 1, 2) 
=p(n;1,4). Consequently it suffices to consider the case M=3. 

We apply the Hardy-Ramanujan method with modifications due to 
Rademacher [10]. In order to utilize this method, however, it is necessary 
to solve the following two subsidiary problems: 

The first problem is to find a suitable transformation equation for the 
generating function of p(n;a,M). The usual method of contour integration 
seems to be rather complicated in our case. However, we can show, in a 
simple way, the existence of the transformation equation, the proof of which 
being based on a certain functional equation recently obtained by the author 
[3]. This will be done in Section 1 of this paper. 

The second is to get a non-trivial estimate for a certain exponential sum 
which is introduced as a consequence of the transformation equation. We shall 


* Received February 9, 1959. 


939 


940 SHO ISEKI. 


discuss this problem in Section 2. The analysis used is somewhat elaborate, 
but we can reduce the sum to a generalized Kloosterman sum, for which 
suitable estimates are known. ‘To achieve this result we follow partly a 
method due to Lehner [5]. But Lehner’s original method seems to be 
effective only for the case (6,M)—1. We therefore have to make a partial 
revision of his method to secure the case (6,M) >1. 

We shall derive the desired series expansion in Section 3, by making use 
of the results of Sections 1 and 2. 

The final section is devoted to the investigation of some asymptotic 
properties of p(n;a,M) which are deducible from the series representation. 

The author wishes to express his gratitude to Professor Joseph Lehner 
for kind information on the literature. 


1. The transformation equation. The generating function of p(n; a, M) 
is found to be, for M = 3, 


F(z;4, M) =1+ p(n3a, M)a" = II (1 — gmM+a)-1 (1 — gmM+M-2)-1, 
n=1 m=0 


where z is a complex variable with |x| <1. 


Now let h, k be coprime integers with k=1. Denote by D and K the 
g.c.d. and the l.c.m. of & and M respectively. Put k—=k,D, M=—m,D, 
so that (k,,m,) 1, and choose any integers y, § satisfying 


(1.1) yk, —8m,—1. 

Let, then, H be any fixed solution of the congruence? 

(1.2) hH=és (modk). 

Furthermore we write 

(1.3) w=exp(2rih/k —2zxz/k), = exp (2riH /k —2x/Kz), 

where z is a complex variable with #(z)>0. Define 

(1.4) F(2’30,D,p) (1— (1 

with the notations ay 

(1.5) b=ha—D[ha/D], p=exp(—2ziya/M), p*=exp(2ziya/M), 
the case (k,M) = M, we have m,=1. Hence we may choose y = 0, 


in (1.1). Then (1.2) becomes AH = —1(modk). This congruence has been used by 
Lehner [5] and Livingood [6]. 
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in which [¢] denotes the greatest integer not exceeding ¢. (Note that 
b=ha (mod D), 0=0<D, (b,D) =1; p* =p.) 

Then there exists a transformation equation which connects F'(2;a, M) 
with F(a’; b, D, p), and therefore exhibits the asymptotic behavior of F(a; a, M) 
near its singularity at each rational point on the unit circle. 


THEOREM 1.? Let 


w(h, k) = exp{2zt0(h, k)}, 
(1.6) o(h,k) (u/K —4) (hu/k— [hu/k] —4), 


where pw runs over the integers a,M+a,2M-+a,:--,(ki—1)M+a; and 
set 
(1.7) A = 6Ma+ M?, B= 6b?— 6Db + 


Then, if M= 3, we have the transformation equation 
(1.8) F(v;a,M) =o(h,k)exp{ (1/6Mk) (B/z—Az)} F(a’; b, D,p). 


To prove Theorem 1 we need the following lemma. 
Lemma 1. If runs over the integers 
a,M +a,2M+a,---, (ki: —1)M+a, 
then p* =hu—k[hy/k] runs, in some order, over the integers 


Proof. First, it is easy to see that the assumed values of p are ky 
integers which are mutually incongruent modulo k, and hence, observing that 
u'==hpy (modk) and (h,k) =1, it follows that the values of »* are distinct 
k, integers of the interval OS p* <k. 

Next, the facts that »*==hy (modk) and that »=a (mod M) together 
yield ==ha (mod D), so that »*=b (mod D) since ha=b (mod D). 

On the other hand, any integer p* satisfying both 0S p* < k and p*=b 
| (mod D) must be one of the integers b,D+6,2D+5,::-,(k,—1)D+5) 
since O<b << D and k,D—k. But these are exactly k, integers. Thus our 
lemma is proved. 


*The case D = 1 of Theorem 1 can also be expressed in a different form, see [4], 
[Theorem 2. 
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Proof of Theorem 1. We apply the following functional equation ([3], 
p. 654, Theorem 1): 


+ a)e—ip) +A((1-+ 1—a)2 + + + 4) 


(1.9) (C+ + ia) +AU +1—A)/2—ia)} 
+ (x/z)(B? — B + 4) + 2xi(a — $)(B — 3), 
where (or OS ¢51,0<B <1), R(z)>0, and X(t) 
denotes —log(1—e-*™*), the logarithm having its principal value. 
Let us put 
(1.10) a—p/K, Bp—p*/k, 


where p, »* are those of Lemma 1, so that we have 0<a<1, 0=£ <1, 
since p< k,M=K and 0=p* <k. Substituting (1.10) into (1.9) 
and replacing z by m,z, the left member of (1.9) becomes 


> + p/K — tp*/k) +- 1 — p/K) myz + tp*/k) } 
+ wmy2{(u/K)’ — p/K + 3} 
= & + p)(2—th)/k) + + K — p)(z—1th)/k)} 
+ — + 3}, 


since K = m,k and p*/k=hp/k (mod1) ; while the right member of (1.9) 
becomes 


(1. 11) 


> {A((kl + + ip/K) + —p*)/Ke—in/K)} 
+ (m/myz){(p* /e)? — + 4} + u/K —9). 


Now, it follows from the congruence p*==hy»(modk) and (1.2) that 
Hy* =hHp (modk), and so 


(1. 12) 


(1.13) m,Hyp* (mod m,k—K). 
On the other hand, »==a (mod) implies 
(1.14) (modk,M=—K). 
It follows from (1.13), (1.14) and (1.1) that 
p=—— m,Hp* + (mod K) 
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PARTITION FUNCTION. 
and hence, noting that K = m,k =k,M, we have 
=— m,Hp*/K + yk,a/K (mod 1) 


= — Hyp*/k + ya/M. 


Therefore the right member of (1.12) transforms into the form 


(1.15) 


{a((kl + p*)(1/Kz— iH /k) + iya/M) 
(1.16) + A((kl + k — p*)(1/Kz — iH /k) —tya/M)} 
+ /myz){ — p*/k + 4} + 2ai(u/K — $)(u*/k — 4). 
Equating the right-hand side of (1.11) with (1.16), adding up the result 
over p= a, M+ a,2M +a,:- -, (ki, —1)M-+a, and using Lemma 1, we get 


{A((mM + a)(2—ih)/k) + A((mM + M—a)(2—1h)/k)} 
= {(u/K)? — »/K + 3} 


= > {A((mD + b6)(1/Kz—1H/k) + tya/M) 


m=0 


+ d((mD + D—b)(1/Kz—iH/k) —iya/M)} 
+ (x/m2) ~ { (u*/k)? — p*/k + 4} + (»/K —4)(u*/k — 3). 


m=0 


Here we have 


(1.18) {(u/K)?—p/K +4} = (6a?—6Ma + M*)/6MK = A/6MK 


by (1.7), and similarly 
(1.19) 3S {(u*/k)? —p*/k +1} = (6b?—6Db + D?)/6Dk = B/6Dk. 


It is now obvious that the desired equation (1.8) follows from (1.17), 
(1.18) and (1.19). 
This completes the proof of Theorem 1. 


2. Estimation of some exponential sum. The transformation equation 
(1.8) contains the complicated root of unity »(h,) whose definition appears 
in (1.6). 

We shall first express w(h,k) in a more elementary form than (1.6), 
without making use of the function [¢]. 

Writing p* =hu—k[hp/k], we have from (1.6) 


o(ht,k) = (n/K 


(2.1) 
 (n/K) — 3 — 9). 
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Here, clearly 
(u/K)(u*/k — 3) = (u/K)(hy/k — [hp/k] — 4) 
and further 
(+ M) —ak, + 
7 l=0 
(2.3) ky-1 
(a+ Ml)? =a’k, + aMk,(k, —1) 
1=0 
+ 4M?k,(k,—1) (2k; —1). 
Also, by Lemma 1, 
(ut /k — 4) = + 
bk, + Dh,(k, —1)/2k — 3k, =b/D 
It follows from (2.1), (2.2), (2.3) and (2.4) that 
12Mko(h, k) — 2h{6a? + 6aM(k, —1) + M*(k, —1)(2k, —1)} 
(2.5) — 3k{2a + M(k, —2) + 2bm,} —12D p[hy/k]. 


Hence 12Mko(h,k) is always an integer. Moreover 


(2.6) Sa[ha/k] — [ho/k] + MS 


[hp/k] = (hp/k — p*/k) = (h/k){ak, + $Mk,(k, —1)} 
| — (1/k) (Ok, + —1)}. 
From (2.5), (2.6) and (2.7) we obtain 
12Mko(h, k) = 2hM{3a(k, —1) + M(k, —1)(2k, —1)} 
Ky-1 
— 3K (k + 2b —2D) + 6a(2b — D) —12DM 3 I[hy/k]. 

1=0 

Multiplying both sides by y/12DM (y being given in (1.1)), we deduce 


gy (yh/k)(aX + MY) — (yky/4D)(k + 20—2D) 
(ay/2DM)(2b—D) (mod1), 


where X, Y are integers defined by 
(2.9) X=$hi(ki—1), | (k,—1) (2k,—1). 
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Now from (2.5) we see that 


12Mko(h, k) = 2hM2(k,—1) (2k, —1) (mod3). 


Here if then and so we have 
(2.10) 12Mko(h,k)=0 (mod3) if 3k. 


Next, from (2.5), 
12Mko(h, k) = 2hM?(k, — 1)(2k, —1) — 3k{2a + M(k, — 2) + 26m} 
== 2h M?(k, —1) (2k, —1) + + mk + 2M + 2bm,) (mod 4). 
Here if 2k, then 2¢%, and therefore, noting that k?==-1 (mod 4) and that 
k(2a + 2M + 2bm,) =2a+2M-+2bm, (mod 4), 
we have 
(2.11) 12Mko (h,k) =2a+2M-+ (2b+1)m, (mod4) if 2k. 
We now introduce two integers f, g defined as follows: 
f=12, 1 for (k,6) =1, 
f= 3,g=— 4 for (k,6) =2, 
f= 44g=—= 3 for (k,6) =83, 
f= 1,g—12 for (k,6) =6. 


(2.12) 


Then we see that fg = 12 and (f,/) —1 in all cases. In addition, any prime 
| ing divides k, so that (h,k) =1 implies 


(2.13) (h, gDk) =1, 
and (f,4) =1 implies 
(2.14) (f,gDk) =1. 
Furthermore, examination of (2.10), (2.11) and (2.12) yields 
(2.15) 12Mko(h,k) =6a+6M + 3(2b—1)m, (modf). 
We next have, on the one hand, 

(u*/k —$)?—= (u*/k)? (u*/k) 

which reduces after simplification to 


(2. 18) (B—k?) /6Dk + k,/4, 
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where B is given in (1.7) ; while, on the other hand, 
> (u*/k = (hp /k — [hp/k] = 2h — 3) 
= 2hmyo(h, k) + hm,(b/D — 4) 
— (h?/6Dk) (2K? + 3K(2a—M) + A} +28 + hy/4, 


where we have made use of (2.1), (2.4) and (2.3); A is given in (1.7), 
and S is an integer defined by 


(2.17) 


[hu/k] +1). 


Comparing (2.16) and (2.17) yields 
12Mhko(h, k) =h?{2K? + 3K (2a—M) + A} + (B—k?) 
2.18 
( + 3hkm,(D—2b) —12DkS. 


Let us now assume that H is any fixed solution of the congruence 


(cf. (1.2)) 

(2.19) hH =6 (mod gDk), 

which is solvable by virtue of (2.13). Multiplying (2.18) by this H, and 
observing that gDk | 12Dk, we obtain 

(2. 20) 12Mkédo(h, k) =uh + vH + 38km,(D—2b) (modgDk), 

where 

(2. 21) u=6{2K?+ 3K (2a—M) + A}, v= B—k?’. 

We take here any integers ¢, y satisfying 

(2. 22) fo + gDky =1, 


which is possible in view of (2.14). Then, recalling that fg = 12, we deduce 
from (2.15), (2.20) and (2.22) that 


12Mkdo(h, k) =fo{uh + vH + 38km,(D—2b)} 
+ + 6M + 3(2b—1)m,} (mod12Dk). 
Dividing both sides by 12Dk, we have 
8myo(h, k) = ($¢/gDk)(uh + vH) + (3$8m,/gD)(D — 2b) 


(2. 23) 
+ (gwd/4){%a + 2M + (2b—1)m,} (mod1). 
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PARTITION FUNCTION. 
It now follows from (2.8), (2.23) and (1.1) that 
o(h, k) = (1/gDk)({gDy(aX + MY) 
(yk1/4D)(k + 2b —2D) + {(ay/2DM) + (3¢8m;/gD)}(2b — D) 
— (gy8/4) {2a + 2M + (2b—1)m,} (mod1) 
= (1/gDk)(Uh + VH) + W, 
say. We remark here that U and V are integers, U being independent of h, 


and that if we keep b fixed and restrict h by the congruence ah ==b (mod D) 
(see (1.5)), then V, W are also independent of such restricted values of h. 


(2.24) 


From (1.6) and (2.24) we obtain the desired expression: 
(2. 25) w(h,k) =exp{ (2xi/gDk) (Uh + VH) + 2mW}. 
We now proceed to consider the following exponential sum: 


S; = S;(n,v; 6, D;s,, 82) = > w(h, k)exp{2xi(— nh + vH)/k} 
(h ah =b (mod D),s, S (h) <8). 


Here n, v, are all integers with n2=0, OSOD<D, (b,D) =1, 
0<s,—s, Sk; H is defined by (1.2); h is any fixed solution of hh=1 
(mcdk); the notation s;= — <s. means that there exists an integer ¢ 
such that t==h (modk), s, S¢ <s.; and the summation symbol 5’, denotes 
here and subsequently that h runs over any reduced residue system of the 
given modulus with certain summation conditions indicated in parentheses. 
First, we notice that each summand in S;, has a period k with respect 
to h, and hence the residue system modulo & over which the summation 


extends can be arbitrary. 


Let us now define an arithmetic function f(s) by 


9 I, if = ) < $25 
(2.27) f(s) = 10, otherwise. 


Then f(s) is a periodic function with period &, so that it permits of expan- 
sion into a finite Fourier series of the form 


k-1 
(2. 28) f(s) =D cexp(27isl/k). 
1=0 


Here 


8-1 
1 > f(s)exp(— 2xisl/k) =k exp(— 2zisl/k), 


smodk 
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and so 


Co = (S82 — 81) /k, 
= esc (rl/k) exp (xtl/k) {exp (— 2mis,1/k) — exp (— 2atsql/k) } 
(1A0) 
hence we have 
| Co | = 1, 
(2. 29) 1/21 (1<1<k/2) 
By (2.27), we may write 
(2. 30) Sy = Dd’ f(h) w(h, k) exp{2ri(— nh + vH) /k} 
h 
(h mod k, ah =b (mod D)). 
Further, it is easy to see that the value of S; is not affected by the selection 


of h and H as solutions of their congruences. Accordingly, we may employ 
those h, H which satisfy 


hh=1 (mod gDk), hH =6 (mod gDk) 
(see (2.19)), respectively. Then we have 
(2. 31) H = 6h (mod gDk) 
and a fortiori Usi 
(2. 32) H (modhk). anc 


From (2.28), (2.30), (2.32) and the periodicity of the summands it 
follows that 


k-1 
61D’ w(h, k) exp (2ri{— nh + (vd + 1)h}/k) 
l=0 h 
(h mod k, ah =b (mod D) ) 
k-1 
= (gD)* w(h, Ie)exp (2mi{— gDnh + gD (v8 + 1)h}/gDk) 
(h mod gDk, ah=b (mod D)). 


We define here an integer a’ as any fixed solution of 
(2. 33) aa’ =1 (mod M). 
Using (2.33), (2.31), (2.25) and the remark following (2.24), we get 


k-1 
Si= (gD) “exp(2aiW) > c,d’ exp (2ai{ (U —gDn)h 
l=0 h 


(2.34) (V8 + gD(v8 +1) )h}/gDk) 
(h mod gDk, h =a’b (mod D)). 


Th 
adi 
(2. 
wh 
cor 
(2. 
| 
| 
wh 
(2, 
To 
of 
tha 
(m 
Hey 
A 
ae 


PARTITION FUNCTION. 949 


| The inner sum, 7',(1) say, is a generalized Kloosterman sum, and therefore 
admits of the estimate (see [1], [11], [13]): 


(2.35) | T.(1)| < Co(gDk)**(gDk, U —gDn)?, 


| where a, 8 are any numbers satisfying 0<a<~< #4, and C, is a positive 
constant depending only on and 
Thus we obtain from (2.34), (2.35) and (2.29) 


< (gD)*Co(gDk)**(gDk, U —gDn)?{1 + 2 & (21)*} 
< U — gDn)® log (4k). 
On the other hand, by (2.24) and (2.21), we have 
U = gDy(aX + MY) — $8{2K? + 3K (2a—M) + A}. 
But examination of (2.9) and (2.12) reveals that 
gDX =kg(ki—1)/2=0 (modk), 
gDY =kg (ki —1) (2k, —1)/6=0 (modk). 


Hence 
(2.37) U=—¢sA (modk). 


Using (2.37), (2.22), and recalling that (f,4) =1, fg —=12, (ki,m,) =1 
and (1.1), we find 
(gDk, U —gDn) = gD(k, U — gDn) = gD(k, — 68A — gDn) 
= gD(k, fo5A +- fgDn) = gD(k, 8A + 12Dn) 
(2.38) <= gD*(k,,8A + 12Dn) = gD*(k,, 8m,A + 12m,Dn) 
= gD*(ky, (yk: —1)A + 12Mn) = gD?*(k,,12Mn—A) 
= gD? |12Mn—A |}, 


where the last inequality follows from the fact that 
(2.39) 12Mn—A+0 for n=0,1,2,---. 


| To prove (2.39), suppose on the contrary that 12./n— A 0 for some value 

ohn. Then A=0O (modM), i.e. A=6a?—6Ma+ M?=0 (modM), s0 
that 6a2==0 (mod /). But we have assumed that (a,M) —1, and so 6=0 
; (mod M), which implies M=6. Moreover, since 0 <a< M, we have A < M?. 
Hence n= A/12M < M/12=6/12—4. Therefore and we have 
4=(, which implies that a/M is an irrational number, and this is clearly 


a contradiction. 
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By using (2.38), it follows from (2.36) that * 
| Si.| < Co(gD)-%k*-*{gD? | 12Mn—A |}* log(4k) 
= | 12Mn—A log(4k) = O(k*-*(n + 1) log k) 
(n= 0). 
Here we can omit the log from the O-term since we may choose « arbitrarily 


large so far as a< Bp. 
Thus we conclude the following 


THEOREM 2. The sum S;, defined by (2.26) is subject to the estimate 
| Si | <<Ck*(n+1)8 
where a, B are any numbers satisfying 0<a<B <4, and C 1s a constant 


depending only on a, B and M. 


3. A convergent series for p(n;a,M). We are now ready to apply 
the Hardy-Ramanujan method. We shall treat the partition function 
p(n;a,M) for n=0, provided that p(0;a,M) —1. 

In the first place, we obtain, by Cauchy’s theorem,‘ 


p(n3a, M)— (asa, M)de. 


Using the Farey dissection of order NV, this becomes 


p(n;a,M) =>’ exp(— 


(3.1) F (exp (2ath/k — 2aw) 3a, M)exp(2rnw) dd 


(0 h k = N50 = 0", = N-? — id). 
Now, in the transformation equation (1.8) we expand F'(2’;b, D,») 


see (1.4)) into a power series in 2’ as 
(see ( 


F(a’; b, D, p) II (1 — pa’mD+b)-1 (4 
(3. 
cy(b, D, p)x”, 
y=0 
and substitute the relation (1.3), putting z—=kw. Then (1.8) becomes 
F (exp (2ath/k — 2xw) 3a, M) = o(h, k)exp{ (1/6Mk) (B/kw — Akw)} 


> c,(b, D, p) exp (2rivH /k — 2av/Kkw). 
v=0 


* We mean throughout the paper that the constant implied in the O-symbol alway: & 
depends at must on a, 8 and M. 
‘For definitions of the unexplained notations in this section, see Rademacher [10]. 
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Insertion of this into (3.1) yields 


6” 
p(n;a, M) = o(h, k)exp(— > c,(b, D, p) 
h,k y=0 


3.3 
exp{(2/6Mk?w)(B— 12Dv) — (xw/6M)(A —12Mn) }exp(2rivH /k) dd. 


We separate here the sum over v into two parts as 


oo [B/12D] 

a= 

y=0 v>[(B/12D], v0 
so that the coefficient of w-? is always positive® in the first sum,® while it is 
negative in the second sum. The right member of (3.3) then splits into 
two parts according to the above separation. Let that one which corresponds 
to the first sum be Q(n), and let the other be R(n). Then it will be seen 
without difficulty, though we will not develop here the details, that, by using 
a method analogous to that of Rademacher [10] and applying the estimation 


) 


in Theorem 2, one can obtain the following result: 


p(n;a,M)=—Q(n) + R(n), 
N [B/12D] 
Q(n) =2r> cy(b, D, p) Ly. (n, B, D) 
(3.4) k=1 y=0 
+ O(N-“(n + exp(2anN-*)), 
R(n) =O(N-*(n +1) exp(2anN-*)), 


where 
(see (2.26)), 
and? 


L,,(n, v3B, D) 


(0+) 
{ exp{(r/6Mk?w)(B— 12Dv) — (rw/6M)(A —12Mn)}dw 


— 12M n)-3(B— — 12Mn)3(B — 12Dyv)3) 
if n< A/12M, 


A)4(B —12Dv)3) 
if n> A/12M, 


J,(t), I,(t) being the Bessel functions of the first order. 


5 The fact that B— 12D» ~ 0 for y= 0,1,2,- - - may be verified in the same way 
as (2.39). 

®*Tf B <0, this sum becomes empty and is to be interpreted as zero. 

7See Watson [12], p. 176, (1) and p. 181, (1). Notice that J,(z) =—J_,(z) and 
I,(2) =I4(2). 
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In (3.4) we now divide the sum over k into two parts according as 
D>1 or D=1, noting that D>1 implies > 0, and that D=1 implies 
b=0, B=1. We then obtain from (3.4), by letting No for every 
fixed n= 0, 

[B/12D] 


p(n;a,M)=2r7 c,(b, D, Ly (n, v; 
k y=0 


(3.6) 
+ Co(0, 1, p) Ly (n, 0; 1,1) 
k 


= p)(n3a, M) p(n; a, M), 


say,® where the sums >”, and > are taken over those & for which 
D=(k,M) >1 and D=1 respectively, and where 


(3. 7) Si’ = S;,(n,0;0,1;0,%). 


Now let us consider p™(n;a,M) first. We see that B/12D=0 is 
equivalent to | $D—b | =34D/6, since 


B = 6b? —6Db + D? = 6(4D—b)?— 4D? 


by (1.7). Therefore we can write 
[AD] [B/12D] 


p(n; a, M) = 2a {cy(b, D, p) Sx (n,v;b, D; 0, k) 
(3.8) id 


+ ¢,(D —b, D, p)S,(n, v; D —b, D; 0, k)} L;(n, v; B, D) 


with the abbreviation 4 = (3 — 34) /6, where we have made use of the fact 
that B is unchanged when 0 is replaced by D—b. Further, from (3.2) 
we have, since B/12D < D/12 < D, 


cy(b, D, p) = 
where the summation extends over all non-negative integers 1, I’ satisfying 
(3.9) lb + I’(D—b) =». 


But, since 0Sv< 4D, 0<b< 4D, the only possible solution of (3.9) is 
1=v/b with b|v. Hence 
) 0, otherwise. 
Similarly 
if 
(3. 11) ) 0, otherwise. 


® The series for p(n; a,M) and p(n; a,M) are in fact absolutely convergent, 


as may be seen from arguments in Section 4. 
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Hence, putting v= br, where r—0,1,2,- - -, [B/12Db], we get from (3.8), 
(3.10) and (3.11) 
[AD] [B/12Db] 


b=1 r=0 
(b, D)=1 


where 


(3.13)  Ax(n,7;0,D) = p*'w(h, k) exp{2ri(— nh + brH) /k} 


by (2.26) and (2.33). 

We remark further that the sum over 0 on the right of (3.12) is empty 
when D = 2,3,4. For, since AD = (3 — 34) D/6 =1.26- - - x D/6, we have 
[AD] =0 for D=2,3,4, and [AD] 21 for DZ5. 

We shall next discuss p®(n;a,M). By (2.26), the sum 8,’ of (3.7) 
contains the root of unity w(h,k) whose definition is, by (1.6), 

(3. 14) w(h,k) =exp{2aia(h, k)} 

with 

(3.15) o(h,k) (u/Mk—4) (hp/k — [hy/k] —4) 

since D1 implies K = Mk, k, =k. 

Now let € be an integer defined by 
(3. 16) ék=a (mod M) (0<é< 
which is uniquely solvable since D=(k,M)=1. Let po—ék. Then we 
see that hu/k is integer if and only if »—py because of (h,k) =1, p=a 
(mod M) and 0<p< Mk. 

Consequently we can write (3.15) in the form 


o(h, (u/Mk—3)(ha/k— [hn/k] — 2) + 
=r(h,k) +4(4—¢/M), 


(3.17) 
where 
t(h,k) = 


(3. 18) 
(na, M+ a,2M+a,---,(k—1)M +a) 


with the notation 

0, if ¢ is an integer 
3.19 “= 
(3.19) ((t)) t—[t]—4, otherwise. 


It therefore follows from (3.14) and (3.17) that 
(3. 20) w(h,k) =texp(—mé/M)x(h,k) 


| 
h=+a’b(D) 
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with 

(3. 21) x(h, k) =exp{2rir(h, k)} 
On the other hand, (1.1) becomes 

(3. 22) yk —8M =1, 


since implies kk =k, my From (3.16) and (3.22) it follows 
that ya=€(mod M), and hence, by the definition of p in (1.5), we have 
p = exp(— 2mté/M), so that 


(3. 23) (1—p) = (2i) exp (aig/M). 
Further, it is evident from (3.2) that 
(3. 24) €o(0,1,p) = (1—p) 7. 
Thus we infer from (3.24), (3.23), (3.7), (2.26) and (3.20) that 


(3. 25) Co (0, 1, p) Sx’ = dese (7é/M) B,(n), 
where 


(3. 26) B,(n) = D’ x(h,k)exp(— 2minh/k) 
hmodk 


with the y(h,k) of (3.21). From (3.6) and (3.25) we obtain the expression: 
p?)(n;a,M) =a ese (rE/M) B,(n) 
Finally, we define an integer k’ as any fixed solution of 
(3. 28) kk’=1 (modM), 
which, combined with (3.16), yields that =ak’ (mod M). Hence 
(3. 29) ese = | ese(xak’/M)|. 


We note, in addition, that when D > 1 we can express o(h,k) in a form 
corresponding to (3.18), namely, 


(3. 30) o(h,k) 
(ua, M+a,2M+a,-- -,(ki:—1)M+a). 


For we see that 0 <p/K <1 and that D>1 implies hu/k A integer since 
the congruence ék==a (mod /) has no solution in é as we have assumed that 
(a, M) =1, and the result follows from (1.6) and (3.19). 

On combining (3.6), (3.12), (3.27), (3.29) and the remark following 
(3.13) we obtain our main result’ (cf. [6], Theorem 4) : 
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THEOREM 3. If p(n;a,M) denotes, when n=1, the number of parti- 
tions of n into positive summands congruent to + a (mod M), and p(0;a, M) 
=1, where M=3, 0<a<M, (a,M) =1, then we have, for n=O, the 


convergent series representation 


[AD] [B/12D0] 
p(n;a,M)=—=2r> Ax(n,7r;b, D)L,(n, br; B,D) 
Des D)=1 


+x > | ese(rak’/M)| B,(n)Ly(n,031,1), 
K>0 


D=1 


where Ay, (n,7;b,D) and B,(n) are given by (3.13) and (3.26) with w(h,k) 
and x(h,k) defined by (1.6), (3.30) and (3.21), (8.18) respectively ; 
L,(n, br; B, D) and L;,(n,03;1,1) by (8.5) ; k’ by (3.28) ; and A = (3 — 34) /6. 


Remark. The sums Ax, B, defined by (3.13), (3.26) have the following 


properties : 
(i) A,, B, are always real. 
(ii) The value of A, is independent of the choice of y, § in (1.1). 
¥ 


(i) may easily be verified, e.g. for A;, if in (3.13) one divides the 
sum into two parts according as h==-+-a’b (mod D) or h==—a’d (mod D), 
observing that the divided two sums are conjugate complex numbers because 
the o(h,k) of (3.30) and the H of (1.2) are both odd functions in the 
variable h (H is to be considered modulo &). Similarly for B,. 

Referring to (ii) we note that, although the formula (3.13) involves 
pand H which, by (1.5) and (1.2), depend upon the choice of y, 8, the value 
of A; remains unaffected by p, H. This follows from the fact that in (3.13) 
pexp(2aibrH/k) are actually independent of p and H. To show this, we 
make use of (1.15). Now let that value of » for which p* —b be p,. Then 
(1.15) gives 

=— Hb/k + ya/M (mod1), 
so that 
(3.31) exp(—2mip,/K) = pexp(2ribH/k) 
by the definition. of p in (1.5). Next, let that value of » for which 


(ky —1)D+b=k—(D—b) be px-(n-»). Then, by (1.15), 


= H(D—b—k)/k+ya/M (mod 1), 
so that 
exp exp(2ai(D— b)H/k), 
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or, replacing D—b by }, 
(3. 32) exp (2rrip,»/K) =p exp(2ribH/k). 


The desired result then follows from (3.31) and (3.32) on taking the r-th 
powers. 


4. Asymptotic properties of p(m;a,M). We require first a lemma 
on I,(¢), the Bessel function of the first order with purely imaginary 


argument. 
Lemma 4.1. 
(4.1) I,(t) ts positive and increasing for t>0. 
(4. 2) I,(t)=O(t) (t->0). 
(4.3) I, (t) = (2at) (t>+o). 
Proof. (4.1) and (4.2) are easy consequences of the expansion: 


1,(t) +1)! 
(see Watson [12], p. 77, (2)); 
and (4.3) is obtained from [12], p. 203. 


The following lemma will be also needed. 


Lemma 4.2. Let 


N N 
p=1 


y=2 


Then 8;(N) < 2e% for N=6, and S.(N) < for N= 12. 


Proof. Since teN/t is decreasing for 1= t= N, we have 
N N 
(4.4) Si(N)S vt f tieN/t + f ytevdy (N/t=y). 
a 1 


Here, since y-%e” is decreasing for 1S y= and increasing for y= 3, 
it follows that 
(4.5) y = max(e, (1S 


But we have so that for 
Hence, by (4.5), 
yie = 


| 

W 

( 

( 

( 

in 

(4 

Wi 

(4 

M 
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Therefore 
N 

y-iev dy <N-N-icN =N-ieN (N=6), 

which, together with (4.4), yields the first inequality in our lemma. The 
second may be proved similarly. 

We now determine the asymptotic behavior of p(n;a,M) as n becomes 

large. By Theorem 3, we have 


(4.6) p(n;a,M) = p® (n;a,M) + p®(n;a,M), 
where 
[XD] [B/12Db] 
(4.7) a, M) p> A;(n,7;b, D)L;,(n, br; B,D), 
(b, D)=1 


(4.8) (n;a,M) | ese(rak’/M)| By, 
k 
=) 
k k>0, k>0, D=1 
in which 
(4.9) Ly(n, br; B,D) = ((#H#/3Mk) (B—12Dbr)!) 
(4.10) Ly(n,0;1,1) = /3Mk) 
with the abbreviation 
(4.11) E=(12Mn—A)§ (n>A/12M). 


Let us begin with p™(n;a,M). Clearly it suffices to consider the case 
M=5. Now if we keep D fixed, B takes its maximum value when } —1, 
ie., the value B, = 6—6D-+ D?, since 


B = 6b?—6Db + D? =6(4D—b)?— 4D? 


_andl1=06<4D. Hence from (4.9) and (4.1) we get 
(4. 12) L,,(n, br; B, D) S (#HB,3/3Mk). 


On the other hand, from (3.13) we have trivially 
(4.13) 1<k, 


hmodk 
h=+a'b(D) 


while, by Theorem 2, we have the non-trivial estimate ® 
(4.14) | Ax(n,7;b,D)| (0<a<Pe< 


*In what follows we shall use C,,C.,: : -, Cy to denote certain positive constants 
depending at most on a, B and M. 
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From (4.12), (4.18) and (4.14) it follows that 


[AD] [B/12Db] 
> A;,(n, 7; b, D) L;,(n, br; B,D)| 


— EZ pI, (rEB,*/3Mk), 


with the abbreviation 


[AD] [B/12Db] 
(B—12Dbr). 
D)=t 


Using (4.15) and noting that 


2, 
k D|M ky=1 
DZ (ky, m4)=1 


where k =k,D, M=m,D, we get, by (4.7), 


=F 
| M)| < 2a ~ > E7Zp1,(F/k:) 
D|M ky=1 
(4.16) D25 


D|M 
D25 


where 
(4.17) F =7EB,3/3MD. 


But it follows from (4.2), (4.3) and Lemma 4.2 that 


=F =F 
ky=1 


=F 
(4. 18) = C,(2nF)4 < 


ky=1 
<< CF < CF". 
ki>F 
Now, set 
(4.19) G=7H/3M. 
Then we have 
(4. 20) F = GB,3/D 


by (4.17). Further, since 5= D=M and 
B,/D? = 1— 6/D + 6/D* = 6(4—1/D)?— 3, whe 


we have 


<6($—1/M)*—4, 
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ie., 


_=B,/D? S M,?, 


| where 
(4.21) M,= (1—6/M + <1. 


: Thus we obtain + = B,3/D= M, <1, and hence, noting (4.20), 
(4. 22) <G. 
From (4.16), (4.18) and (4.22) we deduce 
| p(n;a, M)| < 


D=s5 


(4.23) + +1)8 
D|M 


D=s5 


We next treat p®(n;a,M). In (4.8) we distinguish the term k—1 

from the others, and obtain 
(n;a,M) 0531, 1) 
+ | ese (xak’/M) | 
Here evidently 
(4.25) ese (nal! /M)| < ese <4x(M/n) = 4M. 
Further we get 
| B.(n)| <k, 

(4. 27) | By (n)| < Cgk*-*(n + 1)8 (0<a<B<}), 


which correspond to (4.18), (4.14). 
From (4.10), (4.19), (4.25), (4.26), (4.27) we obtain 


|r | ese(rak’/M)| 
k>1 


=G 
<a 4Mk(kE)“1,(G/k) 
k=2 
(n + 1)81,(G/k) 
k>G 


< G-4e4¢ + (n + 1)8, 


where in the last step we have made use of (4.2), (4.3) and Lemma 4. 2. 
On the other hand, we have 


(4.29) B,(n) =] 


11 
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by (3.26), and 
(4.30) L,(n,0;1,1) = £71,(G) = (27G) + O(G")) 
by (4.3). 
It now follows from (4.6), (4.23), (4.24), (4.28), (4.29) and (4.30) 
that 
p(n;a,M) =zese(xa/M) E1,(G) 
{14+ + O(e4?) + + 
Substituting from (4.11), (4.19), we are led to the following 
THEOREM 4. We have 
p(n;a,M) - (12Mn—A)4 
I,((2/3M) (12Mn — A)5) {1 + O(exp(— en’) )}, 
where c 1s a positive constant defined by 
¢ = M,) 
with the M, of (4.21). 


From Theorem 4 and (4.3), we can easily find an asymptotic formula 
for p(n;a,M) in terms of elementary functions of n. We have 
p(n;a,M) =cse(ra/M) (83M /2)*(12Mn—A)-3 
- exp((2/3M) (12Mn—A)!) {1 + O(n4)}, 
or further 
(4.31) - (24(n/3M)) {1 + O(n4)}. 


This formula will also be deduced, apart from the error term, from a result 
of Meinardus [7]. 

Finally, it is readily seen from (4.31) that, for any two values a, 4: 
of a, we have 


p(n3;a2,M)) = cse(xa,/M) : ese(xa./M). 
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DIFFERENTIABLE STRUCTURES ON SPHERES.* 


By JoHN MILNoR.” 


According to [5] the sphere S’ can be given several differentiable struc- 
tures which are essentially distinct. A corresponding result for the 15-sphere 
has been proved by Shimada [10] and Tamura [12]. The object of this 
note is to prove corresponding theorems for other dimensions of the form 
4k —1. 

In §1 certain differentiable manifolds M(f,,f2) are constructed and 
studied ; where (f1) € mm(SOn.1), (f2) € mn(SOm1). In most cases these mani- 
folds are topologically spheres. In §2 an invariant A is defined for differ- 
entiable (4% — 1)-manifolds which are both homology spheres and boundaries, 
In §3 the invariant 4(M(f,,f.)) is computed. 

For k= 8 the calculations are carried out explicitly. It is shown that 
there exist non-standard differentiable structures on S**-1 for k = 2, 4, 5, 6, 7,8. 
For example §*' has over sixteen million distinct differentiable structures. 
It is conjectured that the same argument works for all k = 4; but I have not 
succeeded in solving the number theoretic problem which arises. 

For k =1,3 the argument does not work. This is not surprising in the 
case k =1, since J. Munkres, S. Smale, and J. H. C. Whitehead have shown 
(independently) that two differentiable 3-manifolds which are homeomorphic 
must necessarily be diffeomorphic. 

The word manifold will always be used for a compact, oriented manifold, 
with or without boundary. The symbol D* will stand for the unit disk in 
the euclidean space R*. 


1. Construction of manifolds homeomorphic to spheres. Given any dif- 
feomorphism * f: 8S” & 8", a manifold M of dimension m n+1 
is obtained by matching the boundaries of D™ x 8" and S™ x D™** under 
the correspondence f. That is: M is the identification space obtained from 
the disjoint union of D™* x 8S" and S™ x D"" by identifying each point 
(z,y) in the boundary of D™ x 8" with f(z,y), considered as a point in 
boundary of D™?, 


* Received February 10, 1959. 
+ The author holds a Sloan fellowship. 
2A diffeomorphism is a differentiable homeomorphism with differentiable inverse. 
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An alternative definition of M, which makes it into a differentiable 


manifold, is the following. Let f(z,y) = (2’,y’) and define ’—1/t. Start 
with disjoint spaces R™*1 x S" and S" x R?, Let M be obtained from these 
by matching (¢z,y) with for every r€ 8", yE 8*, OS 

[As an example suppose that f is the identity map of S™ x 8". Then 
M is diffeomorphic to the unit sphere S”*"*? C R™* x Rn, In fact the 


correspondence 
(tx, y) > (ta/(1+ #)4, y/(1+ 
ty’) (2/(1 + (1 + 
defines a diffeomorphism M— S™*"*1.] 


If y€ 8S" has coordinates Yn), define h(y) =Yn. The function 
h: S"— [—1,1] has just two critical points. 


Lemma 1. Suppose that the diffeomorphism 


(2, y) y’) 


satisfies the restriction h(y) =h(y’) for all (2,y). Then the manifold M 
constructed above is homeomorphic to S™*"*?, 


Proof. A differentiable map g: M—([—1,1] is defined by the corres- 
pondence 


(tx, y) >h(y)/(1 + #?)4 (in the first coordinate system), 
(2’, t’'y’) > Uh(y’)/(1+ (in the second). 
It is easily verified that g has just two critical points, and that these are 
non-degenerate. Together with [5] Theorem 2, this completes the proof. 
One way to construct such a diffeomorphism (2,y) — (2’,y’) is the 
following. Start with differentiable maps of spheres into rotation groups 
and let 
for all ee S™, y€ 8S". This defines a diffeomorphism with inverse 
=filfely’) 


[More generally the rotation groups SOn,, and SOm,, could be replaced by the 
groups Diff 8", Diff 8S” consisting of all diffeomorphisms.] The condition 
h(y) =h(y’) is equivalent to the requirement that f,(S”) be contained in 
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the subgroup SO, C SOn.1. Whether this condition is satisfied or not, the 
resulting (m-+n-+1)-manifold will be denoted by M (f,, fz). 

Next we will show that M(f,,f.) is a boundary. Start with three copies 
of the space D™* x D"*?, The notation (2;,y4;) will be used for a point of 
(D™ 1=1,2,3. Identify (S™ D"*), with by the 
correspondence (2, 41) Y2) where 


= 711, Y2 = 


The resulting space D™**), U(D™" D™*). can be considered as a 
fibre bundle over the (m-+1)-sphere (D™*),U(D™*"), with fibre D», 
group SO,,,, and characteristic map f,. (See Steenrod [11] §18.) It follows 
that this union can be given a differentiable structure in a natural way. 

Next identify (D™* x 8"), with (D™* xX 8"), by the correspondence 
(Le, Y2) (Xs, Ys), Where y2—=Y3, Thus 


becomes a fibre bundle over an (n-+1)-sphere with fibre D™** and charac- 
teristic map fs. 

Let W, denote the union of all three copies of D™*? x D™**, Clearly W, 
is a topological manifold with boundary: 


The intersection 


of the two halves of the boundary is equal to (S" x 8"),=(S" X 8");. 
These two copies of S™ X S" are identified under the composite correspondence 


(21,1) > (25 Y2) > Ys); 
where 
But this is just the correspondence which was used to define the manifold 
M(f1,f2). Thus 0W, is homeomorphic to M (fi, fe). 

As it stands W, is not a differentiable manifold since there is an “angle” 
along the subset (S”"  S"), of @W,. Let W denote a differentiable manifold 
obtained by “straightening” this angle. (See the appendix to [7].) Clearly 
dW is diffeomorphic to M fe). 


2. The invariant 4(M). First recall the index theorem of Hirzebruch 


[4]. If I, is a 4k-manifold without boundary having Pontrjagin classes 
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Px» then the index [(M,) is equal to Li (pi,- *,px)[ Mi]; where 
[;, is a certain polynomial.* For example 
L, = p,/3, Lz = (Tp2— pr") /45,° 
The coefficient s; of pz, in ZL; is particularly important. Hirzebruch 
expresses Ss; in terms of the Bernoulli number B, as follows (page 14): 
= 27% — 1) B,/(2k)!. 
For example sz = 7/45, s3 = 62/945, 1277/4725. 
Now let M be a differentiable (44—1)-manifold which 
1) has the same rational homology groups as the (44 —1)-sphere, 
and 
2) is a boundary: 4 —dW with W differentiable.* Then a rational 
number modulo 1, 
A(M) € Q/Z, 
is defined as follows. The natural homomorphism 
j: Hi(W,M;Q) > Hi(W;Q@) 
is an isomorphism for 0<i1<4k—1. Hence the Pontrjagin classes 
Diy * *>Pe-r1 OL W can be lifted back to H*(W,M;Q). Define A(M) as the 
residue class of 


modulo 1. (Here the symbol [W] stands for the homomorphism H**(W, M;Q) 
~( associated with the orientation of W; and 7(W) denotes the index of 
the quadratic form «— (aU«)[W], where a€ H%*(W,M;Q).) 


LemMA 2. This residue class \(M) is an invariant of M: that is it does 
not depend on the choice of W. 


The proof is completely analogous to that in [5], [10] or [12]. If M 
is the boundary of both W, and W., then an unbounded 4k-manifold M, is 


obtained from W,, W,. by 


*The symbol [J/,] is used to denote the homomorphism of H‘*(M,;Q) into the 
rational numbers Q which is determined by an orientation for M,. The index I(M,) is 
defined as the index of the quadratic form over H**(M,;@Q) which is given by the 
formula a> (ata) [Jf,]. 
‘This second condition follows automatically if H,(M; Z) has no torsion. In fact 
every homology (4k —1)-sphere is a m-manifold (see [7]), and every z-manifold is a 
| boundary (see [8]). 
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1) reversing the orientation of W2; 
2) matching W, and W, along the common boundary M; 


3) constructing a differentiable structure in a neighborhood of W,/ W, 
=M. (See [6] Lemma 4 or [7]). Then J(M,) =I(W,) — ; and 
each Pontrjagin number p;,° - -i,[/,] other than p,[M,] is equal to the 
difference of corresponding Pontrjagin numbers for W,, Wz. Now the index 
theorem for M, implies that the two definitions of A(M/) differ only by the 
integer p;,[M,]. 


Example 1. For the (44—1)-sphere it is clear that 
d(S***) =0 (mod1). 
Example 2. For a 3-manifold the definition reduces to 
\(M*) =3-I(W) =0 
Example 3. For the %-manifold M," of [5] the values 


I(W) =1, (j*p.)?[W] =36 
give 
A(M,") = (451(W) + 

Remark. If H*(M;Z) has no torsion, then the classes j-1p; can be 
considered as integral cohomolgy classes, hence the Pontrjagin numbers of W 
are integers. This sharply restricts the denominator which A(J) can have. 
(For example 7A(J/*) must be an integer.) On the other hand, if H*(IM;Z) 
has torsion then arbitrarily large denominators may occur. (See the examples 
studied by Tamura.) 


Example 4. In [7%] §4 certain homotopy spheres M,*** are constructed 
for k>1. These have the property that M)**-!—d@W, where W is paralleli- 
zable, and =8. Thus 


=8/s, (mod 1). 


For k = 2 this gives A(M,’) =3/7 with denominator 7. For k =3, 4,5, 6,7 
the denominator of A(M,**") is 31, 127, 73, 1414477, and 8191 respectively. 
(These numbers are prime, except for 1414477 —23-89-691.) I do not 
know whether the inequality 8/s,40 (mod1) holds for all k >1. 

In conclusion, the following three properties of the invariant A are easily 


verified. 


1) If the orientation of M is reversed, then A changes sign. 
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2) For the connected sum of manifolds (see [7]), A satisfies 


A(M, #¢ Mz) =A(M,) +A(Mz) (mod 1). 


3) 2 is an invariant of the J-equivalence class of M. (See Thom [13] 


or [7].) 


3. Computation of A(M(f., f.)). Define the Pontrjagin homomorphism 
Pri Tar-1(SOq) 


as follows. Every map f: SO, induces a bundle over with 
Pontrjagin class p,(é) € H*"(S*";Z) =Z. Define p,(f) as the corresponding 
integer p,(€) [S*"]. 

Let fi: fo: S*—> SOm,, be arbitrary differentiable maps, with 
mt+tn+1—4k—1. First suppose that mA~n. 


Lemma 3. If mn then M(f,, f2) is a topological sphere. The invariant 
A(M(f1;f2)) ts zero if m, n are not of the form 4r—1. If m=4r—1, 
n=4(k—r) —1, then 


Pr (fr) Der (fe) (mod 1). 
Proof. We may assume that m<n. The exact sequence 
tm(SOn) tm (SOns1) tm (S") =0 


implies that f, is homotopic to a map f,’ which carries S” into the subset 
SO, C SO,.,. According to Lemma 1 the manifold M(f,’,f2) is homeo- 
morphic to S™*"**, But it can be verified that 1/(f,,f.) is homeomorphic to 
M(f,’, fe), and therefore is also homeomorphic to the sphere. 

Next consider the manifold W constructed in Section 1. Recall that W 
is the union of a fibre bundle over S”** with fibre D”** and a fibre bundle 
over §"*! with fibre D™*?. Call these sets W, and Ws, respectively, Thus 
W.U W; is W and W.N Ws; is a topological cell. 

These bundles have canonical cross-sections corresponding to the center 
point of the disk. Hence S”*? and S"*! are imbedded in W. It follows easily 
that W has the same homology groups as 8™*1 \/ §"** (the union with a single 
point in common). That is H;(W;Z) is infinite cyclic for 7 equal to 0, m +1, 
or n+ 1, and zero otherwise. 

The homology intersection ring of W (see Lefschetz [14]) is described 
as follows. Let a and 6 stand for generators in dimensions n+-1, m+1 
respectively. Clearly a and b have intersection number +1. The self-inter- 
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sections a:a and 6-b are zero. For example a-a is represented by a cycle 


of dimension 
dim a + dim a— dim W >=n—m 


which lies on the sphere 8"** C W;. Since Hym(S"*;Z) =0, this cycle is 
homologous to zero. 

Applying Poincaré duality it follows that H*(W,M;Z) is free abelian 
on three generators, say « in dimension m+-1, B in dimension n+ 1, and 
a8 in dimension m+n-+2. The cup products ax and BB are zero. This 
implies that the index I[(W) is zero. 

Computation of the Pontrjagin numbers of W. We may assume that 
m=4r—1, n=4k—4r—1. (If the dimensions are not of this form, 
then the Pontrjagin numbers are certainly zero, hence A=0.) First consider 
the tangent bundle of W.. This splits into a Whitney sum é@ yn, where é 
is the bundle of vectors tangent to the fibre and 7 is the bundle of vectors 
normal to the fibre. Restricting y to the sphere S™*! C W, we obtain the 
tangent bundle of S”** with trivial Pontrjagin classes. Restricting € to S" 
we obtain the bundle determined by (f1) € tm(SOnu). Thus p,(W.) = p,(é) 
is equal to the integer p,(f,) multiplied by a generator of the infinite cyclic 
group H*"(W.;Z). Using the isomorphisms 


j 
H*"(W.3Z) —H*"(W;Z) ——H*"(W, M;Z) 


it follows that 
Pr(W) = + pr(fi)j(@). 
Similarly 
Pir (W) = + pur (fe) (B)- 


Thus the Pontrjagin number (j*pr) pr+r) ts equal to + p,(f1) pe+(fe)- 
All other Pontrjagin numbers of W are zero (except (j-tp;)[W] which is not 
defined ). 

Computation of the coefficients of p,p,_, in the Hirzebruch polynomial L;. 
Define the symmetric function > ¢,4- - -t,‘* in indeterminates ¢,,- - -, ty 
as the sum of all monomials which can be obtained from t,%- - - tg’ by per- 
muting ¢,,- --,¢y. Each possible monomial should be included only once 
in the sum. (For example > +--+ ¢y".) Hirzebruch showed® 
that the coefficient of p;,-- + pi, in L;, can be expressed in the form > t,*- - - tg’, 
where ¢,,- - +,¢y are certain fixed complex numbers. (Here WN stands for 


5 See [4] § 1.4.1. 
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some fixed integer greater than or equal to k.) In particular, the coefficient 
Of px is equal to > 
The product rule 


(> t,”) (> t,**) == >) t,* for r~k—r 


is easily verified. Hence the coefficient > t,"t.** of prpy+ in Ly ts equal to 


SpSk—r — Ske 


Thus we have and 
Ly 0) [W] = + pr (fr) per (fe) Sx). 


Dividing by s, and reducing modulo one, this yields the required formula 
A(M) = = pr (fi) Pur (fo) (mod 1) 


Now consider the case mn. Again it is necessary to assume that m 
has the form 47—1 in order to obtain a non-trivial A. 


LemMA 4. If the maps f;, f2 both carry S™ into the subgroup 
SOm C then the formula 


A(M) = pr (fi) Dr Sr8r/Sor 
holds, just as in Lemma 38. 


Proof. Just as above, H,(W;Z) is isomorphic to H,(S"™ V S™*), 
If b,a€ Hmii(W;Z) are the generators corresponding to the two spheres, 
} then the intersection number a-b is +1. The hypothesis f,(S")C SOm 
implies that the normal bundle of the first (m-+1)-sphere in W has a cross- 
section. Hence the self-intersection number a-a is zero. Similarly }-b—0. 
' It follows that W has index zero. 
The computation of Pontrjagin classes for W proceeds as before. Thus 


Pr(W) = = pr (fi) ja pr (fe) 


However the Pontrjagin number (j-*p,)*[W] is now equal to + 2p,(f1) pr(fe). 
} On the other hand, the coefficient of p,p, in Le, is equal® to 4(s,s-— Sor). 
| Thus the factor of 4 cancels the 2, so that 


A(M (fife) ) = pr (fr) Pr (fe) 8r8r/Sar 
| as before. 
In order to make use of Lemmas 3, 4 it is necessary to know what 


integers p,(f) can occur. 
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THEOREM OF Bort [2], [3]. Jn the stable range q=4r the Pontrjagin 
homomorphism 


Pr: tsr-1 (SOQ) 
has image generated by 
(2r—1)! if r is even 


2(2r—1)! af r ws odd. 
For smaller values of g this result can be augmented as follows. 


Lemma 5. If gS2r then the homomorphism p, ts zero. If q> 2r 
then p, ts non-zero. In fact there exists an element 


(f) € (SOq) 
such that the prime factors of p,(f) are all less than 2r. 


Proof by descending induction on g. Suppose that the assertion has 
been proved for g-++1, and that gq >2r. In the exact sequence 


tsr-1(SOq) Tarai (SOqs1) (S82), 


the third group is stable. According to Serre [9] a prime = can divide the 
order of this group only if 2*—3 is less than or equal to the difference 
4r—q—1l1. The inequalities 2x — 3S 4r—q—1, q > 2r, yield Thus 
any element of m4r-1(SOq.1), after being multiplied by primes less than or 
equal to r, can be lifted back to m4,,(SO,). This completes the induction. 

If g < 2r, then the Pontrjagin class p, of any SO,-bundle is zero. If 
q=2r, then p,(&") is the square of the Euler class of €°". (See Borel and 
Serre [1].) Since our base space is this implies that p,(") = 0; which 
completes the proof of Lemma 5. 


Combining Lemmas 3, 4, 5 this proves: 
THEOREM 1. Suppose that r is an integer satisfying 
k/3<rsSk/2. 


Then there exists a differentiable manifold M homeomorphic to S**-* for which 
A(M) is congruent modulo 1 to s,8;,_,/s, times some integer with prime factors 
all less than 2(k—r). 


The proof is straightforward. (The inequality &/3 <r guarantees the 
existence of a map fz: SO,, such that p,+(f2) £0.) 
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Note. Given k, the inequality k/3 <r k/2 has a solution r providing 
that k= 2 or k= 4. It has no solution for k —1 or 3. 


THEOREM 2. There exist at least 7 distinct differentiable structures on 


at least: 
127 on the 15-sphere, 


73 on the 19-sphere, 

23-89-691 on the 23-sphere, 
8191 on the 2%-sphere, and at least 

31-151-3617 on the 31-sphere. 


Proof. These results follow immediately from Theorem 1. As an 
example, for k = 5, taking r= 2, we have 


8283/85 = 341/365. 
Cancelling all prime factors less than 6 from the denominator, this leaves 73. 


But if M is a 19-manifold such that the denominator of A(M) is 73, then 
the first 73 manifolds 


must be pairwise distinct. (Alternatively, if the homotopy class (f,) is 
replaced by g(f:1), 9 q< 73, then we obtain 73 different values for the 
invariant A.) Hach one represent a possible differentiable structure for the 
19-sphere. 

In conclusion, here are two unsolved problems. 


Problem 1. Does Theorem 1 imply the existence of non-standard differ- 
entiable structures on S**-? for all k= 4? I have checked this only for k 
up to 14. 


Problem 2. Is the invariant A(M***) of a homotopy sphere always a 
multiple of the invariant 


A(Mot#-2) = 


This question is of interest since, for any manifold M**-* which bounds a 
parallelizable manifold W, we have 


A(M*e-1) =1(W)/s, (mod 1), 
and it can be shown that J(W) is a multiple of 8. (Compare [7].) 
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THE PRINCIPAL THREE-DIMENSIONAL SUBGROUP AND THE 
BETTI NUMBERS OF A COMPLEX SIMPLE LIE GROUP.*? 


By Bertram KostTanv. 


1. Introduction. 


1. Let g be a complex simple Lie algebra and let G be the adjoint group 
of g. It is by now classical that the Poincaré polynomial pg(t) of G factors 


into the form, 


(1.1.1) pe(t) =IT (1+ 


t=1 


where 7 is the rank of g and the d; are odd integers. In this paper the 
integers m; (elsewhere, sometimes m;-+-1) defined by ds, =2m;-+1 will be 
called the exponents of §. No doubt one of the reasons the problem of finding 
the exponents turned out to be as difficult as it was, is that there was no way 
known by which these numbers could be determined from a direct examina- 


tion of the structure of g, particularly the root structure. The first procedure 
for extracting the exponents from the root structure of g was found by R. 
Bott. The proof of the validity of this procedure depends upon Morse 
theory.2, A second and much simpler way, which we shall presently describe, 
of “reading off” the exponents from the root structure of g was discovered 
by Arnold Shapiro. (It is interesting that Shapiro discovered the procedure 
by misinterpreting the method of Bott.) However, even though one verifies 
that the numbers produced by this procedure agree with the exponents, unlike 
the case with Bott’s method, the important question of proving that this 
“agreement” is more than just a coincidence remained open. The procedure 
is as follows: Let A* be the set of positive roots relative to some Weyl chamber 
in a Cartan subalgebra of g. If #€ At let 0(¢) be the sum of the coefficients 
of d relative to the basis of simple positive roots. Let b,; be the number 
of roots ¢ such that 0(¢) =k. Then b;,—b;,1 is the number of times k 
occurs as an exponent of g. For example, if we apply this to the case where 


* Received December 19, 1958. 
1 Research supported by Air Force Contract AF 49 (638) -79. 
* See R. Bott, “An application of the Morse theory to the topology of Lie groups,” 
Bull. Soc. Math. France, t. 84 (1956), pp. 251-281. 
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g is Lie algebra of the special linear group SL(n,C) then the fact that the 
number of matrix units e; such that 7—1—k, where l= kln—1, is 
greater by one then the number of matrix units e; such that j—1—k+1 
accounts for the fact that the exponents of 9 are 1,2,- --,n—1. 

After Shapiro informed us of this counting device for the exponents we 
observed that it could be reformulated as follows: The principal three-dimen- 
sional subalgebra a, of g is a uniquely defined (up to conjugacy) three 
dimensional simple subalgebra (TDS) of g which can be readily distinguished 
from other TDS by its properties. [It was discovered almost simultaneously 
by Dynkin and de Siebenthal (see [6] and [13]) and later used extensively 
by these authors (see e.g. [7])]. Using standard facts in the representation 
theory of a TDS it is not difficult to show that the observation of Shapiro 
is equivalent to the observation that if we decompose the adjoint representation 
of a) on g into a direct sum of irreducible representations then the number 
of irreducible components is 7 and the dimensions of these components are 
d;, 1=1,2,- - -,l, where the d; are given by (1.1.1). However, this refor- 
mulation of the procedure still does not supply a proof. 

A second empirical procedure for finding the exponents was discovered 
by H. M. Coxeter. He recognized that the exponents can be obtained from 
a particular transformation y in the Weyl group, which he had been studying, 
and which we take the liberty of calling a Coxeter-Killing transformation, 
in the following manner (see [5]): Let A be the order of y. Coxeter observed 
that (1) h satisfies hl = 2r, where r is the number of positive roots, (2) mSh 
for alli and (3) the eigenvalues of y are 11, 2,- -,1, where wo = 
A proof of (2) and (3) would provide, among other things, a proof of 
duality in the exponents m; observed by Chevalley (see [3], p. 24) since non- 
real eigenvalues of y necessarily occur in conjugate pairs. Requiring (1) 
hl—=2r as the only empirically observed fact such a proof was recently 
obtained by A. J. Coleman (see [4]). A proof that hl—2r will be given 
in this paper. A second question posed in [4] of showing that h —1-+ o(y), 
where y is the highest root, will also be settled here. 

It will be the main result of this paper to establish a direct relationship 
between the principal TDS, its adjoint representation of g, and the trans- 
formation of Coxeter-Killing. The proof that the procedure of Shapiro yields 
the exponents is then a direct consequence of this relationship. A major role 
here is played by a particular conjugate class in G, the elements of which 
we call principal elements of G. It is shown that an element of G which 
induces a transformation of Coxeter-Killing on a Cartan subalgebra is 
necessarily a principal element. On the other hand a principal element of G 
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belongs to the subgroup corresponding to a principal TDS and is sufficiently 
specialized in that subgroup so that the adjoint representation of a principal 
TDS on g is determined by its eigenvalues. That the conjugate class of 
principal elements is truly a distinguished one in G may be judged from the 
following characterization (one of several) of principal elements. Let A be 
an arbitrary regular element of G. Let & be the order of A (possibly o). 
Then k = h and k=h if and only A is principal. 

An important role is also played here by two distinguished classes of g, 
the elments of which we have, respectively, called principal nilpotent and 
cyclic (the latter name is derived from the transformation properties of such 
elements in the case when g is the Lie algebra of SL(n,C)). As is the 
case with the principal elements of G@ these elements can be given simple 
characterizations (Corollary 5.3, Theorem 9.2 and Corollary 9.3). 

In this paper §§ 1-4 are devoted to the theory of the general TDS. 
The main theorems here are Theorems 3.6 and 4.2. Both concern conjugacy 
questions. The first is an extension of a well known theorem of Jacobson- 
Morosov. A corollary of it puts the conjugate classes of TDS in g in a 
canonical one-one correspondence with the conjugate classes of nilpotent 
elements in g. The second is implicit in the proof of a weaker theorem of 
Malcev. 

In §5 the theory of the principal TDS is taken up. For the most part 
the theorems here are devoted to characterizing principal TDS among all 
| TDS and principal nilpotent elements among all nilpotent elements. The 
result here which is used most often in the remainder of the paper is 
Corollary 5. 3. 

The main results of the paper are given in §§ 6-9. 


2. Preliminaries and the complex three dimensional simple Lie algebra. 


1. Let g be a complex semi-simple Lie algebra. Let n and 1 be respec- 
| tively the dimension and rank of g. As usual the linear transformation 


[x,y] 


| is designated by adz and x—ad~z is the adjoint representation of g on itself. 
. If u is a Lie subalgebra of g the mapping «—>adz for x€ u will be called 
| the adjoint representation of u on g. We distinguish two types of elements 
» ing. An element x€ g is called nilpotent if ad is nilpotent and is called 
] semi-simple if ad z is completely reducible, that is, (since we are dealing with 
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g is Lie algebra of the special linear group SL(n,C) then the fact that the 
number of matrix units e; such that 7—i—k, where l= klin—1, is 
greater by one then the number of matrix units e; such that j7—i—k+1 
accounts for the fact that the exponents of 9 are 1,2,- - -,n—1. 

After Shapiro informed us of this counting device for the exponents we 
observed that it could be reformulated as follows: The principal three-dimen- 
sional subalgebra a, of g is a uniquely defined (up to conjugacy) three 
dimensional simple subalgebra (TDS) of g which can be readily distinguished 
from other TDS by its properties. [It was discovered almost simultaneously 
by Dynkin and de Siebenthal (see [6] and [13]) and later used extensively 
by these authors (see e.g. [7])]. Using standard facts in the representation 
theory of a TDS it is not difficult to show that the observation of Shapiro 
is equivalent to the observation that if we decompose the adjoint representation 
of a) on g into a direct sum of irreducible representations then the number 
of irreducible components is / and the dimensions of these components are 
d;, 1=1,2,- - -,l, where the d; are given by (1.1.1). However, this refor- 
mulation of the procedure still does not supply a proof. 

A second empirical procedure for finding the exponents was discovered 
by H. M. Coxeter. He recognized that the exponents can be obtained from 
a particular transformation y in the Weyl group, which he had been studying, 
and which we take the liberty of calling a Coxeter-Killing transformation, 
in the following manner (see [5]): Let h be the order of y. Coxeter observed 
that (1) A satisfies hl = 2r, where r is the number of positive roots, (2) m;Sh 
for alli and (3) the eigenvalues of y are 1, 2,- - -,1, where w = 
A proof of (2) and (3) would provide, among other things, a proof of 
duality in the exponents m; observed by Chevalley (see [3], p. 24) since non- 
real eigenvalues of y necessarily occur in conjugate pairs. Requiring (1) 
hl 2r as the only empirically observed fact such a proof was recently 
obtained by A. J. Coleman (see [4]). A proof that hl—2r will be given 
in this paper. A second question posed in [4] of showing that h = 1 -+ o(y), 
where y is the highest root, will also be settled here. 

It will be the main result of this paper to establish a direct relationship 
between the principal TDS, its adjoint representation of g, and the trans- 
formation of Coxeter-Killing. The proof that the procedure of Shapiro yields 
the exponents is then a direct consequence of this relationship. A major role 
here is played by a particular conjugate class in G, the elements of which 
we call principal elements of G. It is shown that an element of G which 
induces a transformation of Coxeter-Killing on a Cartan subalgebra is 
necessarily a principal element. On the other hand a principal element of G 
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belongs to the subgroup corresponding to a principal TDS and is sufficiently 
specialized in that subgroup so that the adjoint representation of a principal 
TDS on g is determined by its eigenvalues. That the conjugate class of 
principal elements is truly a distinguished one in G may be judged from the 
following characterization (one of several) of principal elements. Let A be 
an arbitrary regular element of G. Let & be the order of A (possibly oo). 
Then k= h and kh if and only A is principal. 

An important role is also played here by two distinguished classes of g, 
the elments of which we have, respectively, called principal nilpotent and 
cyclic (the latter name is derived from the transformation properties of such 
elements in the case when g is the Lie algebra of SL(n,C)). As is the 
case with the principal elements of G these elements can be given simple 
characterizations (Corollary 5.3, Theorem 9.2 and Corollary 9.3). 

In this paper §§1-4 are devoted to the theory of the general TDS. 
The main theorems here are Theorems 3.6 and 4.2. Both concern conjugacy 
questions. ‘The first is an extension of a well known theorem of Jacobson- 
Morosov. A corollary of it puts the conjugate classes of TDS in g in a 
canonical one-one correspondence with the conjugate classes of nilpotent 
elements in g. The second is implicit in the proof of a weaker theorem of 
Malcev. 

In §5 the theory of the principal TDS is taken up. For the most part 
the theorems here are devoted to characterizing principal TDS among all 
TDS and principal nilpotent elements among all nilpotent elements. The 
result here which is used most often in the remainder of the paper is 
Corollary 5.3. 

The main results of the paper are given in §§ 6-9. 


2. Preliminaries and the complex three dimensional simple Lie algebra. 


1. Let g be a complex semi-simple Lie algebra. Let n and 1 be respec- 
| tively the dimension and rank of g. As usual the linear transformation 


is designated by adz and x—adz is the adjoint representation of g on itself. 
If u is a Lie subalgebra of g the mapping a—>ad-«x for «€ u will be called 
the adjoint representation of u on g. We distinguish two types of elements 
ing. An element x€ g is called nilpotent if ad is nilpotent and is called 
semi-simple if ad x is completely reducible, that is, (since we are dealing with 
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complex numbers) if ada is diagonizable.* Only the zero element is both 
nilpotent and semi-simple. 

We recall that any element z contained in a Cartan subalgebra } Cg 
is necessarily semi-simple and conversely every semi-simple element may be 
embedded in a Cartan subalgebra. (See e.g. [8], p. 119). 

For any element x€g let g* designate the kernel of adz. We recall 
that x is called regular when z is semi-simple and g? is a Cartan subalgebra, 


2.2. Let G designate the adjoint group of g. Since this is the only 
group associated with g that we shall consider the operation of exponen- 
tiation (Exp) will be always understood to go from g to G. 


Elements z and y in g are called conjugate if there exists A € G such 
that Ar = y. 


2.3. The simplest complex semi-simple Lie algebra (up to isomorphism) 
is a;, the Lie algebra of all complex 2 X 2 matrices of trace zero. In this 
case n==3 and 11. One knows that any three dimensional complex semi- 
simple Lie algebra is isomorphic to aj. 

By conjugating any element of a, into Jordan canonical form the 
following is apparent: 


(a) every non-zero element in a, is either semi-simple or nilpotent, 

(b) the set of all non-zero nilpotent elements in a, form a single con- 
jugate class, 

(c) if z,y€ a, are semi-simple, x0, then y is conjugate to a unique, 
up to sign, scalar multiple of z. (Note also that the set of non-zero semi- 
simple elements coincides with the set of regular elements in a,). 


2.4. Let q be a 3-dimensional complex simple Lie algebra. We recall 
further facts in the structure theory of a. Let x€a be a regular element. 
Then the eigenvalues of ad # are a, 0 —a for some non-zero complex number 4. 
We may modify z by scalar multiplication so that a and —a take the values 1 
and —1. This defines z uniquely up to conjugacy. We thus isolate a 
particular conjugate class in a. We thus isolate a particular conjugate class 
in a. The elements in this class will be called mono-semisimple. 


Let x€ a be a mono-semisimple element. Let e,€ a be a non-zero eigen- 


*It is not difficult to show that this very same definition [of semi-simple and nil- 
potent elements] may be achieved using any faithful representation of g in place of the 
adjoint representation. This follows, e.g., from Lemma 5.4 and well known facts in 
the representation theory of g. 
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vector of ada for the eigenvalue 1; e, is unique up to a non-zero scalar. 
Then e., an eigenvector of adz for the value —1, is uniquely determined 
by condition [e,,e.]—2z. One thus has the commutation relations 


(1) [z, é,] 
(2.4.1) (2) [a,e]——e 
(3) Le., e_] 


for the basis z, e,, e. of a. 


When aa, the elements z, e,, and e. may be realized by the 


0 0 0 
— 9-3 — Q-4 


For each positive integer d there exists up to equivalence one and only 
one linear irreducible representation of a having that dimension. (For a 
complete treatment of the representation theory of a, see [12, Exposé no. 10].) 
To describe an irreducible representation zq of g on a d-dimensional vector 
space V first define the number & by the relation d=2k+1. It is of course 
to be noted that & is an integer if and only if d is odd. We may then find 
a basis =k, k—1,- - -,—-k of V, where the vectors are each unique up 
to a scalar factor, satisfying the following condition: 


The behavior of wa(e,) and wa(e_) on the one dimensional spaces (v;) 
is given by 
ma (es) = 
ma (e-) (vj) = 


where vy,,—=U»1—=0. Thus v; is an eigenvector for wa(e,)ma(e_) and 
where in fact 


3 (kK +1) (k +9) 0; 
and 


mwa $(k (kK +79 


It follows that with respect to the ordering v;,v,4,° * *,v-~ of the basal 
elements, when the latter are suitably modified by scalar multiplication, one 
obtains for wa(e,) and the matrices 
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k—1 


0 


0 (1(2k)): 
0 (2(2k—1))3 
0 
wa(€,) = 25 


0 (2k(1))8 
0 


0 


0 0 
(1(2k))4 0 
(2(2k—1))* 0 


0 (2k(1))3 0 


Several facts are to be noted. Among those we shall require are 


(a) The dimension d of V is odd or even according as the eigenvalues 
of zqa(x) are all integers or all half-integers.* 

(b) The eigenvalues of q(x) all occur with multiplicity 1 and the 
real number j is an eigenvalue of wa(z) if and only if d—(2|j|+1) isa 
non-negative even integer. 

(c) The number k, where 2k+ 1d, may be characterized as the 
highest eigenvalue of za(z). Furthermore, the one-dimensional eigenspace 
for this eigenvalue k may be characterized as the kernel of za(e,). 


Now assume z is an arbitrary, not necessarily irreducible, representation 
of a on the finite-dimensional vector space V. One knows 2 may be decom- 
posed into a direct sum of irreducible representations. It follows then that 
one knows z up to equivalence as soon as the dimensions of the irreducible 
components of z are given. That is, if n, denotes the number of such com- 
ponents having dimension 2k-+ 1, then a is given when the sequence m, 
k =0,4,1,- - - is known. 


“We use the word half-integer to designate all numbers of the form m + 3, whele 
m is an integer. 
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(d) The problem of finding the sequence n, can be reduced to an 
investigation of the kernel WC V of x(e,). In fact, it follows from (c) that 


dimW =n 


Furthermore W is stable under x(x) and if w€ W is any eigenvector of r(z), 
w may be embedded in an irreducible component of z. Hence if k,, 
are the eigenvalues of +(x) on W, the dimensions of the irreducible com- 
ponents of are respectively 2k, ++ (Note that the 
k, are non-negative. ) 


(e) The space V admits a canonical direct sum decomposition 


V=VE+ V9, 


where V¥ is spanned by eigenvectors of x(x) belonging to half-integral eigen- 
values and V® is spanned by eigenvectors of r(x) belonging to integral eigen- 
values. It follows immediately from (a) that V¥ and V® are both stable 
subspaces for the representation + and that in the complete reduction of | V# 
only irreducible representations of even dimension appear and the complete 
reduction of «| V® yields only irreducible representations of odd dimension.*® 


(f) Now let V; be the eigenspace of r(x) for the eigenvalue 7. Clearly 
dim V; dim V_;. Furthermore, if 7 is non-negative, it follows from (b) 
that 

dim Vj = nj + nj + 

The statement (f) has the following 2 consequences: 

(g) The dimension of Vo, that is the dimension of the kernel of r(x) 
(nullity of r(x)), equals no+n,+n.+: 

(h) If 7 is non-negative, 

dim V; — dim V;,, = nj. 
Finally, we shall require 


(i) If is the maximal eigenvalue of x(z), 


2k 
V= 


p=-2k 


2k 
is a direct sum and > Vp/2 lies in the range of x(e,). 


SIf mr is a representation on a vector space V and U C V is stable under =, then 
«|U denotes the representation on U obtained by restricting r to U. 


= 
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3. Nilpotent elements and TDS. 


1. Let g be a complex semi-simple Lie algebra. Consider the question 
of determining all three dimensional simple subalgebras (TDS) in g. If 
aCg is a TDS, then by considering the adjoint representation of a on g 
it follows from the representation theory of a outlined in § 2.5 that any nil- 
potent element of a is necessarily nilpotent in g and any semi-simple element 
of a is a semi-simple element of § (Also see footnote 3). Since a has only 
semi-simple and nilpotent elements (see § 2.3(a)), the question arises (1) 
which nilpotent and semi-simple elements of g can be embedded in a TDS 
and (2) how does one find all such subalgebras. We shall first consider the 
case of nilpotent elements. 

A theorem of Morosov asserts that every nilpotent element of g can be 
embedded ina TDS. (See [11].) However, his proof was incomplete. Later 
in [9] Jacobson gave a correct proof of this result. Since the proof leads 
into Theorem 3.6, we shall give it here. The proof requires Lemma 3.3. 
With the exception of the proof of Lemma 3.3 the proof is the same as the 
one given by Jacobson. 

3.2. A famous result of Jacobson asserts that if A and B are linear 
transformations on a finite dimensional space V with the condition that [A, B] 
commutes with A, then [A,B] is nilpotent. If in addition A is assumed nil- 
potent, the following lemma (which is no doubt known) asserts that AB is 
nilpotent. 

Lemma 3.2. Let A and B be linear transformations on a finite dimen- 
sional space V. Assume A ts nilpotent and 


Then AB is nilpotent. 


Proof. Let V* be the kernel of A*. We wish to show AB leaves V* 
invariant. The result is obvious if k—0O. Assume the result is known to be 
true for k—r. Let re 


BAz. 
Apply A’** to both sides. Then 


A™(AB)a=[A,B]A™2 + A™BAz 
+ A"(AB) Az. 


But Az€ and by our assumption (AB)Are V". Thus Ar(AB)Ar=0. 
Hence ABre 
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Assume AB is not nilpotent. Then there exists a scalar A, A0 and a 
vector z€ V, x0 such that 


(3. 2. 1) ABr = 


Let k be the smallest integer such that ze V**?. 
Now 
A*ABr = A*[A, B|x + A*BAz. 


But A*B = BA*+k[A,B]A**. Thus 
A*BAz = BA*z+k[ A, Bl 
=0+4k[A, B]A*z. 
Hence 
A*ABr = (k +1)[A, B]A*z. 


But by (3.21) 
A*ABr = 


Hence [A, B]A*a = (A/k +1) 
Since A*x 4 0, this contradicts Jacobson’s lemma asserting the nilpotence 
of [A, B]. Q. E. D. 


3.3. Now for any 27,y€g let 
(v7, y) =tradzady 


be the Cartan-Killing bilinear form B on g. Using the non-singularity of 
B on g we can now prove the following lemma. Lemma 3.3 is crucial in the 
proof that any nilpotent element e€ g can be embedded in a TDS of g. 

It is clear that if e is contained in a TDS then e must lie in the range 
of (ade)? since according to §2.3(b), e can play the role of e, in the 
commutation relations (2.4.1). In particular, it is interesting enough to 
observe then that for any non-zero nilpotent element e, (ade)*=40. (The 
degree of nilpotency of ade is greater than 2.) 


LemMA 3.3. Let e€ g be a nilpotent element. Then e ts in the range 
of (ade)?. 


Proof. The invariance of B under the adjoint representation implies 
that, for any z€ g, adz is skew-symmetric with respect to B and hence (ad z)? 
is symmetric. In particular, this is true for ze. But now if A is a sym- 
metric operator (with respect to B) on g and if Ry and K, are, respectively, 
the range and kernel of A, then 


Ks) =0 
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By the non-singularity of B, then, to show an element z lies in R,, 
it suffices to show (z,y) =O for all y€ Ka. Letting A = (ade)?, to prove 
the lemma it suffices to show that 


(3. 3.1) [e, Le,y]] =0 
implies 
(e, y) = 0. 
But under the adjoint representation (3.3.1) becomes 


[ad e, [ad e, ad y]] —0. 


Since ade is nilpotent, we apply Lemma 3.2 to assert that adeady is 
nilpotent. But then by definition of B it is clear that (e,y) =0. Q.E.D. 


3.4. By Lemma 3.3, e may be written as 
(3.4.1) [[f,el,e] =e 
for some f€g. Let r—[f,e] so that [z,e] =e. 


Lema 3.4. Let g°@ be the kernel of ade. Then g¢ is invariant under 
adz. Furthermore if m is the smallest integer such that (ad e)™** =0, then 


Il (ad p/2) 
p=0 


vanishes on 
Proof. The space (ade)?g is the range of (ade)?. We define a sequence 
of subspaces d, of g*, p—0,1,- - -,m-+1, where 


(3. 4. 2) C: --Caumd, 


by letting 
Dp = (ad e)?9g N g?. 


First observe that g° is invariant under ada. Indeed, if y€ g?, 
Le, [z, [Le, «], y] 
Le, y) 
== (0). 
We now show that 
(3. 4.3) (ad p/2): dp— 
Let y€ dp. Then y= (ade)?z for some z€g. Now since [z,e] =e clearly 


[ad z, (ad e)?] p(ade)?. 
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[ad a, (ade)?]z = py, 


[2, y| (ad e)®[z, z] 
(3.4. 4) = (ade)?[[f, e]z] 


= (ade)?**[z, f] + (ade)? ad f[e, 2]. 
But 


[ (ad e)?, ad f'] (ad e)* ad 
i=0 
= 4p(p—1) (ade)?*— pad a(ade)?. 
Applying this to [e,z] we obtain 
(ad e)? ad f[e, z] f(ade)?[e, z] 
+ 4p(p—1) (ade)?2— (ad 
= 3p(p—1)y—plz,y]. 
But then (3.3.4) becomes 


(p+1)[2,y]—tp(p+1)y= (ade)? [z, f] 


[x,y] — € 
This proves (3.4.3). It then follows immediately from (3.4.2) that 


IT — p/2) 
p=0 
vanishes on g°. Q. E. D. 
It is an immediate consequence of Lemma 3.4 that adz is completely 


reducible on g° and that its eigenvalues are restricted to non-negative integers 
and half-integers. In particular, what is essential for us at this point is 


3.4. The linear transformation is non-singular 
on 


We can now prove 


THEOREM 3.4 (Jacobson-Morosov). LHvery nilpotent element of a com- 
plex semi-simple Lie algebra can be embedded in a TDS. 
Proof. Let e be nilpotent, e0, and let f and z be defined as in § 3. 4.° 


* The theorem holds when e = 0 once we know the existence of a single TDS. The 
existence of a TDS follows from the proof since g contains non-zero nilpotent elements. 
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In case [x,f] —-—f we would be done, that is, z, e, f would satisfy the 
desired commutation relations. The problem is to modify f so that this 
relation is satisfied without destroying the relation (3.4.1). Even if 
[z,f] +f 0 we still have 


([z,f]+f,e] =0 


as one easily checks. Thus [z,f]-+f€g*. But now by Corollary 3.4, since 
adz-+1 is non-singular on g’, there exists a unique g€ g® such that 


Then writing e, for e and letting e-—f—g it follows that 


[z, e,] =e, 
(3. 4. 5) e_] —=—e_ 
[e,, ¢-] == 2. 


This proves Theorem 3.4 as soon as one notes that z, e, and e_ must be 
linearly independent. 


3.5. Any set of non-zero elements z, e, and e_ in g satisfying the 
commutation relations (3.4.5) will henceforth be called an S-triple (to be 
written {z,e,,e_}). The element z will be called the neutral element of the 
S-triple and e, (resp. e_) will be called the nil-positive (resp. nil-negative) 
element of the S-triple. It is obvious that the elements of an S-triple form 
a basis of a TDS. Two S-triples are called conjugate if there exists A € G 
which carries one set onto the other. 

Given a non-zero nilpotent element e € g we wish now to find all S-triples 
which contain e as the nil-positive element. (By §2.3(b) this yields all 
TDS which contain e). 

First we note the following corollary of the proof of Theorem 3. 4. 


CoroLtLary 3.5. Let e€ g be nilpotent, e0, then x and e are respec- 
tively the neutral and nil-positive elements of an S-triple if and only if (1) 
x is in the range of ade and (2) [2,e] =e. Furthermore if x and e satisfy 
these conditions such an S-triple system is unique (and hence x and e are 
contained in just one TDS). 

Proof. The first part of Corollary 3.5 follows from the proof of Theorem 
3.4 and the definition of x used in the proof (see (3.4.1)). To prove the 
uniqueness of the nil-negative element assume that {z,e,f,} and {z,e, f2} 
are two S-triples. It is obvious then that 


[¢, f:—fe] 
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and hence f, —f2€ g®. But 


fi: —fe] +fi—fe=0 


so that f, —f2 is an eigenvector of adx-+1 on g’. By this implies f, = fs. 
Q. E. D. 


3.6. As a consequence of Corollary 3.5 the problem of finding all S- 
triple systems containing e as the nil-positive element reduces to finding all 
elements x€ g which satisfy the conditions of Corollary 3.5. Towards this 
end define, for e€ g, the subspace 


Ge = ade(g) Ng’, 


the intersection of the range and kernel of ade. We now observe that g, is 
a Lie subalgebra of g. Indeed, g? is a Lie subalgebra of g. Therefore it 
sufficies only to show that [u,v] € ade(g) if u,v€ge Writing v= [e,w] 
we have, since u€ g°, 
[u, v] Lu, Le, 
Le, [u, w)]. 


This proves [u,v] € ge. Now let G, be the subgroup of G corresponding to 
the subalgebra g-. Note that among other things the elements of G, leave 
e fixed. We can now state 


THEOREM 3.6. Let e€ g, e400, be nilpotent. Let g, and G, be as 
above. Then the elements of ge are all nilpotent (and hence the elements 
in G. are unipotent). Let x€ g be such that x and e are, respectively, the 
neutral and nil-positwe elements of an S-triple. Then the linear coset x + g, 
of Ge ts the set of all neutral elements taken from all S-triples containing e 
as nil-positive element. Furthermore, any two elements in x-+ Qe are con- 
jugate. Moreover the conjugation can be performed by an element in G, so 
that e ts fixed under the conjugation. In fact for any AE G,, AxExr+ ge 
and the map 

Ge> Ge 


defined by making A, A € G,, correspond to Ax is one-one and onto. 


In other words (recalling Corollary 3.5) if {x,e,f} is the S-triple con- 


taining x and e, the map 
A— {Az, e, Af} 


sels up a one-one correspondence of the group Ge, onto the set of all S-triples 
containing e as nil-positive element. Furthermore Ax ranges over x + Qe. 


985 
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Proof. Assume {z,e,f} and {y,e,g} are S-tripies and e nil-positive in 
both cases while z and y are neutral. 
Since 
[z,e] =[y,e] =e, 


it follows that y—zae€g*. But clearly [e,g—f]—y—vz. That is, 
y—az€ade(g). Hence y—z€g, or yEr+ ge. Conversely, if yerx+g,, 
then clearly [y,e] =e and y€ ade(g). Thus applying Corollary 3.5 y isa 
neutral element of an S-triple containing e. 

Now according to Lemma 3.4 g¢ admits the direct decomposition 


= Bp/2, 
p=0 


where m is the smallest integer such that (ad e)™*! 0 and bp/z is the eigen- 
space of adz in g® belonging to the eigenvalue p/2. It is of course clear that 


Let a be the TDS spanned by z, e and f. Now if zq is an irreducible 
representation of a on a vector space of dimension d it is clear from § 2. 5(i) 
that the eigenspace belonging to the highest eigenvalue ($(d—1)), of za(z) 
lies in the range of wa(e) if and only if d2=2. Now decompose g into 
irreducible subspaces under the adjoint representation of a on g and apply 
this fact to the irreducible components. Recalling 2.5(d) it becomes clear 
then that the subspace g- of g® can be written 


(3. 6.2) 


and hence, in particular, adz is non-singular on ge. 

One immediate observation from (3.6.1) and (3.6.2) is that g, is a 
nilpotent Lie subalgebra of g. Furthermore, since the eigenvalues of adz on 
ge are strictly positive it is clear from a relation similar to (3.6.1) that adw 
is nilpotent for every w€ ge.’ That is, the elements of adg, may be simul- 
taneously triangulized with zeros appearing along the diagonal for every 
element. It follows then from well known facts concerning linear nilpotent 
Lie algebras that in such a case G, is closed, simply connected—that is, G, 
is homeomorphic to Euclidean space—and the exponential map 


Exp: Ge 


"That is, if g, is the eigenspace of ada on g for the eigenvalue j then clearly 
by] C 


i 
m 
Ge = a 
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is one-one and onto. That is, every A € G, may be uniquely written A = Exp w 
for a unique w€ ge. But then 


(3.6.3) Ac=2+ [w,2] + $[w[w,2]] 
Since ge is stable under adz and since g, is a Lie subalgebra, all terms 
starting from the second on the right side of (3.6.3) lie in ge so that 


Ar€ 
Now let v€g-. Assume that there exists a unique element w;€ ge such 


that (1) 


Wj 
p=1 


and (2) 
Exp w;(z) — € bye 


p=jr+1 


Now let zj,; be the component of Exp w;(x) — («+ v) in Byj1ye. Then 


Wj + (2/7 + 1) 
it is clear that [w;.1.,2] =[w;,x]—21.. On the other hand, for 1>1 it 
follows from (3.6.1) that the components of (ad w;,,)*a and (ad wy;)‘z in Dg/2 
are the same for alls=j7+1. Thus 


Wixi € bs2 
g=1 


8=j+2 


and furthermore that in satisfying these conditions wj;,, is unique. If we 
define w,—=— 2v;, where v; is the component of v in b;, then w, uniquely 
satisfies (1) and (2) when 71. Thus we have proved inductively that 
there exists a unique w€ ge such that 


Exp 2. Q. E. D. 


Note. It is useful to observe that the proof, above, of the statement 
that Ax ranges over x+ gq, when A ranges over G, depends essentially on 
just two facts, (1), the nilpotence of ge and (2), the non-singularity of adx 
ON Ge. 

We can now supplement Theorem 3.4 with 


CoroLuary 3.6. Let e€ g be nilpotent, eA0, and assume e€ ao, 
where a, and a, are two TDS. Then a, and az are conjugate to each other. 
Furthermore, the conjugation can be chosen so as to leave e fixed. 


t 
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Proof. According to §2.3(b) we may find two S-triples each containing 
e as nil-positive element and which, respectively, are bases for a, and aq, 
Corollary 3.6 then follows immediately from Theorem 3.6. Q. E. D. 


3.7%. Corollary 3.6 is actually just a special case of the following 
corollary. The set of all TDS in g breaks up into conjugate classes under 
the action of G. Concerning these classes we have 


CoroLLary 3.7%. The conjugate classes of TDS in g are in a natural 
one-one correspondence with the conjugate classes of non-zero nilpotent 
elements in g. The correspondence is established by associating to the con- 
jugate class of a, a TDS in g, the conjugate class of any non-zero nilpotent 
element in a. That is, two TDS a, and az are conjugate if and only tf e, 
and e, are conjugates, where e,€ 1, €2€ Az and e,, @2 are non-zero nilpotent 


elements. 


Proof. Follows immediately from § 2.3(b), Theorem 3.4 and Corollary 
3. 6. Q. E. D. 


4. Semi-simple elements and TDS. 


1. We now consider the semi-simple elements of a TDS and take up 
questions of conjugacy. Let {2,e,,e_} be an S-triple with z and e,, respec- 
tively, as the neutral and nil-positive elements. We wish first to determine 
all S-triples which contain x (necessarily as neutral element). Let a be the 
TDS spanned by 2, e, and e.. By considering the adjoint representation of a 
on g it follows from § 2.5 that the eigenvalues of adz on g are integers and 
half-integers. In fact, recalling §2.5(f) and §2.5(i), if gp/2 is the eigen- 
space of adz for the eigenvalue p/2 and if k is the maximal value of ada, 
then 

dim Qp/2 = dim g-»/2 


and 
2k 


G= 
p=-2k 
In this case, however, we have the addtiional relation 


Since we are concerned with S-triples containing 2, interest focuses on (i 
since any nil-positive element in an S-triple containing x obviously belongs 
to g:. In particular, e,€ g,. The question arises which other elements of 4; 
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belong to S-triples containing z and whether such S-triples are conjugate to 
{z,e,,e-}. To settle this question we first consider go— gQ’. 

It follows immediately from (4.1.1) that g? is a Lie subalgebra. Let 
G* be the subgroup of the adjoint group corresponding to the subalgebra g?. 
It also follows from (4.1.1) that each of the subspaces gp/z is stable under 
the adjoint representation of g* on g and hence these spaces must be stable 
under G*. We are particularly interested in the action of G* on 4). 


4.2. Now for each element e€ g, it follows from (4.1.1) that 
adé@: go 


Let T, be the restriction of ade to go. Our interest now centers on what 


will be shown to be an important subset of g:. Define 
G1 = fe€ g, | maps go onto g;}. 
That is, e€ Gg, if and only if the rank of 7, equals the dimensions of 4). 
We now observe 


Lemma 4.2A. A necessary condition that an element e€ g, be the 
nil-positive element of an S-triple containing x is that e€ G,. In particular, 


€,€ Gi. 


Proof. Indeed, assume e and z belong to an S-triple. Let a’ be the 
TDS which contains e and xz. If we apply §2.5(i) to the adjoint represen- 
tation of a on g it follows that g, is the range of ade. On the other hand, 
it is clear from (4.1.1) that ade(g) N g:=ade(go) Mg:. Hence 7, must 
map go onto gq. Q. E. D. 

The following topological properties of g, are needed for the proof of 
Theorem 4.2 (Here one is inspired by the use of regular elements in the 
usual proof of the conjugacy of any two Cartan subalgebras.). 


Lemma 4.2B. The set g, is an open, dense and connected subset of Q. 


Proof. It follows from Lemma 4.2A that g, is not empty (e,€ g:). 
Choose a basis of go and a basis of g,. For any e€ g; set 7° equal to the 
dim go X dim g, matrix determined by 7, and the given pair of bases. It is 
clear then that g, is the set of all e€ g, such that at least one dim g, X dim q, 
minor of 7,° is not zero. But it is an easily verified general fact that if F, 
j=1,2,--+,m, are m non-zero polynomials on a complex vector space V 
then the complement V to the set of common zeros in V of all the F; is open, 
dense and connected. Indeed, if w€ V and ve V, then there are only a finite 


J 
> 
J 
> 
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number of complex scalars A such that F;°(A) = Fj(Au + (1—A)v) vanishes 

for at least one j. Q. E. D. 
Now observe that g, is invariant under G*. The major point in the 

proof of Theorem 3.4 is the observation contained in the following lemma. 


Lemma 4.2C. Let e€ §,; then the orbit Ge of e under the action of 
G* is an open subset of gi (and hence of @:). 


Proof. The mapping A— Ae of G* into g; is analytic. Thus it suffices 
to show that the differential of this mapping carries the tangent space to @ 
at 1 onto the tangent space of g, at e. But the image of the former, under 
the differential, when translated to the origin of g, is just the subspace 
adg*(e) of g,. But gp, and since e€ g;, this space coincides with 4q,, 
by definition of g,. Thus Ge is open in q;. Q. E. D. 

We have shown Ge is open in g, for any e€ G1. But for e,,e2€ gi, Ge, 
and Ge, are the same sets or else they are disjoint. But this fact taken 
together with Lemma 4.2B (the latter asserting the connectivity of 4.) 
implies that there can be at most one orbit. That is, g, is itself a single orbit 
of G*. 

But then recalling Lemma 4.2A and observing that z is fixed under the 
action of G* we see that the following theorem has been proved. 


THEOREM 4.2. Let x€ g be the neutral element of an S-triple {2, e,, e_}. 
(See §3.5.) As m §2.1 let g* be the centralizer of x in g and let G* be the 
subgroup of G corresponding to g’. 

Define 

= {e€ g | [z, e] =e}. 

Then 
(4. 2.1) ade: q, 
for any e€ gy. 

Let e€g. Then e and « are, respectively, the nil-positive and neutral 
elements of an S-triple if and only if (1) e€ g, and (2) the map (4.2.1) 1 
onto. Moreover, any two S-triples which contain x are conjugate to each 
other and the conjugation can be performed by an element in G?. 

In other words, tf 


Gi = {e € g, | (4.2.1) is an onto map} 


then g, is the conjugate class of e, wnder the action of G*. That is 


Ge,. 
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Furthermore, Q, coincides with the set of all nil-positive elements taken 
from all S-triples having x as neutral element. 


The statement of Theorem 4.2 gives a complete and simple description 
of the set of all nil-positive elements which “go” with a given neutral 
element. However, it is implicitly contained in Malcev’s proof of the fol- 
lowing corollary. Furthermore our proof of Theorem 4.2 although found 
| without knowledge of Malcev’s proof of Corollary 4.2 (yet with the knowledge 
that it had been proved) amounts to only a technical simplification of Malcev’s 
proof. 

Corollary 4.2 provides the basis by which all the TDS in any complex 
simple Lie algebra have been classified (see [7], §8). 


CoroLLARY 4.2 (Malcev). Two TDS in g are conjugate tf and only 
if any mono-semisimple element of one is conjugate to any mono-semisimple 
element of the other (see [10]). 


4.3. Now, continuing with the notation of §4.1 and § 4.2, the subset 
j: in g, is of course only a part of the conjugate class of e, in g. It does 
/ not seem likely that one can give a simple description of the entire class. 
Nevertheless, it is easy to describe a part of this class which is yet larger 
| than g, (see Theorem 4.3, Theorem 4.3 is required for the proof of Theorem 
5.38) and we shall do this now. 

For any ¢=0,1,- -, 2k let 


2k 
Ntj2= Gp/2- 
p=t 


It is clear from (4.1.1) that m/z is a Lie subalgebra of g. Let M+4,2 be 
the subgroup of G corresponding to 14/2. We now have, in terms if the pre- 


ceding notation, 


THEOREM 4.3. The orbits Nox and Noe, of e, and x under the action 
of the group N, are as follows: 


Noe, = G1 + ny. 


and 


In fact, G* is a subgroup of No and Ny, is a normal subgroup of No. 
Moreover, the elements of Ny; are unipotent linear transformations of g. 
Furthermore, N. can be written as a semi-direct product 


No N, 


| 
| 
| 
| 

13 
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(every element N, is uniquely written C= AA’, where A€ Nj, A’€ G2) 


and the correspondence 


sets up a one-one mapping of N, onto x+- ny while the correspondence 
A— Ae, 
defines a mapping of N, onto e, + ng. 


Proof. Since no = g* + ny is a semi-direct sum (that is, [g”, n,] Cn,) 
it follows that every element C'€ N, can be written, C—AA’, where A€N, 
and A’€ G*. On the other hand, if A€ Ny and y€ gtjz, then Ay=y+u, 


2k 

where w€ 3S Qp/o. This implies A is unipotent. It also implies that NV, G? 
p=t+1 

= (1)and hence N, is a semi-direct product of N, and G*. Now observe that 


ny is stable under adz and adv is non-singular on n;. The proof that the 
correspondence A—> Aw sets up a one-one mapping of N, onto x-+ n, then 
proceeds in essentially the same way as the proof of Theorem 3.6 (Recall 
that and see the note following Theorem 3.6) and we 
shall not repeat it. On the other hand, one cannot claim that the mapping 
of N, into e,-+ ng defined by the correspondence A — Ae is one-one. This is 
because ade, annihilates non-zero elements in ny. But ade, maps gp, into 
G(p/2)+1 and applying 2.5(i) to the adjoint representation of a on g it follows 
that 
ad é,: 1y—> Ng 


is an onto mapping. Proceeding then in a manner similar to the proof of 
Theorem 3.6 it follows easily that Ny is mapped onto e, + ng by the corres- 
pondence A — Ae,. Q. E. D. 

As we have remarked, Corollary 4.2 has provided the basis by which 
the conjugate classes of TDS have been classified (See [7], §8). That is if 
x is a mono-semisimple element of a TDS, we know that z is a semi-simple 
element of g and that the eigenvalues of adz are real (in fact are integers 
and half-integers). To classify the conjugate classes of TDS it suffices then 
by Corollary 4.2 to find a fundamental domain for the action of G on the 
set of semi-simple z in § such that adz has real eigenvalues and determine 
which in the domain are mono-semisimple elements of TDS. The Weyl 
chamber is such a domain and we shall presently consider it. 

(In view of Corollary 3.7 for the purposes of classifying conjugate classes 
of TDS it might be well to look for natural representative elements for the 
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conjugate classes of nilpotent elements. To my knowledge no such investi- 
gation has been undertaken). 


5. The principal TDS. 


1. Let }Cg be a Cartan subalgebra which we shall assume is fixed 
once and for all. Let A be the set of roots with respect to h and let eg, ¢€ A 
be representative root vectors so that we have usual direct sum decomposition 


g=h+ (e¢). 
ped 


Since B is non-isngular on h, we may assume A is embedded in h. That 
is, if @€ A, then ¢ may be identified with an element in f by the relation 


[x, eg] = (x, eg. 
for all e€ §. One knows then if eg and e_¢ are normalized only in so far as 
(5.1.0) e-¢) = 1, 
as we shall assume, then 
(5.1.1) e-¢] 


Now let §* be the real linear space in h spanned by the roots. One 

knows that 
+ 

isa real direct sum. We recall that B is positive definite on h* (see e.g. [12], 
p. 10-04). In particular then, (z,¢) is real for all e€ h* at all ¢€ A. This 
means h* can be characterized as the set of all elements 2€ such that adz 
has real eigenvalues. 

Hereafter, if Y is any subset of we will let Y* = Y 1 

Now for any € A let 


h[o] = {x€ h | (4,2) = 0}. 


Then, clearly, if R is the set of all regular elements in §, 
R* —h—U 
geA 


The connected components of R* are called open Weyl chambers. Now assume 
a lexicographical ordering is given in h*. Let At (resp. A-) be the set of 
positive roots (resp. negative roots). The ordering distinguishes a particular 
| Open Weyl chamber D° which can be defined by 


= {x€ h* | > 0 for all A*}. 


| 
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The closure D of D® is called a Weyl chamber. It can be defined in the same 
way as D° except that one replaces the strict inequality > by the inequality 
=>. The set D is a fundamental domain for the action of G on the set of all 
semi-simple elements y in g such that ady has real eigenvalues. That is, if y 
is such an element there exists one and only one ([12], p. 16-08 and [7], 
Lemma 8.2) element z in D which is conjugate to y. 

Now let Il = {a,, -,a@,} be the set of simple positive roots. The 
simple positive roots form a basis of § and for every root ¢, upon writing 


4=1 


one knows that the coefficients n; are integers which are all non-negative or 
all non-positive according as ¢€ At or ¢€ A~. We define the order 0(¢) of 
¢ by letting 


(5.1.2) 0(¢) = 


Obviously, if $1, d2 and ¢, + ¢2€ A, then 
(5.1.3) + $2) = 0(¢1) + 0(¢2). 

Let 1,2,: -,1, be the dual basis in h to the a;. Since 
(5.1.4) (€i, a; ) = 


it is clear that ¢,€ D. More generally, if 


(5.1.5) 


then z€ D if and only if 4a=0, 1—1,2,---,1. Indeed, 
(5.1.6) a) == aj. 


Now assume x€D is the neutral element of an S-triple {z, e,,¢-}. 
Since the eigenvalues of adz are integral multiples of 4, it follows from 
that in the expansion (5.1.5) a;—4m, for some non-negative integer m,. 
On the other hand, it is not possible for a; to be greater than 1. Indeed, since 
ad z(e_) =—-e_, it is clear that 

C_= Cobo, 
ge 
where we emphasize the summation is over negative roots. Hence it follows 
from §2.5(d) (with signs reversed. Also see Lemma 3.4) that if a; > 1, 
ad e_(€a,) is a non-zero eigenvector of ad z with the positive eigenvalue a;—1. 
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But then since z € D, this implies [e-, ea,] is a sum of root vectors for positive 
roots. This, however, clearly contradicts the simplicity of a. We have proved 
then that a, 0, 4, or 1 for i=1,2,---,1. More than this we have (see 
[7], Theorem 8.3). 


Lemma 5.1. Let the Weyl chamber D and the basis «, 1=1,2,° 
of h be given as above. Assume that x€ D is a mono-semisimple element of 
a TDS. Then 

4=1 

where for each t~1,2,:--,l, we have a4,=0, 4, or 1. Furthermore, tf 
Ty,02,° * *>%)€ D is the set (ordered) of all elements in D which happen 
to be mono-semisimple elements in at least one TDS (so that b <3"), then 
there are exactly b conjugate classes of TDS in g. In fact, tf x ts a@ mono- 
semisimple element of the TDS a for i=1,2,- --,b, then the subalgebras 
a, 1=1,2,- - -,b, are representatives of the conjugate classes. 

For each simple Lie algebra g Dynkin lists [7] which among the 3!—1 


choices are indeed mono-semisimple elements of a TDS. 


We retain the notation of Lemma 5.1. Among the elements 2, 
- + +,b there is a distinguished one. This is the case when a,;—1, 
-,l. That is, for one of the 2; all the a (in (5.15)) take the 
maximal possible value. 


Lemma 5.2. Let D and --,l, be as defined in 5.1. Let 
t€ D be given by 


(5.2.1) Lo = &. 

i=1 
Then 2) is a mono-semisimple element of a TDS 


Proof. Since the elements of a; form a basis of h*, 7) may be uniquely 
written 
Lo = D iH. 
Now let cj, 1=1,2,- be any non-zero complex numbers. 
Define 


-2.2) = Cila, 
4=1 


fo= (14/01) 


and 
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Clearly =1 for all Thus 


[2o, = 


and 


[2 fo] =—fo. 


On the other hand, since «;—@; is never a root, it follows from (5.1.1) that 


Leo, fol = Lo 


so that {2o, €o, fo} form a S-triple. Q. E. D. 

Let 2, @ and f, be as defined in the proof of Lemma 5.2. Let ay be 
the TDS spanned by the vectors. The TDS a) or any conjugate TDS is 
called (originally in [6]) a principal TDS of g. It and some of its properties 
were discovered by Dynkin and de Siebenthal (See [6] and [13]). We shall 
call the S-triple (or any of its conjugates) {2o, @, fo} a principal S-triple. 
The matrices exhibited in § 2.5 are an example of a principal S-triple in the 
Lie algebra of SL(d,C). 

One of the first properties we observe about the neutral element of a 
principal S-triple is that it is regular. In fact, x €h* and for any ¢€A 
clearly 
(5. 2.4) (Zo, =0(¢) 


(see (5.1.2)). We shall call z) or any element of g conjugate to x a 


principal regular element of g. Any element of the conjugate class of e, will 


be called a principal nilpotent element of g. 
One of the most significant ways in which a principal TDS is distin- 
guished among all TDS is in regard to its adjoint representation on g. 
For any TDS a of g let n(a), n¥(a) and n9(a) designate, respectively, 
the number of irreducible components occurring in the complete reduction 
of the adjoint representation of a on g, the number having even dimension 
and the number having odd dimension. 


THEOREM 5.2. Let abe any TDS of g. Then n(a) Zl. Furthermore 
a ts principal if and only tf n(a) =. 

Proof. Let {z,e,f} be an S-triple whose linear span is a. In fact, 
employing the notation of §5.1 we may assume r€ DCH. Since § is con- 
tained in g” (see § 2.1), obviously dimg?=/. But now according to 2.5(g) 


we have n9(a) =dimg’. Thus 


(5. 2.5) n(a) =n?(a) =dimg?=l 
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which proves the first part of Theorem 5.2. Now if a is principal z is regular 
and hence dimg*?=J. On the other hand, in this case all the eigenvalues 
of ada are integers (see (5.1.2)) so that n#¥(a) —0 (see §2.5(e)). Thus 
ifa is principal, n(a) =n?(a) =1. Now, conversely, assume n(a) =1. But 


then by (5.2.5) dim g? =/ which implies z is regular. Writing t= > aje; as 
i=l 


in $5.1, it follows then that a; or 1 for all 7. But since n9(a) =n(a), 
that is, n¥(a) 0, this means (see §2.5(e)) the eigenvalues of ada are 


all integral. Thus a; 44 by (5.1.6) and hence z = > «; so that a is principal 
4=1 


by Corollary 4. 2. Q. E. D. 
As a corollary of the proof we have 


Corotuary 5.2. Let abe any TDS of g; then n9(a) Zl. Furthermore, 
n(a)9 =1 tf and only if the mono-semisimple elements of a are regular in g. 
In case a is principal n®(a) =0. 


5.3. The following corollary of Theorem 5.2 distinguishes the principal 
nilpotent elements in the set of all nilpotent elements in g. The proof follows 
immediately from §2.5(d) and Theorem 5. 2. 


Corotuary 5.3. Let e be a nilpotent element in g; then dimg®*=l 
and dim g¢ =I if and only tf e is principal nilpotent. 


Now let {2o, ,fo} be the principal S-triple defined as in §5.2. We 
will now apply the theory of § 4.1 to this S-triple. 

First of all, since the eigenvalues of adz, are integral, we observe that 
§p/2= 0 whenever p/2 is not an integer and for 7 a non-zero integer 
(5.3.1) 


0(¢)=3 
and 


Go = b. 
We will write n for ny—=n, and § for mo. Then 
n= (eg) 
oe At 

(as is well known) is a maximal Lie subalgebra of nilpotent elements and 
$=-+n is a maximal solvable Lie subalgebra of g. Let H, N and S be 
the subgroups of G corresponding to §, n and 8. 

Recalling that 


4=1 
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where c, <0, i—1,2,: - -,1 it follows from Theorems 4.2 and 4.3 that in 
this case 


Hey = G1 = {€€ g1 | = Ga,ea,, where da, 40, 1—=1,2,- - -,1} 
ia 
and (since ng = M2) 


Seo Gi + to = {e€ n|e= > ageg, where ag 40 when 
(5. 3. 2) 
== %, - -, 1}. 

We emphasize that (5.3.2) above implies that “almost all” the elements 
in the maximal subalgebra of nilpotent elements n are principal nilpotent 
(and hence lie in a single conjugate class). 

We wish to prove now that Se, contains every principal nilpotent in n, 
that is, we have the following simple characterization of those elements in n 
which are principal nilpotent. 


~ 


THEOREM 5.3. Let nCg be the mazimal Lie subalgebra of nilpotent 
elements given by 


n= > 
At 
Let e€n, 


e= age 
pe dt 


be arbitrary. Then e ts principal nilpotent if and only if ag ~0 for ¢=4, 
4==1,2,---, 0. 

Proof. By (5.3.2) if e satisfies the condition stated in Theorem 5.3, 
then e is principal nilpotent. Conversely, let e€ n be principal nilpotent and 
assume de, = 0, for some j. 

Assume first that g is simple. Let y€ A be the highest root. We recall 

l 
two basic facts about the highest root. One, upon writing y= > qim the 
i=1 
integers q; satisfy 
(5.3.3) 
and 


(5.3. 4) o(y) > 0(¢) 


for any ¢€ A, ¢~y. Indeed, both of these facts are immediate consequences 


1 
of the following single fact: If ¢ => ta; is any root, then 
i=1 


(5.3. 5) 


0 
il 
( 
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for i=1,2,::-,/. Finally, (5.3.5) is a consequence of well known facts in 
representation theory; in fact, the adjoint representation of g is irreducible 
and by definition of y, ey is the weight vector belonging to the highest weight, 
y. One knows then that eg, for any ¢ € A, is obtained by applying polynomials 
(non-commutative) in the operators adeo,, 1=1,2,---,l, to ey. This 
proves (5.3.5). Let 


Now let a) be as in § 5.2 and consider the adjoint representation of ay 
on g. It follows immediately from §2.5(d) and (5.3.4) that (1) ey lies 
in an irreducible component 6Cg, (2) dimb—2q+1, (3) ey€b and 
(4) any other irreducible has dimension less than dimb. A direct consequence 
of these facts is that 

(ad e,) = 0 
and 
(ad = aey 
where a0. 

Now since e is conjugate to e, it follows that (ade)*440. On the other 

hand, since e€ n, it follows that for any ¢€ A we can write 


(5. 3.6) (ade) = > 
and, moreover, bs £0 implies 


0(€) 2 0(¢) + 29. 


But this together with (5.3.4) implies that (5.3.6) vanishes for all ¢4—y. 
Thus (ad e)*%(e_y) 40 and in fact, using (5.3.4) once more, 


ad ¢)4e_y =a’ ey 


for some non-zero scalar a’. Now write e—e,-+ é2, where ¢,€g, and 
Expanding (ade)*4= (ade, + ade,)% it is clear again from (5.3.4) 
that 
(ad e)?4(ey) = (ad e,)*4(ey) =a’ey. 
But for any 1, writing 
(ade,)*(ey) = b’ge¢, 
EeA 


it follows that since d@g,—=0, one can have b’s 40 only when upon writing 


é= 
4=1 


t 
ut 
3, 
ll 
ne 
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we have t;—=—gq,;. In particular, setting 1—2q this means q;—=—4q; or 
gj=0. This contradicts (5.3.3) and hence Theorem 5.3 is proved when g 
is simple. The general case follows immediately upon writing g as a direct 
sum of its simple ideals. The component of e in each ideal is necessarily 
principal nilpotent in that ideal by Corollary 5.3. Q. E. D. 


5.4. A theorem proved in [1] (See [1], Remark p. 66.) asserts that 
every solvable subalgebra $, of g is conjugate to a subalgebra 8’, of 8. If in 
addition it is assumed that the elements of 8, are all nilpotent (hence 8, isa 
nilpotent Lie algebra by Engel’s theorem), it is clear then that 8’, Cn. 
In particuar, it follows then that every nilpotent element e€ g is conjugate 
to some element e’€ n. Actually, we don’t need the result of [1] referred 
to above to prove this. For completeness, we observe that this follows from 
Lemma 5.1. 


LemMMA 5.4. Any nilpotent element e€ g ts conjugate to an element 
even. 


Proof. Applying Theorem 3.4 it suffices only to show that the nil- 
positive element of any S-triple containing 2z; (using the notation of Lemma 
5.1) as neutral element lies in n. But this is clear since z;€ D. That is, 
for A, (2zj,¢) = 1 implies ¢€ At. 

As a corollary to Theorem 5.3, its proof, and Lemma 5.4 we obtain 
another characterization of principal nilpotent elements in case g is simple. 


COROLLARY 5.4. Assume g is simple. Let w be the highest root and 
let q=o(y). Let e€ g be any nilpotent element. Then e ts principal nil- 
potent tf and only if (ade)**A~A0. However, if e ts principal nilpotent 
(ad e) 0, 


5.5. Corollary 3.7 sets up a natural one-one relation between the con- 
jugate classes of nilpotent elements and the conjugate classes of TDS. 
It is clear that in this correspondence the class of principal nilpotent elements 
corresponds to the class of principal TDS. Regarding the latter as distinctive 
among all conjugate classes of TDS will be given further justification then 
when it is shown that the former is distinctive among conjugate classes of 
nilpotent elements. The following corollary shows this very clearly. 


~ 


CoroLLary 5.5. The set of principal nilpotent elements (a conjugate 
class of the adjoint group G') in g forms an open, d2nse and connected subset 
of the set of all nilpotent elements in &. 


Proof. Openness follows easily-from Corollary 5.3 by choosing a basis 
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of § and considering the (n—1)X(n—1l) minors of the matrix defined by 
ade, e nilpotent, with respect to the basis. Denseness follows from Theorem 
5.3 and Lemma 5.4. Connectivity is immediate also since the set of principal 
nilpotent elements is an orbit of the group G. 


5.6. Principal nilpotent elements behave like the “regular” elements 
in the set of all nilpotent elements. That is, one can make a strong case for 
the following analogy: The set of principal nilpotent elements is to the set 
of all nilpotent elements as the set of all regular elements is to the set of 
all semi-simple elements. We cite for example Corollary 5.3 and Corollary 
5.5. In this analogy, between the semi-simple elements and the nilpotent 
elements, the Cartan subalgebra clearly corresponds to the maximum Lie sub- 
algebra of nilpotent elements (see Lemma 5.4 §2.1. Also all maximum Lie 
subalgebras of nilpotent elements are conjugate—see § 5.4). One knows that 
a regular element can be characterized by the property that it lies in one and 
only one Cartan subalgebra. Corollary 5.6 asserts that also in this regard 
the analogy still holds. 


CoroLtuary 5.6. Let e€ g be nilpotent. (One knows that e can be 
embedded in at least one maximal Lie subalgebra of nilpotent elements.) 
Then e is principal nilpotent if and only tf e lies in one and only one maximal 
Lie subalgebra of nilpotent elements of g. 


Proof. By Lemma 5.4 we may assume e€ n (using the notation § 5.4). 
Assume that e is not principal. We will prove e is contained in a second 
(different) maximal Lie subalgebra of nilpotent elements n’. Now we may 
write 

e= > ages. 
pe At 
By Theorem 5.3 since e is not principal, da,—=0 for some value of 1. But 
now it is known (and easy to verify) that 


n’ = (eg) + (¢_c,) 
pe At 


PAQ, 


isa maximal Lie subalgebra of nilpotent elements of g. (In fact, n is carried 
onto n’ by any element of G which (1) leaves ) invariant and (2) whose 
restriction to is the reflection §7.1). Obviously e€ n’. 

Now assume eé is principal. In fact, we may take e = ey, where we use 
the notation of § 5.2. Assume e)€ n’, where n’=An, A€ G. We shall use 
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the prime (’) on previous notation to indicate the effect of conjugation by A. 
Applying Theorem 5.3 to 1’ it follows that 


= 
ge At 


where ag90 for d=, 1=1,2,---,1. Now by Theorem 4.3 there exists 
A,€ N’ such that 
= de, €a,’. 
But then since z)’ (—=Az ) and A,é, are clearly the neutral and nil-postive 
elements of an S-triple (see proof of Lemma 5.2), it follows from Theorem 


3.6 that 
A, E + 


However, since x, is regular upon applying §2.5(d) and (5.1.2) in the 
case of this S-triple, it follows that g4*% Cn’. But then by Theorem 4.3 
there exists A,€ N’ such that A,Ai% =a’). But now since 2 is regular, we 
must have A,A,fJ—J’. But this of course implies h C 8’ because A,-1A,'€ 8’. 
But this means 8’ and hence n’ = [8’,8’] are stable under adh. But then 
must contain and in fact must be spanned by root vectors associated with } 


1 
(since obviously 1’ Nh—0). But = dS € andc¢~0. Thus eg, € 1", 


1—=1,2,---,l. Hence since the eg, generate n, it follows that nC’. But 


then of course n 17’. Q. E. D. 


5.7%. We continue with previous notation. 
Now consider g®, the kernel of ade. By Corollary 5.3 


dim = 1. 


In the special case when g is the set of all (J-+1)x(1+1) complex 
matrices of trace zero one sees easily that g% is a commutative Lie algebra 
(of nilpotent matrices). This and other evidence suggested to us that perhaps 
g® is commutative in the general case. However, since among other things 


“useable” basis of g® we could not settle the 


we were unable to construct a 
question using purely algebraic methods. Nevertheless, it is true that g% is 
commutative (Corollary 5.8) in the general case. The proof which we have 
found is very simple but uses limit arguments. It was Corollary 5.8 which 


orignally suggested the validity of Theorem 6.7. 


Theorem 5.7 or Corollary 5.7% may be regarded as a generalization of the 
fact that a Cartan subalgebra of a semi-simple Lie algebra is commutative. 
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TurorEM 5.7%. Let g be a complex semi-simple Lie algebra of rank 1. 
Let y€ g be arbitrary. Then gY contains an 1 dimensional commutative Lie 


subalgebra. 


Proof. It is well known that the set of regular elements in g is dense 
in g. Thus we may find a sequence y’,, n=1,2,:- - of regular elements 
converging to y. 

Now consider the Grassmann manifold of all / planes in g. This, of course, 
is compact and hence we may find a subsequence y, of the sequence y’, with 
the property yn—> y and the Cartan subalgebras g’ converge to an [-plane u 
in the Grassmann manifold. Now if w;,,i—1,2,-- -,1, is any basis of u we 
may find elements w;"€ g, n=1,2,---, such that w,"€ g@ 
and w; as n—>o for i—1,2,---,1. Since [yn,wi"] it follows 
immediately by taking the limit that uCg’. But [w,",w;"] =0. Again 
taking the limit this obviously implies u is commutative. Q. E. D. 


5.7%. Let y€g. Assume dimg’=—1. Then gy ts commu- 
tative. 

5.8. Corollary 5.7 and Corollary 5.3 imply 

CoroLtuary 5.8. Let e be a principal nilpotent element in g. Then g¢ 
is commutative. 


6. The principal element of G and the duality theorem. 


1. We shall assume from now on that g is simple. The theorems to be 
proved are either true in the general semi-simple case or can be obviously 
modified to be true in that case. The extension from the simple case to the 
semi-simple case in any event is immediate. We consider only the former 
mainly for notational simplicity. 

Recall what is meant by a compact form f of g. This may be defined 
as a real Lie subalgebra of g with the property 


(1) 
is a real direct sum. (That is, f is just a “real form” of g and 
(2) The restriction of B to f is negative definite. 
One immediate consequence of (2) is 


(a) every element of £ is semi-simple. Next we recall some facts in 
the Cartan subalgebra theory of f (which is somewhat different from that 
of g). 
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(b) If t is a Cartan subalgebra of f, then §, —t- it is a Cartan sub. 
algebra of g and = it. 

(c) A Lie subalgebra t of f is a Cartan subalgebra if and only if it is 
maximal commutative. 


An immediate consequence of (c) which we shall soon use is 
(d) Any commutative Lie subalgebra u of £ can be imbedded in a 
Cartan subalgebra of f. 


Corresponding to the adjoint operation (conjugate transpose) in the 
space of matrices we introduce a *-operation in g by defining for any z€ g 


2* 7 — 
where z is written 
for zx, y € if. 
Generalizing the notion of a normal matrix or normal operator we will 
say z€ g is normal with respect to £ whenever 


[z, 2*] —0 


Writing 2, y€ it is clear that z is normal if and only if 

It is well known of course that a normal matrix is diagonizable (semi- 
simple). The following generalization of this fact (and also of (a)) is a 
useful criterion for semi-simplicity in g. 


Lemma 6.1. Let z, an element of g, be normal with respect to a 
compact form € of g. Then z is a semi-simple element of g. 


Proof. We may write z—=x-+ iy, where iz, iy€ f. But now since z is 
normal [ix,iy] 0. Thus by (d) there exists a Cartan subalgebra t of f 
which contains ix and iy. But by (b) §6,—t-+ it is a Cartan subalgebra 
of g. But then z€ §, and hence z is semi-simple. Q. E. D. 

When the root vectors, relative to a Cartan subalgebra, are suitably 
normalized (Weyl’s normal form) Weyl has given a basis of a compact form 
of g in terms of these root vectors and the Cartan subalgebra. In previous 
sections we required no other normalization of the eg, ¢€ A, other than 


(5.1.0). We will assume from here on, unless specified otherwise (in 
Theorem 8.4), that the root vectors are normalized into Weyl’s normal form, 
with the exception that (eg,e_¢) 1 is retained in preference to (e9, ¢-9) 
—=-—1. (In such a normal form one may choose the root vectors ea, 


f 
| 
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i=1,2,:--,1, arbitrarily and hence we need not regard e, as having been 
altered). ‘Then one knows that the linear span, with real coefficients, of ih* 
and the vectors eg —e_9, teg-+ te_g for all ¢€A* is a compact form f of g. 
(See remark, p. 11-11 in [12]). One sees easily then that (eg)* = e_¢ or 


(6.1.1) ( ageg)* = 
geA ped 


for any set of complex numbers ag, ¢€ A. 


6.2. We recall now (see §6.1) that g is simple. Let ye A be the 
highest root.® Let II? CA be the subset of 1-++ 1 roots obtained by adjoining 
—y to the simple positive roots. That is, 1@—IMU (—y). The notion of 
simple root and highest root are notions which of course are relative to the 
choice of a lexicographical ordering in )* or rather to the choice of a Weyl 
chamber (see § 5.1). We will say then that the roots in are @Q-simple 
relative to the chamber D. (We shall not require the fact but it can be shown 
that the number of Weyl chambers which give rise to the same set of Q-simple 
roots is equal to order of the fundamental group of G; that is, to the order 
of the center of the simply connected covering group of G.) 

Now an element z€ g will be called cyclic if there exists a Cartan sub- 
algebra §, and a set I1,° C A, of Q-simple roots relative to some Weyl chamber 
D, in §,* such that z can be written 
(6.2.1) z= >) ages, 

where the ag, € € I1,°, are non-zero complex numbers and the eg are root vectors 
for }, corresponding to the roots €€ A,.° Cyclic elements play a major role 
in the remainder of this paper. 

If z is given by (6.2.1), observe that in effect we have formed the cyclic 
element z by adding a_y,e-y, to a principal nilpotent element, where y, is the 
highest root in A, relative to D,. It shall be shown that not only does this 
destroy nilpotency but the cyclic elements are in fact regular. First we shall 
need 


Lema 6.2. Let the cyclic elements z, 2’ € g be given by 


z= 
Bell? 


a’ ep, 
Belle? 


* The properties of y which will be required are all consequences of (5.3.5). 
* The set A, is the set of roots associated with the Cartan subalgebra };. 
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where the coefficients ag, a’g are all arbitrary non-zero complex numbers. Then 
if H is the subgroup of G corresponding to h there exists an element A€ H 
and a non-zero scalar X such that 


Proof. Let «, 1==1,2,---,l, be as in §5.1. Let y€ be given by 


1 
y = Log 
Clearly Expy€ H and 
1 
Exp y ( ) => 
4=1 


Now let c be any complex number and let 2 be given by (5.2.1). Then 
clearly 


(6.2.1) Exp(y + cz) ( 


Now let g=o(y) as in §5.3. But then 
and if b is defined by Exp y(e_y) = bey, then 60 and 
(6. 2. 2) Exp (y + (a_ye-y) =e-“%ba_ye_y. 
Now choose c so that 
— @’_y/ba_y. 
Then 
(6. 2.3) = e°a’_y. 
Hence if X= e°, A = Exp(y + cz), one has A € H and (6.2.1), (6.2.2), 


and (6.2.3) imply 
A( > ageg) =A( Q. E. D. 
Belle Belle 


An immediate consequence of Lemma 6.2 is the following theorem which 
asserts that up to scalar multiplication the set of cyclic elements forms a single 
conjugate class in g. 

THEOREM 6.2. Let z and 2 be any two cyclic elements in g. Then there 


exists a scalar 4, A340, such that z and Xz’ are conjugate to each other. 


Proof. If D, is a Weyl chamber in ,*, where §, is a Cartan subalgebra, 
there exists A € G such that Ah, =}, and AD, =D. This fact together with 
Lemma 6.2 proves Theorem 6. 2. Q. E. D. 
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6.3. Lemma 6.1 is needed solely to prove the following lemma. 
Lemma 6.3. Cyclic elements are semi-simple. 


Proof. Now if we write 


recall that the coefficients q are positive integers. (See (5.3.3)). Thus if e, 
is defined by 


1 
(qi) 
| and z, is defined by 

6, + ¢y, 


' then e, and 2, are, respectively, principal nilpotent and cyclic elements. 

To prove Lemma 6.3 it suffices by Theorem 6.2 to prove only that z, 
| issemi-simple. But to prove that z, is semi-simple, by Lemma 6.1 it suffices 
| only to prove that z, is normal with respect to f. Now by (6.1.1) 


z,* = + ey 
and 
= yx (qi) 
i=1 
But, obviously then, since y is the highest root 


Les, ey | = = 0. 
Thus 

= ey, + ey] = [e1, + [e-y, ey]. 
But 


by (5.1.1) and (6.3.1). On the other hand, of course, 
[e-y, ey] =—y. 
Thus [z,,2,*] 0 and hence z, is normal with respect to f. Q.E.D. 


6.4. To gain information on cyclic elements in general it suffices by 
Theorem 6.2 to focus attention on a single fixed cyclic element. We choose 
this element to be zo, where z is given by 


(6.4.1) Zo = + Cy. 
Here, of course, é) is given by (5.2.2). 


14 
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As in § 5.2 let ay be the TDS spanned by 2, @ and fo. Now let n, be 
the multiplicity of the irreducible 2k + 1-dimensional representation 72;,, in 
the complete reduction of the adjoint representation of a) on go. By Corollary 
5.2, nx =O if & is a half-integer and 


(6. 4. 2) l—=n+nt+n+::: 


Now it follows from §2.5(d) and (5.2.4) that the kernel g*% of ade, 
is contained in 8. On the other hand, it is obvious that gh —0. Therefore, 
since Zp € is regular, it follows that the eigenvalues of ad x, on g® are positive. 
This implies two things, (1) g@ Cn (Actually, we have already noted this 
fact—see proof of Corollary 5.6) and (2) by §2.5(d), n»=0. That is, only 
the zero element is annihilated by ada . Indeed, this also follows from 
§ 2.5(h) which asserts 


No dim Jo dim qi 
== (). 
For the present we direct our attention to the first fact, g¢ Cn. 


Let n* be the maximal Lie subalgebra of nilpotent elements given by 


> (¢4). 


pe At 


Then, of course, 
(6. 4.3) g=—n*+h+n 
is a direct sum decomposition. We shall let p (resp. p*) be the projection 
pi: 
(resp. p*: g—>n*) 
of g onto n (resp. n*) defined by the decomposition (6.4.3). 


Now consider the kernel g* of adz. A relation between g and g* is 
given by 


Lemma 6.4A. Let po be the restriction of the projection to the sub- 
space g*. Then po(g**) and in fact 


po: g% 


1s linear isomorphism of g* onto- 
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Proof. It follows immediately from the decomposition (6.4.3) of g 
and (5.1.3) that 
[e-y, 1] Cn*+5 
[ ey, 5] (ey) 
[e_y, n*] = 0. 
Now let y € g* be arbitrary. Write 
where vE n*, and wE n. 
Now by (6.4.1) and §5.1 
0= y] 
(6. 4.4) Leo, v| + [e, u| 
+ (2, + [e-y, wu]. 


Applying the projection p to both sides of (6.4.4) we obtain 


Leo, «| wu] =0. 
But then recalling the relation [9;, g;] C gisj, it is clear that [e.,7] =0 
and [é@,u] 0. Thus since u—p(y) it follows that p(g*°) It also 
follows that since g¢ Con, we must have 


(6.4. 5) r= 0. 
Thus y=v-+u and 


0=[e, v] + + Ley, w]. 


To show first that po is one-one, assume w=0. But this and the last 
expression imply that v€ But Hence Thus which 
proves that po is an isomorphism into. But now, by Corollary 5.3, dim g% = 1. 
On the other hand, dim g* =/ (see, for example Theorem 5.7). Since pp is 
an isomorphism, this means 

dim g*° = 
and also that po is onto. Q. E. D. 
A major consequence of Lemma 6. 4A is 


CoroLuary 6.4. Cyclic elements are regular. 


Proof. As above let z be defined by (6.4.1). It suffices to show 2, is 
regular. But by Lemma 6.3 Z is semi-simple. Hence g* contains a Cartan 
subalgebra. But, by Lemma 6.4, dim g*e—/. Hence z, is regular. 


Corollary 6.4 implies 
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Lemma 6.4B. Let 2 be defined by (6.4.1). Then g* is a Cartan 
subalgebra. 


We will let h’ designate the Cartan subalgebra g*. 

In the proof of Lemma 6.4 we considered the decomposition of any 
element y € h’ and showed that its projection z in h vanishes. (See (6.4.5)), 
We state this as 


Lemma 6.4C. Let 2 be defined by (6.4.1). Let p and p* be the pro- 
jections of g on n and n* also defined as in $6.4. Then the projection 
1— (p+ p*) of g on § vanishes on Vy. 


Perhaps a simpler way of expressing Lemma 6.4C is to state that the 
Cartan subalgebras h’ and § are orthogonal to each other (with respect to B). 


6.5. Now g® is invariant under ada (see §2.5(d)). Let uw, 
t1—1,2,---,1, be a basis of g% and also eigenvectors of ada. Let ki, 
1—1,2,---,1, be the corresponding eigenvalues. That is, ui€ 1—=1,2, 

-,l. We may regard the basis so ordered that kik =hj,,. At this stage 
we already know two of the k;, namely, the extreme ones k, and k;. We also 
know an inequality, ki. < 


LemMA 6.5A. Let k, be defined as above. Then, where q=o(w), 
1=k Shs: 


Proof. As we noted in §6.4 we must have k, >0. On the other hand, 
since €) € it follows that k; 1. But also ey € g® since y is the highest 
root. Thus [2, ey] implies k —g. Since 0(¢) <q for every 
(see (5.3.4) ), it also follows that ki, < hk, Q. E. D. 

Taking the proof of Lemma 6.5A into account we will choose u, = ¢é 
and ey. 

Now let dj, 1=1,2,- - -,1, be the dimensions, in non-decreasing order, 
of the irreducible components occurring in the complete reduction of adjoint 
representation of a principal TDS (e.g. a.) on g. Appplying § 2.5(d) the 
eigenvalues k; yield the dimensions d; by the relation 


(6.5.1) d; = 2k, +1. 


Lemma 6.5A implies d; = 3, d,=2q-+1 and di, <2q+1. 
Now by Lemma 6.4A there exists a unique basis y;,y2,° °°, y. of the 
Cartan subalgebra h’ with the property that p(yi) =i. Define v; by 


(6. 5.2) Yi + 
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By Lemma 6.4C it follows that n* for Since 
and since p(%) = @, it follows from (6.4.1) and Lemma 6.4A that v; = ey 
and y¥1==%. Now uj—ey. We shall have to know what 1 is. 


Lemma 6.5B. Let and qi, i=1,2,: -,l, be defined respectively by 
.2.2) and (6.3.1). Then v, ts the element gwen by 


.5.3) (qi/ Ci) 


Proof. As in the proof of Lemma 6.3 


[20, ey + ~ (qi/¢:) ea, | 
[ey, ey | gil Ca, | 


Thus ey + > (qi/ci)e-«, € h’. It follows immediately then from Lemma 
4=1 


1 
6.4A that Q. E. D. 
4=1 


6.6. Now it is clear (for example from the matrix representation of a 
TDS given in §2.5) that there exists an element A in the subgroup of G 
corresponding to a» such that Av» But since is regular, it is clear 
then that 

A: 

A: n*—>n. 
In fact these relations are already contained in the more general fact 

A: gj> G-i 
for any —qSjq. It follows then that we may interchange the roles of 
A* and — At, n and n* and also g, and g_, in the results of §§6.2-5. But 
then one sees that v; is principal nilpotent and that y; =u, + is cyclic. But 


then by Corollary 6. 4 it follows that g¥’ =f’. Finally, applying Lemma 6.4A 
we obtain 


LemMaA 6.6. We retain previous notation. Let p*, be the restriction of 
p* lob’. Then (1) 1, ts a principal nilpotent element, (2), p*o(b’) Cg”! and 
in fact 
p*o: 
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is isomorphism onto. In other words, the elements v4, t=1,2,- - -,1, form 
a basis of g’. Also, the elements v; commute with each other. (See 


Corollary 5.8). 


It is obvious from (5.2.3) that v, is a nil-negative element of a principal 
S-triple containing zx) as neutral element or an nil-positive element of a 
principal S-triple containing — 2, as neutral element. Thus is stable 
under ad z, and since all principal S-triples are conjugate the eigenvalues of 
ad zy on g”! are —k,,—k,,,- - -, —k, in non-decreasing order. The elements 
vy; are a basis of g’* by Lemma 6.6 but it is not at all clear yet that they are 
eigenvectors of ad Zp. 


6.7. We now isolate a particular conjugate class in G, elements of 
which, will play a major role in the remainder of this paper. An element 
P¢€G will be called a principal element of G if there exists a principal 
regular element x€ g (see § 5.2) such that P can be written 


P = Exp(2zt/s)z, 


where s==q-+1 and q, as usual, is the order of the highest root y. Note 
that since z lies in a principal TDS, the principal element P lies in a sub- 
group of G corresponding to a principal TDS. (We shall make no use of 
the fact here but it can be shown that the number of principal regular elements 
x which satisfy (6.7.1) for a fixed principal element P € G is equal to order 
of the fundamental group of G@). Various characterizations of principal 
elements will be given in §§ 8 and 9. 

Throughout the remainder of the paper we will let w be the primitive 
s root of unity defined by wo = e?"‘/s, Let P, be principle element in G defined 
by letting Po —exp(2zt/s)a>. It is clear then that 


Pou=wlu 


for u€ gj, —qSjSq. It follows then that o/, j=0,1,---,q, are the 
eigenvalues of P, and if uj; designates the corresponding eigenspaces, then 


(6. 7.2) Uj = Oj + 


where it is understood that g_, denotes the zero subspace. 
It is an immediate consequence of (6.7.2) that z) is an eigenvector of P». 
In fact, 


(6. 7.3) P = w2o- 


But this clearly means that the Cartan subalgebra h’ = g* is stable under P,. 


I 
| 
f 
e 
(6.7.1) 
( 
t 
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On the other hand, the elements y; = u; + v;, where u;€gx,, form a basis of f/. 
Let us apply P, to these basal elements. Then by §6.5 


But the elements Poy; belong to h’ and furthermore since, obviously, Pou, € n*, 


it follows that 
po(Poyi) = uj. 


But now if we apply Lemma 6.4A we must have 


Poyi = 


Thus y;, uw; and hence also v; are contained in uz,. But since 1,€ n*, it follows 
from (6.7.2) that v;€ gx,» Thus not only did we prove that the v; are 
eigenvectors of ada) but more we obtain a duality relation among the 


integers ky. 


LEMMA 6.7. Let v;, 1=1,2,---,1, be defined by (6.5.2). Then 
1,2,°--,1. Also the integers satisfy the following duality 


law, 


Proof. Only the second part of Lemma 6.7 is not yet proved. By Lemma 
6.6 the elements v; are a basis of g” and the first part of Lemma 6.7 asserts 
that v; is an eigenvector of ad, with eigenvalue k;—s. On the other hand, 
as we have seen, the eigenvalues of adz, on g” are, in non-decreasing order, 


—ks 


But these must be identical, and in the same order, as 
Sk—s. 


Subtracting termwise we obtain for all defined p, kp +his,=—s. Q.E.D. 

Observe that the duality together with the inequality k_. < k; implies 
the inequality k, < ko. 

In [3] Chevalley observed empirically a similar duality in the exponents 
(see [3], p. 24) of g. Later it will be proved that the integers k; are in fact 
these exponents and that the duality observed in the latter is the same as 
the duality just proved in the former. More than just a numerical coincidence 
the duality in the k; takes the following form. (Theorem 6.7 summarizes 
results which have already been proved.) 


THEOREM 6.7. Let cj, i=1,2,- +,1, be arbitrary non-zero complex 
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numbers. Let qi, t=1,2,---,1, be the coefficients of the highest root y 
relative to the simple positive roots %. 


Let 


Then e and é, are principal nilpotent elements in g so that g% and g® are 
I-dimensional and commutative. 
Let De, where 1=1,2,- - -,l, is the basis of the Cartan sub- 
algebra ) dual to the simple positive roots a, 1=1,2,---,l, so that 
(%,¢) =0(¢) ts the order of a root ¢. For any non-zero integer j let 
_ = 
be the eigenspace of ad zp for the eigenvalue 7. 
Then g° and g® are each stable under ada, and the eigenvalues of the 
restriction of ada to g® and g%®, respectively, are positive integers k; and 
the negative integers —ki, 1=1,2,- where 


1 
and and 2k, +1,2k.+1,- +,2k+1 are the dimensions 
i=1 


of the irreducible components occuring in the complete reduction of the 
representation of a principal TDS on g. 
Let 
= Co + 
and 
= + Cy 


(cycle elements). Then 2 and % are regular, so that g*° and g® are Cartan 
subalgebras; and [2, so that g* = g*, 

Let Po, a principal element of G, be given by Py = Exp(2zi/s) xo, where 
s=q+1. Write f’ for ge—g* Then ¥/ is orthogonal to h. But much 
more than this, is stable under Py and the eigenvalues of Py | are o", 
i—1,2,---,l, where Furthermore, we can find corresponding 
eigenvectors, yi, which form a basis of ff and are such that 


Yi =U + %, 


= Cila, 
4=1 
and 
(qi/Ci) 
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where the u; form a basis of g@ and the v; form a basis of g%, 1=1,2,--- , 1. 
Moreover, and gx,-s so that the integers k;, satisfy the duality 
relation 


Finally we can choose y;=% and y= 2p. 

6.8. Among other things, Theorem 6.7 asserts that the integers k; may 
be found by considering the eigenvalues, w*', of the restriction of the principal 
element P, to h’. Theorem 6.8 below asserts that without knowledge of }’ 
or the restriction Po |b’ we can determine the integers /; directly by con- 
sidering multiplicities of eigenvalues of a principal element with respect to 
its action on g. In the notation of § 6.4 and Theorem 6.8 this means we can 


express n; in terms of Sx. 


THEOREM 6.8. Let P bea principal element of G. Let sx, k =0,1,---, 9, 
be the multiplicity of the eigenvalue w* of P (In the notation of §6.7, 
= dim gx + and as in $6.4 let ny be the multiplicity of in the 
adjoint representation a principal TDS on g. Then 


(6.8.1) I 


In other words, let }, be a Cartan subalgebra which is stable under P 
and is such that the eigenvalues of P |}, are o*, i=1,2,- - -,1 (such a Cartan 
subalgebra exists by Theorem 6.7%). Then if m, ts the B-orthocomplement 
fo hy, m, is stable under P and the eigenvalues of P | m, are o8, k =0,1,---,¢q. 
Furthermore each eigenvalue of P| m, occurs with multiplicity 1. 


Proof. Since any element in G is orthogonal with respect to B, it follows 
that m, is stable under P. It suffices then to assume P = Py and h,—h to 
prove Theorem 6.8 for this case. Now by § 2.5(h) 


(6.8.2) dim g; — dim gj,1 = 1;. 
Since nm» == 0 upon summing (6.8.2) we obtain for OS k= q 


k-1 


(6.8.3) dim go — dim g, = > nj. 
j=l 
by § 2.5(f) 


q 
(6. 8.4) dim = Nj. 


j=s-k 


But by the duality in Theorem 6.7 n,;—=n,;. But then subtracting (6.8.3) 
from (6.8.4) and recalling that dim gs; = dim g,-, and dim gy) =1 it follows 
that 

Sy — 1 = dim (gx + = nx. Q. E. D. 
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Corotuary 6.8. Let r be the number of positwe roots of g. Let 
s=q-+1, where q is the order of the highest root y. Then 


ls = 2r. 


Proof. This immediately follows from the second part of Theorem 6.8 


since dim m, = 2r. Q. E. D. 
Since n=1-+ 2r note that it also proved that 7 divides nm. In fact 


n=I(s+1). 
7. The notion of the apposition of two Cartan subalgebras. 


1. Let 6, be any Cartan subalgebra of g. Let H, be the corresponding 
subgroup of G. Let N(H;) be the normalizer of H, in G. It is obvious that 
A€ N(H,) if and only if §, is stable under A. Let W, be the subgroup of 
endomorphisms of h, induced by restricting the elements of N(H,) to },. 
Then the restriction defines a homomorphism 


t: N(H,) >W, 


of N(H,) onto W,. The group W, is finite and is called the Weyl group 
with respect to §,. It is well known that the kernel of ¢ is H, so that 
N(H,)/H,=W;. If o€ W, and A€ N(H,) and A€ N(A,) is such that 
¢(A) =a, then A will be called an extension of o. It is clear then that the 
most general extension of o is of the form A,A, where A,€ Aj. 

Let A, be the set of roots with respect to §,. It is well known that A, is 
stable under W,. For each root #€ A, let Rg be the “reflection” of bh; 


defined by 
(7.1.1) Roy =y — 


One knows that Rg€ W, for all @¢€ A, and that W, is generated by these 
reflections (See [12], Theoréme 1, p. 16-05). 


LemMA 7.1. Let o€ W;. Let w be an eigenvalue of o. Then p is a 
primitive j-th root of unity for some j and every other primitive j-th root of 


unity occurs as an eigenvalue of o. 


Proof. Since A, is stable under o, there exists a basis of , (e.g. a set 
of simple positive roots) with respect to which o is represented by a matrix 
with rational coefficients. It follows then that the characteristic polynomial 
of o also has rational coefficients. Now since o has finite order, » must be 
a primitive j-th root of unity for some integer j. It folows then that the 
characteristic polynomial of o is a product of cyclotomic polynomials and 
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hence every primitive j-th root of unity is a root of the characteristic 

polynomial. Q. E. D. 
7.2. Let u, and I®, the set of Q-simple roots with respect to D, be 

defined, respectively, as in §6.7 and §6.2. It is clear that u, is the set of 


all elements y€ g of the form 
y= apep 
Bell? 
We know that when all the coefficients ag are different from zero, y is cyclic, 


and hence also regular. It is interesting that in case one of the coefficients 
is zero, not only does y cease to be regular, it is in fact nilpotent. 


LemMA 7.2. Let I be as in §6.2. Let y€ g be of the form 
y= _ apep. 
Belle 
That is, in the notation of §6.%, assume y satisfies Poey=wy. Then tf one 
of the coefficients ag is zero, y is nilpotent. 


Proof. Assume one of the coefficients is zero. In fact, let £i, 
i=1,2,---,/+ 1, be the elements of 1%. Without loss assume ag,,, = 0. 


Now upon writing y= > we know that the coefficients gq; are all 
i=1 


non-zero (See (5.3.3)). It follows immediately then that the roots 
+, 8: form a basis of But if we use this basis to define a lexico- 
graphical ordering in }* and set A* equal to the set of positive roots relative 
to this ordering, it follows that #,€ A+ for i—1,2,---,l. But then 
fi= & (eg) is a Lie algebra of nilpotent elements and y€n. Hence y is 


me At 
Q. E. D. 


nilpotent. 
7.3. Applying Lemma 6.2 we obtain the corollary 


Lemma 7.3. Let y€u,. Let H be the subgroup of G corresponding to 
). Then y is either nilpotent or else there exists A€ H and a non-zero scalar 


A such that 
y — AA Zp. 


For any element A € G let g4 be the set of fixed vectors of A. An element 
4€@ is then said to be regular if (1) A is semi-simple (that is, A is 
diagonalizable) and (2) g4 is a Cartan subalgebra. It follows from Theorem 
6.8 that a principal element P € G@ is regular. 

Now a special relation, to be defined below, exists between the pair of 
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orthogonal Cartan subalgebras and h’ (See Theorem 6.7). We will show 
that this relation defines § and h’ uniquely up to conjugacy. 

Let 5, and ’; be two Cartan subalgebras of g. We will then say that 
h’: is in appostition to §, with respect to a principal element P€ @ if (1) 
g’ =), and, (2) ’; is stable under P and the set of eigenvalues of P | jy, 
includes a primitive s root of unity. (Observe that the number s has special 
significance for a principal element; the order of a principal element in G 


equals s.) 
By Theorem 6.7 it is clear that h’ is in apposition to § with respect 


to P,. 


THEOREM 7.3. Assume that the Cartan subalgebra bh’; 1s in apposition 
to h, with respect to the principal element P, and that ’, is in apposition 
to h. with respect to Pz. Then there exists AE G such that AP,A1=P,, 
Ahi and Ab’, 2. 


Proof. It suffices to assume P; and Now all 
principal elements in G are conjugate to each other. Hence there exists A, € @ 
such that A,P,A,1—P,. Since it is obvious that Thus 
it also suffices to assume and P; =P». But now is stable under P, 
and P, | bh’, has a primitive s root of unity as an eigenvalue. By Lemma 7.1 
» is also an eigenvalue of Let y€ h’2, yO, be a corresponding 
eigenvector. Then in the notation of §6.7, y€u,. But since y is contained 
in a Cartan subalgebra, y is not nilpotent. Hence by Lemma 7.3 there exists 
A€ G and a non-zero scalar A such that y=AAZ. But then by Corollary 6.4 
y is regular and hence Ah’ = h’s. Q. E. D. 


8. The Coxeter-Killing transformation. 


1. An element y’ € W will be called a transformation of Coxeter-Killing 
if it can be put in the form 


, 


where @;, i= 1,2,- - -,1, are the simple positive roots, in some order, relative 
to some Weyl chamber in }*. In recent years this transformation has been 
studied by Coxeter. Relationships between the eigenvalues of this trans- 
formation and the eigenvalues of the matrix of Cartan integers have been 
established. (See [5]). Also one knows that all the transformations of 
Coxeter-Killing in W form a conjugate class in W. 

Let y = Ra,Ra,* * * Re, An integral valued function on the Weyl group, 
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| which plays an important role in the cohomolgy theory of complex homo- 
| ceneous spaces and also of n is the function N(o) which assigns to each o € W 
| the number of positive roots which go over into negative roots under the 
' action of c. The knowledge of N(y) will play an essential role in proving 
that the order of y is s. 


THEOREM 8.1. Let y be the transformation of Coxeter-Killing defined 
by letting Then N(y)=1. Furthermore if diy 
i=1,2,--°-,1, are the positive roots which change sign under y then the 


roots ; form a basis of §. 
Proof. Let ¢i, 1=1,2,-- -,l, be defined by 
$i = Ra,Ra,,° 


| It follows easily from (7.1.1) that 


pi = D 


Since the coefficient of «; in ¢; is one, it follows that ¢; is positive. 
Furthermore, since the coefficient of a; in ¢; for 7 < 1% is zero, it is clear that 
¢; are linearly independent and hence form a basis of . 

But clearly 

($i) = *Ra,.(— %) 
and hence 


($i) =— + Cia. 


Since the coefficient of a; in y(¢;) is minus one, ¢; is a positive root which 
changes sign under y. Thus N(y) 21. 

Now it is well known that N(Ra,) =1. In fact, a; is the only positive 
root which changes sign under Ra, This is clear since only the coefficient 
of in for any #€ A, is affected by Ra,. 

Now assume ¢ is a positive root which changes sign under y. Since 
y(¢) € A-, there clearly exists a maximal value 7 such that 


‘Rap € A. 
That is, A*. It follows then that 


This, however, means that ¢6=¢;. Thus N(y) =1. Q. E. D. 
Now it is well known that one is not an eigenvalue of a Coxeter-Killing 
transformation. A proof of this resting on the work of Coxeter is given, for 


| 
| 
| 
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example, in [4]. (See [4], p. 352). However, since a direct proof of this 
fact, making use of Theorem 8.1, can be given we shall include it. 


Lemma 8.1. Let y be the Cozxeter-Killing transformation given as in 
§8.1. Then one is not an eigenvalue of y. 


Proof. Let «, 1=1,2,---,l, be the basis of ) given as in §5.1. Let 
= Clearly 
Ra,° 
+ * Ra,.(—%) 


by (7.1.1). On the other hand, it is clear from the definition of ¢; in the 
proof of Theorem 8.1 that Re,- - -Ra,,(—%) =y(¢i). Thus we have 


yei=ei ty (di). 


Assume now that x€ § is fixed under y. Write r= Siaje’;, Then 
4=1 


t= yr 
dale’ + y(¢i)) 


1 
Thus > ay(¢i:) =0. However, by Theorem 8.1 the vectors ¢; and hence 
i=1 


y(¢:) are linearly independent. Thus a4,—0, 1—1,2, --,1, and hence 
z= 0. Q. E. D. 


8.2. Lemma 8.1 is needed solely to prove 


Lemma 8.2. Let 1; CA, 1—1,2,:--,D, be the orbits in A under the 
action of y. Then for 
> ¢=0. 


Proof. This follows immediately from Lemma 8.1 since the sum of the 
roots in any orbit of y is obviously left fixed by y. Q. E. D. 
The following theorem is proved in [4] 


THEOREM 8.2 (Coleman). Let h be the order of the Cozxeter-Killing 
transformation y defined as in §8.1. Let v—e?™t/h. Then there exists a 
regular eigenvector 2, of y whose corresponding eigenvalue is v. 


Coleman also observed and used in [4] the following consequence of 
Theorem 8.2. We repeat his proof. 
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8.2. As in Lemma 8.2 let T; CA, 1—1,2,: - -,L, denote 
the distinct orbits of y with respect to its action on the set of roots A. 
Then each orbit T; contains exactly h roots so that in particular hL = 2r, 
where 2r is the total number of roots. 


Proof. Let ¢6€ A. Assume y"}—¢. It suffices to prove that h divides 
m. Now, where z, is given as in Theorem 8. 2, 


(4, ¢) (4, 
>) 
= >). 


But since z, is regular, (2:,¢) 40 and hence »™=1. This implies h 
divides m. Q. E. D. 


8.3. Now one knows that the Poincaré polynomial P(t) can be put 

in the form 

where the m;, 1—1,2,---,l, are positive integers in non-decreasing order. 
The integers m; (sometimes m+ 1) are called the exponents of g (or W as 
in [4]). When the values of the exponents for the simple exceptional Lie 
algebras were announced by Chevalley at the International Congress at 
Cambridge in 1950, Coxeter recognized a rather remarkable coincidence. He 
observed (1) that in all cases hl = 2r, so that in our notation h =s, and hence 
v=w (See Corollary 6.8), (2) mph and (3) the eigenvalues of y are 
o™, 1==1,2,---,1. No proofs were given and the question of obtaining a 
proof remained open until recently. In [4], using hl—=2r as the only 
empirically observed fact, Coleman proved that m;=h and that the eigen- 
values of a Coxeter-Killing transformation are indeed w™, 1=1,2,:- -,1. 
To make the proof independent of any empirical information Coleman states 
that it would be desirable to prove that hl —2r, that is, to prove that the 
number L of orbits in A under the action of y equals /. (See Corollary 8. 2.) 
Another open question, stated in [4], is proving that h—q-+-1, where q is 
the order of the highest root. (See [4], p. 356.) But since by definition 
s=1-+q, it is clear from Corollary 6.8 that both of these questions are 
settled when it is shown that h—=s. The statement that h=s is a part of 


Theorem 8.4 below. 


8.4. Now let y be defined as in $8.1. Let Ay€G@ be any extension 
of y. Let T; CA, i—1,2,- - -,L, be defined as in § 8.2 and let 


(8.4.1) b= (e¢). 
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By Corollary 8.2 it is clear that each subspace b; is of dimension h. Further- 
more, since 


Ay((e9)) = (erg) 
for any #€ A, it is clear that 


s—h+ db 


is a direct sum decomposition of g into subspaces which are stable under 4,. 
Now since y" is the identity element of W, we can define the scalar )g, 
for any root ¢, by the relation 


(8. 4.2) (A) "eg = Aged. 
By applying A, to both sides of (8.4.2) it is clear that Ag —Ay¢ for 


all ¢. Now since A,” reduces to the identity on h, we can write A,” = Expz 
for some «€h. It follows that Ag =e for any ¢€ A. But then 


h-1 
(Ag)” 
— 
=] 


by Lemma 8.2. Thus Ag is an h root of unity. This shows that A,°" =1. 
We can now prove that h —s and hence that L =I. More than this we have 


THEOREM 8.4. Let y be a Coxeter-Killing transformation on the Cartan 

subalgebra h. Let h be the order of y. Thenh=1+ 5 qi, where the integers 


qi are the coefficients of the highest root relative to a basis of simple positive 
roots. That is,h—=s. Moreover, hl=2r, where r is the number of positive 
roots so that there are 1 distinct orbits T; CA, t—1,2,-- -,1, in A under 
the action of y and each orbit contains h roots. Furthermore, if we take 
y = * Ra, and let $i, be the positive roots which 
change sign under y (see Theorem 8.1), then we can choose an ordering of 
the orbits so that i=1,2,- - -,1. 

Now let A. € G be any extension of y. Then Ay" =1. That is, = 
for any ¢€ A so that we can renormalize the root vectors eg in such a way that 


= Cyto 
for any $€ A and any integer i. 
Now let w€ g, 1=1,2,- -,1, be defined by 
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| and let h be the subspace spanned by the elements w;. Then h ts a Cartan 
subalgebra of g (so that the elements w; are semisimple and commute with 
each other). Furthermore, h = 


Proof. Let y, Ay and Ag for ¢€ A be as previously defined. It has been 
shown that A,?"—1. In particular Ay is semisimple. But if A € @ is semi- 
simple it is well known that g4 contains a Cartan subalgebra of g (See e.g. 
[3]). For 4 =A, the proof is somewhat more direct since A,, having finite 
' order, lies in a maximal compact subgroup of G. But then A,—Expz for 
' some « in a compact form of g. We could then apply §6.1(d)). Let h be 
a Cartan subalgebra of g contained in g4”. 
Now let 6; i—1,2,---,Z, be defined by (8.4.1). Consider the 


decomposition 


Obviously 


L 


(8.4.3) L 
= 250 9% 

by Lemma 8. 1. 

Now let ¢€ T;. As we have already noted Ag —A,+g for any integer 1. 
Thus 4,” reduces to the scalar Ag on the space b;. But then if Ag 1, A,’ 
has no non-zero fixed vectors in 6; and hence certainly b;M g47—0. On the 
other hand, if Ag 1, then clearly b;M g47 is the one dimensional subspace 


h-1 
spanned by Ay‘eg. Thus if LZ, is the number of integers 1, 1 such 
i=0 


that Ay = 1 for all ¢ € Tj, it follows from (8.4.3) that L,—dimg4” In fact, 


since  C g47, we then have 
L= L,= dim g472 1 


and hence in particular L = l. 
Now we assert that for any 1, A* and are both non-empty. 
Indeed assume, without loss, that T; A~ is empty. Then > ¢, in the 


lexicographical order of )*, must be strictly positive and hence cannot vanish. 
This contradicts Lemma 8.1 and hence the assertion is proved. Now since 
Ty; At and [T;M A are non-empty, it is clear that there exists a root 
@€T;M A* such that y6ET;M A. That is, each orbit I; contains at least 
one positive root which changes sign under y. But then if we apply Theorem 
8.1 it follows obviously that Ll. Thus L=L,=—dimg4*=1l. That is, 


\g=1 for all 6€ A and g47—h. Furthermore, if the root vectors éo, PEA, 


15 


= 
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are normalized so that A,eg—e,¢, it follows that the vectors w;= > ¢, 
oer, 


form a basis of g47. Finally, observe that since L =I, each orbit T; contains 
exactly one positive root which changes sign under y. Q. E. D. 


8.5. Let A, be as in Theorem 8.4. As we have noted in §8.3 the 
eigenvalues of the restriction y of A, to are the numbers = 1, 2,- - -,], 
where the m; are the exponents of g. Let m be the B-orthogonal complement 
to h in g. It is clear that m is stable under A.. Theorem 8.4 enables us to 


determine the eigenvalues of A, on m. 


Corotuary 8.5. Let A be any extension of the Cozxeter-Killing trans. 
formation y and let the root vectors be normalized so that Aeg = eyg¢ for all 
EA. Let w=e?tt/s and let the roots ¢; be defined as in Theorem 8.1, 


Define for i=1,2,---,l, j=1,2,° -,8, 


h-1 
= 
=0 


Then yi; is a basis of the B-orthogonal complement m to the Cartan sub- 
algebra h in g and 

for all given values of 1 and j. In particular, the eigenvalues of Ay on m 
are wi, j=0,1,- - -,s—1, and each eigenvalue occurs with multiplicity |. 


Proof. This is an immediate consequence of Theorem 8.4 which asserts 
that A. on any of the subspaces 6; permutes the basal elements e,xg,, k = 1,2, 
-+,s—1, according to the cyclic permutation (1,2,-- -,s). Q. E. D. 


8.6. Upon comparing Corollary 8.5 with Theorem 6.8 the suggestion 
arises that perhaps A,, is a principal element of g and that h is in apposition 
to g47” with respect to Ay. This is in fact the case as Theorem 8.6 states. 

As in Theorem 8.4 write § for the Cartan subalgeba g4%. Then since 
all the elements of § are fixed by 44, there exists an element w € h such that 


A, = Exp w. 


However, such an element w is not unique. We will have to choose w 
correctly in order to prove Theorem 8. 6. 

Let A € @ be such that Ah —b. Hereafter, the addition of the symbol 
(~) to previous notation designates the effect of applying the automorphism 
A. Now let Y designate the infinite discrete group of translations in by 


all vectors of the form > té;, where the coefficients ¢; are integers and « 
i=1 


COMPLEX SIMPLE LIE GROUP. 1025 


j=1,2.:-:,l, are defined as in §5.1. It is then easy to prove and well 
known fact that for x and y€ h, Exp 2xic — Exp 2zaiy if and only if there 
exists 85€ Y such that dr y. 

For any o€ W and 8€ ¥ it is obvious that of&*€ Y. It follows that 
if Z is the set of all linear transformations of h of the form 8, 8€ Y. o€ W, 
then Z is a group (a semi-direct product of Y and W). It is well known 
and not difficult to show that for any 7,y€ h, Exp2zix is conjugate by an 
element in N (H), the normalizer of H, to Exp 2riy if and only if there exists 
n€Z such that yxy. (See [14], Theorem 6, p. 177). 

Consider the action of Z on h*. Let 


(2.6.1) T={y€h|(%y) S1 for i=1,2,- -, 1}. 


The set 7’ is called the funadmental simplex of the chamber D. As one 
knows 7 has the property that given any y€ h* there exists e€ T and n€ Z 
such that yr = y. (See [14], Theorem p. 177 and Theorem 8, p. 180). Asa 
consequence, if we define 


oe W 
then since Z—=YW, given any y€h*, there exists r€ U, 8€ Y such that 
That is, there exists U such that Exp = Exp 27ty. Now we 
can write A, —= Exp 2miy for some y€h. However, since the eigenvalues of 
A, have modulus one it follows that (y,¢) must be real for every #€ A. 
Thus y must be contained in pt. But then by what we have just seen we 
can choose 2€ U so that Ay=Exp2mz. But then r€ oT’ for some o€ W. 
Now our choice of A was arbitrary except only that Ahh. Without loss 
of generality then (modification of A) we can assume that c—1. That is, 
for a suitable choice of A we have 
A. = Exp 2mix 

for some T. 

Now by Theorem 8.4 all eigenvalues of A, are s roots unity. Thus if 
we write 


l 
x= > (bi/s)é& 
i=1 


then the scalars b; are non-negative integers. But now since (,z) <1, it 
follows from (6.3.1) that 
(8.6.2) > qibi/s S 1. 

i=1 


But we have more information than this. By Theorem 8.4 A, is regular. 
Thus (¢,2) cannot be an integer for any ¢€ A. Thus the strict inequality 
holds in (8.6.2). Furthermore, 0; >0. Hence we conclude 
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s> > gibi. 


1 
But s—1—=q=—Dq (see (6.3.1)). Hence it follows that 6; 1 for all i, 
i= 


That is, 

r= 
or 


But Z is a principal regular element of g and 
A, = Exp (2z2t/s) Zo. 
Thus A. is a principal element of G. In fact A,—APA™. Furthermore, 


since the restriction y of A, to has for an eigenvalue, it follows by definition 
(See § 7.3) that § is in apposition to h with respect to Ay. We have proved 


THEOREM 8.6. Let h be a Cartan subalgebra of g. Let W be the Weyl 
group operating on h and let y€ W be a Coxeter-Killing transformation. 
That ts, *,Ra, where a, 1=1,2,---,1, are simple positive 
roots relative to some lexicographical order in h* and Ra, € W are the reflec- 
tions they define. 

Let A. be any element of the adjoint group G of g which extends y. 
Then A. ts a principal element of G (so that in particular its order is s and 
all such extensions are conjugate to each other). Let 5 be the set of fixed 
elements of Ay. Then § is a Cartan subalgebra (since principal elements are 
regular) and h is in apposition to } with respect to A, (see $7.3). 

We derive a number of corollaries. The first is an immediate consequence 
of Theorem 7.3 and Theorem 8. 6. 


Corotuary 8.6. Let h, and §’, be Cartan subalgebras. Assume that 
h’, ts in apposition to h, with respect to the principal element PEG. Then 
the restriction of P to h’, defines a Coxeter-Killing transformation of ¥;. 
In particular, the restriction of Py to bh ts a Coxeter-Killing transformation 
(See Theorem 6.7). 

8.7. In §9.2 we obtain a more general result (Theorem 9.2) than 
Corollary 8. 6. 

Taking §2.5(h) into account the next corollary asserts the validity of 
the empirical method found by A. Shapiro for the determination of the 
exponents mj. 


Corotiary 8.7%. For i=1,2,---,l let ky be as given as in §6.5 and 


1026 
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let m; be the exponents of g in non-decreasing order. Then kj=mi, 
jan 1,2,° 8. 

In other words, if i=1,2,: -,l, are the dimensions of the irreducible 
components of the adjoint representation of a principal TDS on g, then 


is the Poincaré polynomial of G. 


Proof. This is an immediate consequence of the theorem of Coleman 
(see §8.3), Theorem 8.4, Theorem 6.7 and Corollary 8. 6. Q. E. D. 

The proof of Theorem 8.6 yields a characterization of principal elements 
of G. We know that a principal element of G is regular and that its order 
is s. Among all regular elements in G we now show that its order is 
minimal. 


CoroLLary 8.6. Let A€ G be regular and let k be its order (possibly o). 
Then k= 8s, where s=1-+q and q is the order of the highest root. Further- 
more, k= s if and only if A is a principal element of G. 


Proof. It suffices to assume the order & of A is finite. Now g4 is a 
Cartan subalgebra. Without loss we may assume this to be §. Since A has 
finite order the eigenvalues of A have modulus 1. Thus we may write 
A= Exp where x€ h*. More than this, as argued in the proof of 
Theorem 8.6, by conjugating A, if necessary, we may asume 2 is contained 
in the fundamental simplex of the chamber D. That is, (a, «;) 20, 11, 2, 

=1. On the other hand, since A is regular, (7,¢) is not 


an integer for any #€ A so that strict inequalities hold in the inequalities 


just given. Thus we may write x=) (ti/k)e, where the ¢ are positive 
i=1 


integers and k. But then 
i=1 


1 
s—1= qasdin<k 
ia 


which proves Also if k—=s then for 1=1,2,---,J. But in 


such a case A is clearly principal. In fact A = P». 


9. A theorem on automorphisms and a characterization of cyclic 
elements. 


1. Let S*(q) be the algebra of all polynomials on g (the symmetric 


algebra over the dual space to g). We may write S*(q) = > S*(g), where 
k=0 
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S*(q) is a space of homogeneous polynomials of degree k. The group ¢ 
operates on S*(g) by the relation 


(9. 1.1) A(F) (x) =F(A“z), 


where A€ G, FE S*(g), rE9. Let J*(g) C 8*(g) be the algebra of poly- 
nomials which are left fixed by all A€ G and let J*(g) = S*(g) NJ*(q). 
Then it is due to Chevalley that J*(g) is generated by J algebraically 
independent homogeneous polynomials J;, 7==1,2,---,1. Furthermore, if 
I,€ J*%(g), where then pp—m+i1. (See [3] and 
also [2].) 

The following lemma is an immediate consequence of this result of 
Chevalley and Corollary 8. 7. 


Lemma 9.1. Let J;,j=1,2,-- -,1, be the invariant polynomials defined 
as above. Then and degI;<s forall j <l. 

Now let J*,(g) be the hyperplane in J*(qg) consisting of all polynomials 
in J*(q) with zero constant term. Consider the variety in g formed by the 
zeros of all polynomials in J*,(g). As one might expect, 


THEOREM 9.1. Let reg. Then F(x) =0 for all FE J*,(g) if and 
only if x is nilpotent. 
Proof. Let F;,€ S*(q) be defined by 
= trace (ad y)*. 


It is clear that F;,€ J*(g). It is also clear that if z is not nilpotent F’,.() 40 
for some integer k. Hence to prove Theorem 9.1 it must be shown, con- 
versely, that if x is nilpotent, F(2) —0 for all FE J*(g). Assume then 
that z is nilpotent. By Lemma 3.3 there exists y€ g such that [y,.«] =<. 
Let A be an arbitrary non-zero real scalar and let A\=—ExpaAy. Clearly 
= ex. Now let FE J*(g). Obviously by (9.1.1) 


F(z) =F (AX\r) =F (ez) = (zr). 


But e&~1. Thus F(x) This proves Theorem 9.1 since J*(g) 1s 


generated by homogeneous polynomials. Q. E. D. 


9.2. In the proof of Theorem 9.1 we have seen that if 2 is nilpotent 
and ¢ is any non-zero scalar, there exists an automorphism A € @ such that 
Ax=cz. The situation as Theorem 9.2 indicates is entirely different when 
x is not nilpotent. If z is cyclic, it has been shown (see Theorem 6.7) that 
there exists a principle element P € G such that Pr = pa, where p is a primitive 
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s root of unity. Among all possible relations of the form Ax—cz, where 
4¢€G, and z is not nilpotent it will be shown that this is, in a very definite 


way, the critical case. 


THEOREM 9.2. Assume AE G,re€gand Ar=—cxr. Assume further that 
ris not nilpotent. Then cis a primitive m-th root of unity for some integer m. 
Furthermore, m divides m;-+-1 for some exponent m; of g so that in particular 
m<s. Finally, if m=s, then (1) 2 1s a cyclic element of g and (2) Atsa 
principal element of G. Moreover, if }, ts the Cartan subalgebra which con- 
tains x (cyclic implies regular), then h, ts stable under A and the restriction 
cof A to ts a Coxeter-Killing transformation. 


Proof. Since z is not nilpotent, it follows from Theorem 9.1 that there 
exists jf, 17S 1, such that J;(z) ~0. But 


Thus c?? = 1. This proves that c is a primitive m-th root of unity, where m 
is an integer which divides pp—=m;+1. By Lemma 9.1, m<s. 

Now let S*(h) be the algebra of polynomials on § and let J*(h) be the 
subalgebra of all polynomials which are fixed under the action of the Weyl 
group W. Let S*(q) S*() be the homomorphism defined by restricting 
a polynomial on g to §; then it is a known result of Chevalley that the 
restriction 
(9.2.1) x: J*(g) J*(b) 


of to J*(q) defines an isomorphism of J/*(g) onto J*(h). (See [3], § IV; 
also [12], Theoréme 2, p. 19-10). 
To prove the remaining part of Theorem 9.2 we shall need 


Lemma 9.2. Let J*(q), 7=1,2,-° -,1, be gwen as mn §9.1. Let 
"yeh. Then x and y are conjugate with respect to W if and only if 
T(z) =I,(y) for j=1,2,-- -,1. 

Proof. It is obvious from the definition of W that if x and y are con- 
jugate with respect to W,J;(x) =I;(y) for j=1,2,---,l. Conversely, 
assume == 1;(y), 7==1,2,°- Let 2, %2,° +, and 91, * Yr, 
be, respectively, the distinct conjugates of z and y under W. Assume z is not 
conjugate to y. Then aj, yj, i= 1, 2,°-+,71, 7 =1,2,° ++, 72, represent + re 
points in h. Since points in h are obviously algebraic varieties there exists 
Fe §*(h) such that F(a;) =0, F(yj) =0, j= 12, 
and F(y,;)==1. But then if 

F— o(F), 


cew 


| 
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it follows that F € J*(h), F(y) 40 whereas F(x) =0. But x(1;), 7 =1,2, 
-,1, generate J*(h) (see (9.2.1). Thus there exists j such that 


I;(x) A1I;(y). This is a contradiction. Q. E. D, 


Proof of Theorem 9.2 continued. Assume m=s. Then c?! —1 implies 
j=l by Lemma 9.1. Thus we conclude J;(z) =0 for j7—1,2,-- -,J—] 
and J,(x) 

Now it is well known (e.g. see [9], Theorem 6) that we may write 
2X2, uniquely, where 2, is semi-simple, 2, is nilpotent and [2,, z,] =0, 
By the uniqueness of this decomposition it is clear that Azv,—cz, and 
Azr,=czx,. Furthermore, by hypothesis we know that 7,0. Thus if we 
apply the previous argument to the relation Az, cz, it follows that J;(z,) 
= 0 for j7=—1,2,- - -,J—1, and J,(z,) 40. 

Now since z, is semi-simple it lies in a Cartan subalgebra. Without loss 
of generality we may assume 2,€ §. Now let y be the Coxeter-Killing trans- 
formation given as in §8.1. By Corollary 8.6, Theorem 7.3 and Theorem 6.7 
there exists a cyclic vector z€ h such that yz wz. If we apply the argument 
above once more to the relation A,z—wz, where A, is any extension of », 
it follows that J;(z) =0 for j=1,2,---,J—1 and [,;(z) ~0. But then 
by Lemma 9.2, z, must be conjugate to a scalar multiple of z. Thus 2, is 
cyclic. But then 2, is regular. Since this implies z,€}. But 
is nilpotent. Hence Thus is cyclic. 

Now since the regular vector 2€ § is an eigenvector of A it follows that 
h is stable under A. Let 7€ W be the restriction of A to h. By Lemma 7.1 
w is an eigenvalue of 7. Let y€h be the corresponding eigenvector. The 
argument above applied to y proves that y is cyclic and when properly 
normalized there exists o€ W such that oz=y. Now let y,;=oyo'. Then 
y: is a Coxeter-Killing transformation and y,y=oy. But then 7y, leaves 
y fixed. But it is well known that the only element of W which leaves a 
regular element fixed is the identity (see [8]). Thus 7 is a Coxeter-Killing 
transformation and since A is an extension of 7, it follows from Theorem 8.6 
that A is a principal element of G. Q. E.D. 

Observe that Theorem 9.2 is a generalization of Corollary 8.6. 

In [4] an important role is played by a regular eigenvectaor of y. 
It is easy to see (see [4]) that the eigenvalue corresponding to any regular 
eigenvector of y is a primitive s root of unity. By Theorem 9.2 we see that 
all such eigenvectors are cyclic. 

Corollary 9.2 characterizes a, Coxeter-Killing transformation among all 


elements in W. 


Corottary 9.2. Let o€ W be arbitrary and let c be an eigenvalue of «. 
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Then c is a primitive m-th root of unity, where m is an integer which divides 
m;+1 for some exponent m; of g. In particular m Ss. Moreover, if m=s, 
then o 1s a Coxeter-Killing transformation and the eigenvector of o corres- 
ponding to c is a cyclic element of g. 


9.3. A corollary of the proof of Theorem 9.2 yields a characterization 


of cyclic elements in g. 


9.2. Let I;, j= 1,2,---,1, be the invariant polynomials 
on g given as in §9.1. Let veg. Then zx ts cyclic tf and only if 


I;(z) =0 for 
and 


Proof. The proof that the equations above hold when z is cyclic has 
heen given in the proof of Theorem 9.2. Assume, conversely, that these 
equations hold. Write 
(9.3.1) 


where z, is semi-simple, z, is nilpotent and [2,,2.]=0. (See [9], Theorem 
6). By Theorem 9.1 2,0. Without loss of generality we may assume 
7,€h. Consider g*1. It is clear that g™ is generated linearly by § and all 
root vectors eg, where (¢,2,) =0. It follows easily that [g%, 
isa direct sum (see [9], Theorem 7), where c is the center of g%. Further- 
more, 9%] is semi-simple andcCh. Now 2,€ gq". Write y, 
where and y.€ [g™,g"]. It follows immediately that y. is a nilpotent 
element of [g%, g*] and hence y, is a nilpotent element of g. (See footnote 3.) 

But 2,+4,€ is semi-simple. Writing 41) +42 gives a 
second decomposition of the form (9.3.1). By uniqueness y; 0 and hence 
%€[g™,g"]. Applying Lemma 3.3 there exists y€ [g%,g%] such that 
Of course [y,z,] Thus if A\—Exp)d)y, it is clear that 


But for any Fe J*(g), F(x) =F (A*z). By choosing A such that e is 
arbitrarily close to 0 it follows from continuity that =F (2). In 
particular, I;(z,) =0 for j=1,2,---,J—1 and [)(z,) ~0. But then as 
in the proof of Theorem 9.2 it follows that x, is cyclic. But then 2, is 
regular and hence [2,,22]—0 implies Since z, is nilpotent this 
implies 2,0 and hence x2, is cyclic. Q. E. D. 
Even without knowledge of Corollary 9.2 it is interesting to observe 
that the conditions of that corollary, which singles out J), is independent 
of the set of generators I; of J*(9) so long as they are homogeneous, alge- 


‘ay 
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braically independent and ordered the way they are. This would not be 
necessarily true if I; was singled out where j < l. 
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ON THE CONNECTEDNESS THEOREM IN ALGEBRAIC 
GEOMETRY .* ? 


By We!-Liane Cuow. 


To Zariski on his 60th birthday. 


1. Introduction. The Connectedness Theorem in abstract algebraic 
geometry was first formulated and proved by Zariski [14]; it stems from his 
attempt to prove the Principle of Degeneration over an abstract field and 
actually contains that principle as a special case. The proof of Zariski makes 


extensive use of his theory of holomorphic functions on an algebraic variety ; 
in fact, this latter theory was developed by him specially for this purpose, 
and, as has been pointed out by Zariski himself, it has in a sense the Connec- 
tedness Theorem as its principal application. In view of the fundamental 
importance of the Connectedness Theorem on the one hand and the very 
complicated nature of Zariski’s theory of holomorphic functions on the other, 
it is clearly very desirable to have for this theorem a proof of a simpler and 
more elemetnary nature. Furthermore, in consonance with the recent ten- 
dencies in algebraic geometry toward increasing arithmetic applications, one 
would naturally wish to generalize this theorem to the case of a correspon- 
dence between the rational transforms of arbitrary local domains (the exact 
meaning of this statement will be explained later in §2). In a recent paper 
[4] we have given a very simple proof of such a generalization for a special 
case of the theorem, namely the Principle of Degeneration. In the present 
paper we shall solve the problem completely by giving a simple proof of the 
Connectedness Theorem in just about as general a version as we know how 
to formulate it at this stage of the subject. 

Let R be a Noetherian domain with the quotient field K, and let S" be 
the projective space of dimension n in the algebraic geometry over a universal 
domain § which contains the field K. Let » be a prime ideal in R, and denote 
by R the residue field R/p of R over p; generally for any element x in R or a 
polynomial f(Y) in R[Y]—R[Yo, +, ¥m], where the Y; are indeter- 
minates, we shall denote by # or f(X) respectively the corresponding element 


* Received April 28, 1958; revised August 28, 1959. 
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in R or polynomial in R[ Y] under the canonical homomorphism of F onto 2, 
We shall denote by 8” the projective space of dimension n in the algebraic 
geometry over a universal domain A which contains the field R. Let Z be a 
positive r-cycle in S” such that its associated point y= (Yo, Ym) in 
S™ is rational over K. A point 7 in S™ is said to be a specialization of the 
point y at the prime ideal p if whenever a form f(Y) satisfies the condition 
f(y) =0, it satisfies also the condition f(y) =0. Since the condition for a 
point to be an associated point is “ universal,” every specialization » of y at p 
is the associated point of a positive r-cycle Z() in S", of the same degree as 
Z; we shall say that the cycle Z(7) is a specialization of the cycle Z at p or 
at Ry, where Ry is the quotient ring of R with respect to p. It is easily seen 
that the set of all specializations of y at p is an R-closed subset in 8”, and it 
follows from this that the union of the supports of all specializations of Z 
at p is also an R-closed subset in S". Recalling the definition that R is 
analytically irreducible at p if the completion of the local ring Fy is an integral 
domain, we can state the Connectedness Theorem as follows: 


Let R be a Noetherian domain with the quotient field K, and let Z bea 
rational positive cycle over K in 8S"; if Z is connected and if p ts a prime 
ideal in R such that R is analytically irreducible at p, then union of the 
supports of all the specializations of Z at p ts also connected. 


Apart from the extension to an arbitrary Noetherian domain (instead of 
the coordinate ring of an algebraic variety), the above version of the Con- 
nectedness Theorem coincides in substance with the original formulation of 
Zariski. Now, since the Connectedness Theorem concerns itself essentially 
with the properties of a cycle Z with respect to a prime ideal p in R, there 
will be no loss of generality if we replace the ring R by the quotient ring 2, 
so that we can assume from the beginning that # is already a local domain. 
Moreover, since the concept of analytic irreducibility involves the completion 
of R, we may just as well assume further that PR is itself a complete local 
domain. It turns out that, once put in this strictly local form, the Connected- 
ness Theorem can be generalized to a theorem in the “relative” geometry, 
in a similar way as we have generalized the Principle of Degeneration in [+]. 
This generalization, which we shall call the General Connectedness Theorem, 
can be stated as follows: 


GENERAL CONNECTEDNESS THEOREM. Let R be a complete local domain 
with the quotient field K and the residue field R, and let Z be a rational 
positive cycle over K in 8"; if Z is K-connected, then the union of the supports 
of all the specializations of Z at R is R-connected. 
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We remark that here the topological concepts such as “ closed,” “con- 
nected,” ete., refer to the well-known Zariski topology, in which the closed 
subsets are unions of finite number of algebraic varieties, and the relative 
topological concepts such as “ K-closed,” “K-connected,” etc., refer to the 
relative Zariski topology, in which the closed subsets are unions of finite 
number of complete sets of conjugate varieties over K. The use of these 
toepological terminology, though not really necessary, proves to be very con- 
venient. Although it is really only a trivial observation, we should like to 
point out in this connection that our formulation of the General Connected- 
ness Theorem does not at all imply that the preservation of connectedness 
under specialization, which holds in the absolute Zariski topology, holds also 
in the relative Zariski topology over a given ground field; on the contrary, 
alittle reflection shows that it is rather the disconnectedness over a ground 
field that is preserved under a specialization over the same ground field. 

The General Connectedness Theorem contains two special cases: The 
Special Connectedness Theorem, where the cycle Z consists of a single point, 
so that we are dealing essentially with what corresponds to a birational trans- 
formation in the geometric case, and the Principle of Degeneration, where the 
local domain F is a real discrete valuation ring, so that there is a uniquely 
determined specialization of Z at R. Conversely, once we have proved these 
two special cases, we can easily obtain from them the Connectedness Theorem, 
as we shall show later in section 4. However, in order to prove the General 
Connectedness Theorem in its full generality as formulated above, we need 


something more than a simple combination of these two special cases. The 
reason for this is not difficult to see. For the hypothesis of the General 
Connectedness Theorem provides only the relative connectedness of the cycle 
Z over the complete local domain FR, while the application of the Principle of 
Degeneration (in the form formulated in [4]) presupposes that we have 
some information about the relative connectedness of Z over some complete 
ral discrete valuation ring dominating FR, and it is clear that the relative 


connectedness of a cycle is in general not preserved under such an extension. 
In order to fill this gap, we need a result which says essentially that if a 
vele Z splits into two disconnected parts over every complete real discrete 
valuation ring dominating F# and this is in “continuous” manner, then Z 
cannot be connected over F#. It turns out that these considerations lead us 
ina natural way to a refinement of the General Connectedness Theorem, which 
we shall call (for reasons which will be apparent) the Extended Principle of 
Degeneration. We shall prove this Extended Principle of Degeneration only 
lor the case of a complete regular local ring; whether this Extend Principle 
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holds for the general case of an arbitrary complete local domain, is a question 
which will not be settled here, although it seems very likely that the answer 
to it is in the affirmative. However, so far as the General Connectednes; 
Theorem is concerned, this restriction to regular local rings is not a serious 
point, for a very simple argument (in section 4) shows that the validity of 
this theorem for a regular local ring implies its validity in the general case, 
On the other hand, this restriction to regular local rings enables us to obtain. 
in case of the Special Connectedness Theorem, yet another refinement, which 
is not generally true without this restriction. We shall say that a point set js 
linearly connected if every two points in the set can be connected by a sequence 
of rational curves in the set. Then we can prove that in the Special Con- 
nectedness Theorem for a regular local ring the set of all specializations js 
not only connected, but also linearly connected. This stronger result, which 
we shall call the Linear Connectedness Theorem, is of fundamental importance 
for the theory of rational equivalence, as we shall show in our forthcoming 
work on the intersection theory of cycles and equivalence classes of cycles. 
Our paper therefore consists of two main results, the Linear Connected- 
ness Theorem and the Extended Principle of Degeneration; the former will 
be proved in section 3 and the latter will be proved in section 5. Our proof 
of the Linear Connectedness Theorem is based on an analysis of the properties 
of the quadratic transforms of a regular local ring, and we shall use in course 
of the proof some of the well-known results on this subject. Looked upon 
from this point of view, our proof is related to the recent proofs of Zariski 
[15] and Murre [10] of the Special Connectedness Theorem for a simple 
point in the geometric case. On the other hand, our proof of the Extended 
Principle of Degeneration is of a quite different nature ; although the quadratic 
transforms play also an essential role in this proof, the main idea lies in a 
different direction and is essentially a generalization of the method used in 
our proof of the Principle of Degeneration in [4], which centers on the idea 
of Hensel’s Lemma. Only, as we have to deal now with an entire system of 
specialization cycles at the center, instead of a single cycle, the elementary 
“resultant” method used in [4] proves to be too cumbersome and rather 
inadequate ; instead, we shall draw more heavily on the theory of local rings, 
with the result that we are able not only to prove the more general result, 
but also to gain a better insight into the nature of the problem. Incidentally, 
we should like to point out that the result in [4] is not used in our present 
proof, which in this sense can be said to start from the beginning, while on 
the other hand our recent result on the Local Bertini Theorem [5] plays an 


essential role in the important process of reduction to the case of dimension ?. 
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As to terminology, we shall use here some of the terms in Weil’s well- 
inown Foundations of Algebraic Geometry, such as the terms “universal 
domain,” “ variables,” “ indeterminates,” “ cycles,” etc., which have now become 
more or less standard ; however, we shall not make use of any results in this 
book, so that a knowledge of it is not at all necessary for the understanding 
of the present paper. On the other hand, we shall assume that the reader 
jsfamiliar with the theory of local rings, which is fundamental for our subject ; 
ye shall therefore use freely the basic notions and results in this theory, 
although we endeavor to give explicit references for all results beyond the very 
elementary ones. We shall also use for convenience the topological concepts 
based on the Zariski topology, either absolute or relative to a given ground 
feld; the Zariski topology for algebraic varieties is of course involved right 
at the beginning already in the formulation of our problem, but later we 
shall introduce it also for sets of algebraic cycles as well as for sets of valuation 
rings dominating given local domains. Finally, in the last two sections we 
shall assume some knowledge of the theory of associated forms; it is sufficient 
for this purpose to know the properties of the associated forms listed at the 
beginning of § 4 in our paper [4]. 


2. Rational transforms. We begin by making a few remarks con- 
cerning the projective space S" (or S”) introduced in the preceding section. 
Although it is quite possible for us to work within a given universal domain 
provided we choose it suitably to include all the local rings we shall need 
in the course of our theory, it is nevertheless more convenient and probably 
ina sense also more appropriate to consider S” as the “universal projective 
space” which can be defined as the logical union of all the projective spaces 
of dimension n over all possible universal domains. We remark however that 
we shall never invoke more than a finite number of universal domains at one 
time, so that we are not really involved in any of the logical difficulties usually 
comected with the use of the expression “all” in such a context. Without 
any reference to any universal domains, we can define the universal projective 
space S" by the stipulations that any ordered system of n+ 1 elements 
(% 2:1," * *,2n) in any field (or integral domain), not all zero, defines a 
point z in 8”, and that two such systems define the same point in S” if and 
only if their elements are contained in some one field and are proportional 
to each other in this field; the elements z; are called the (homogeneous) 
coordinates of the point z. We shall say that the point z is rational over a 
field K if the ratios of its coordinates z; are contained in K ; when this is the 
case, we shall always assume (unless stated to the contrary) that the pro- 
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portionality factor has already been so chosen that the coordinates of z are 
allin K. In applying the usual algebro-geometrical operations to the entities 
in this universal projective space S" we must of course see to it that the 
entities involved all belong to some one field, while among the entities 
belonging to different fields only very restricted types of relations can occur, 

On the other hand, the projective space 8" remains, as it was before, 
to be the one over a given universal domain A, so that we can now consider 
S" to be contained in the universal projective space 8S”. However, this space 
S” is in a sense the center of our attention, and we shall relate to it various 
entities in S” in the following way. We shall say that a local ring (R,p) 
is attached to A if its residue field R = R/p is identified with a field contained 
in A, whereby the expression “a field in A” is to be understood in the sense 
of Weil’s Foundations (i.e. A has infinite degree of transcendency over fk) ; 
the so defined concept of an attached local ring is somewhat more specific 
than that of a local ring by itself, for two local rings which are isomorphic 
but attached to distinct fields in A are to be considered here as different. In 
this paper all the local rings are assumed to be attached to A in some ways, 
so that we shall not always explicitly mention this fact. Furthermore, if a 
local ring (R,,p,) contains RF such that RN p,—>p, and if R, is attached to 
A in such a way that the canonical embedding of R/p into R,/p, as abstract 
fields is accompanied by a corresponding embedding of the attached residue 
field of R in A into the attached residue field of R, in A, then we shall say 
that R, dominates R. In particular, we shall always assume that the com- 
pletion R* of FR is attached to A in such a way that R* dominates Lf, so that 
they have the same residue field in A. Once a local ring F is attached to A, 
the canonical homomorphism of F# onto RF will induce (under certain circum- 
stances) a relation between those geometrical entities in S" which are defined 
by means of F# and similar entities in S”, such as the concept of a specializa- 
tion of a cycle at p described in the preceding section. For the sake of com- 
pleteness and clarity, we shall begin here anew and repeat all the definitions. 

Let (R,p) be a local domain of dimension ¢ (attached to A), with the 
quotient field K and the residue field R; for any element a in F or a poly- 
nomial f(Y) in R[Y]—R[Y., -;¥m], we shall denote by or f(X) 
respectively the corresponding element in R or polynomial in R[Y] under the 
canonical homomorphism of R onto R. Let y= (Yo, 415° * *; Ym) be a point 


in S” with coordinates in a field containing K; a point »= (m0, 1) 
in S” is said to be a specialization of y at R, if for every form f(Y) in R[Y] 
the relation f(y) 0 implies the relation f(y) 0. We shall denote by 
y(F) the set of all specializations of y at R, and it is easily seen that y (2) 
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is an R-closed subset in S”. If (R,,p,) is a local domain which dominates 
(R,p) and if y is a point which is rational over a field containing R,, then 
every specialization of y at FR, is also a specialization of y at R, so that 9(R,) 
is contained in ¥(F). In case y is the associated point of a positive r-cycle 
Zin 8", then every specialization of y at R is also the associated point of a 
positive r-cycle in S", which we shall call a specialization of Z at R; we shall 
denote by Z(R) the set of all specializations of Z at R and denote by | Z(R)| 
the union of the supports of all the cycles in Z(R), and we observe that 
Z(R)| is an R-closed subset in S". 

We shall be particularly interested in the case where the point y is 
rational over K, and we shall say in this case that the point y defines a 
rational transform y(R) of the local domain Ff; as we shall see, this notion 


of a rational transform of a local domain plays a fundamental role in our 
theory. The set ¥(#) is then called the center of the rational transform y(). 
If, is any point in ¥(R), consider the subring 2(y(R)/n) in K consisting 
of all the elements of the form f(y)/g(y), where f(Y) and g(Y) are forms 
of the same degree in R[Y] and J(y) ~0; it is easily seen that 2 (y(R) /n) 
isa local domain with the quotient field K, and that its maximal prime ideal 
p(y(R)/n) consists of all the elements f(y)/g(y) with f(y) =0. Since the 


residue field of 2(y(R)/n) is isomorphic to the field R(y) in A, we shall 
attach 2(y(R)/n) to A by identifying the residue field of 2(y(R)/y) with 
R(»), and we shall call the so attached local domain 2 (y(R) /n) the specializa- 
lion ring of the rational transform y(R) at ». We observe that 2 (y(P)/n) 
evidently dominates the local domain R, and that if »;40 for any one j, then 
2(y(R)/n) contains also the ring R[yo/y;,° furthermore, it is 
easily seen that ¥(Q(y(R)/n)) is the R-variety in S”-? consisting of all the 
specializations of » over Rk. The point y is said to be normal or simple in the 
rational transform y(F) if 2(y(R)/n) is integrally closed or regular respec- 
tively, and when such is the case, we shall also say that the rational transform 
y(R) is normal or simple at » respectively. We shall say that the rational 
transform y(#) is normal or non-singular if it is normal or simple respec- 
tively at every point in its center 9(R). 

The concept of a rational transform y(F) of a local domain RF is a natural 
generalization of the concept of a rational transformation 7 of an algebraic 
variety V around a given point p of the variety. It belongs to the local 
seometry in the strict sense that one is concerned with what corresponds to 
the behavior of the rational transformation 7’ in the infinitesimal neighborhood 
itp in V, not a finite neighborhood, however small. For this reason the only 
points on our rational transform y(R) are the points in the center 9(R), which 


16 
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corresponds in the geometric case to the total image 7'(p) of the point p 
under 7. However, we should like to stress here that we are really considering 
the points in 7(R) not as points in what corresponds to the image variety 
T(V) of V, but rather as points in what corresponds to the graph of T in 
the product space V X T(V), so that y(R) should be considered as corres- 
ponding to pX T(p), not to T(p); for our definition of the specialization 
ring 2(y(R)/n) at a point » in ¥(F#) corresponds to the specialization ring 
of the graph of T at a point in p X T(p), not that of T(V) at a point of 
T(p). The reason for introducing here what corresponds to the graph rather 
than the image is quite easily understood, for the graph of a rational trans- 
formation contains essentially the complete information about the trans- 
formation, while the image is merely its projection on one of the factor spaces 
and hence its introduction is often not necessary, as is the case in our present 
studies. 

The study of rational transforms is of fundamental importance not only 
for our present purpose, but also for many other problems in abstract local 
geometry. In this section, we shall limit ourselves to stating and proving a 
few basic properties of these transforms, which we shall need later. The 
discerning reader will notice that most of these are merely generalizations to 


arbitrary local domains of some of the elementary properties given in [11] 
for the geometric case, and it is therefore not surprising that we have also 
taken over some of the proofs from that paper. 


Lemma 2.1. If y(R) is a rational transform of R, then for any two 
points and in Q2(y(R)/n) contains 2(y(R)/x’) if and only if 7 
is a specialization of y over R. 


Proof. The condition is evidently sufficient. To prove the necessity, let 
g(Y) be any form in R[Y] such that G(7’) AO, and let f(Y) be a form in 
R[Y] of the same degree as g(Y) such that f(7) 40; if 2 (y(R)/m) contains 
2 (y(R)/7’), then f(y)/g(y) being an element in 2(y(R)/n’) must be con- 
tained in Q(y(R)/n). Since this implies that Since 
this is true for any form g(Y) in R[Y] and since any form in R[Y] can be 
obtained as a form g(Y), this shows that 7’ is a specialization of over 2. 

In the special case when the local domain PF is a valuation ring, the center 
y(#) of any rational transform y(f) of FR consists of a single point; in fact, 
there exists in this case some one y; such that 4o/yj,° * *,Ym/y; are all con- 
tained in and the point *,%m/Y;) is evidently the only specializa- 
tion of y at R. Furthermore, it is easily seen from the well-known maximality 
properties of a valuation ring that in this case we have 2 (y(R)/g(R)) =. 
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In the general case of an arbitrary local domain R, we consider a valuation 
ring M in K dominating R; then, for any rational transform y(f) of R, the 
point y(M) is evidently contained in y(R). We shall call this point 9(J) 
the center of M in the rational transform y(R). We maintain that M 
dominates 2 (y(R)/y¥(M)). To see this, let y; be so chosen that the elements 
Ym/Y; are all in M and hence y(M) = (Yo/Yj,° Ym/Y;) 3 if f(Y) 
isany form of degree d in R[Y], then f(y) /y;# is an element in M, and since 
M dominates R, it is a non-unit in M if and only if f(y(M)) =0. It follows 
easily from this that any element f(y)/g(y) = (f(y) in 
9(y(R)/y(M)) is an element in M, and that it is a non-unit in M if and 
oly if it is such in 2(y(R)/y(M)). This result, together with Lemma 2. 1, 
gives us almost immediately the following lemma. 


LemMA 2.2. Let y(R) be a rational transform of a local domain R, 
let M be a valuation ring in K which dominates R, and let y be a point in 
i(R); then if and only if M dominates 2(y(R)/n). 


It is well-known that any local ring in a field K is dominated by some 
valuation ring in K. Applying this to the local ring 2 (y(R)/n), we conclude 
from Lemma 2.2 that given any point 7 in y(fF) there exists a valuation 
tng M in K dominating such that n»—Yy(M). If we denote by 
the set of all valuation rings in K dominating R, then the correspondence 
defines a mapping onto the center of y(R). We now 
introduce a topology in Y(R), called its Zariski topology, by the stipulation 
that a subset in Y(F) is said to be closed if it is the inverse image under this 
mapping of a closed subset in y(R) for some one rational transform y(R) 
of R, whereby 7(2) is understood to be endowed with its Zariski topology 
(induced by the Zariski topology in S™). If we consider only the Zariski 
Rtopology of G(R) for every y(R), then we obtain the R-topology of Y(R), 
and we have therefore such notions as R-closed, R-connected, ete. That this 
efinition of a closed subset in Y(R) actually defines a topology in U(R) 
tan be easily verified. We observe also that this topology is the least fine 
among all topologies in Y(R) for which the mapping M—¥%(M) is con- 
tinuous for every rational transform y(R) of R, both in the absolute case 
and in the relative case. 

In case y is the associated point of a positive cycle Z in 8”, then for 
“ery valuation ring M in K dominating R we have a specialization cycle 
4(M) of Z at R, and in this way we can obtain all specializations of Z at R, 
that we can set Z7(R) —{Z(M)| ME V(R)}. If F(U) is the associated 


fom of the cycle Z, then we shall denote the associated form of the 
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specialization cycle Z(M) by Fu(U). We note that both forms F(U) and 
Fy(U) are defined only up to proportionality factors in K and M respectively, 
and that even when F(U) is taken to be a form in M[U], Fu(U) is not 
necessarily the residue image of F(U) in M[U]; in order to get Fu(U) as 
the residue form of F(U), one has to normalize F(U) by dividing it by one 
of its coefficients which have the lowest value under the valuation of J/, so 
that all coefficients in F(U) be in M but not all non-units. 

Let z= (Zo, 21," 2) be a point in which is rational over K, and 
consider the rational transform z(/) ; then we can define a birational corres- 
pondence 7 between the two rational transforms y(f) and 2(f) as follows: 
Two points 7 and ¢ in 9(R) and 2(f) respectively are said to correspond to 
each other under 7’ if there exists a valuation ring M in K dominating R 
such that »=Y(M) and £=2Z(M). In order to avoid possible ambiguities, 
we shall consider the correspondence T as from y(R) to z(F), so that the 
inverse correspondence from z(R) to y(R) will be denoted by T-'; if » or¢ 
is any point in 9(R) or respectively, then we shall denote by (1) 
or T-1(£) respectively the set of all points in Z(R) or y(#) which correspond 
to » or under T or T-* respectively. As the reader will readily perceive, 
this definition of a birational correspondence is essentially the same as that 
given in [11]. We shall say that the birational correspondence T is regular 
at a point in if there exists a point in corresponding to 
under 7 such that 2(y(R)/y) contains 2(z(R)/fZ). Finally, we introduce 
the join yor of the two points y and z, which is defined as the point in 
S("+1)(1+1)-1 whose coordinates are the elements y;2;, for 1=0,1,- and 
j=0,1,---,/, arranged in some arbitrary (but fixed) order; the rational 
transform y°z(f) is then said to be the join of the rational transforms y(/) 
and z(R). It is clear that if M is any valuation ring in K dominating f, 
then we have the relation yoz(M/) =y(M)0°Z(M); it follows easily from 
this that the birational correspondence between yoz(FR) and y(f) is regular 
at every point in y°2(R). 


LEMMA 2.3. If the birational correspondence T between y(R) and z(h) 
ws regular at a point y in y(R), then T(y) consists of exactly one point. 


Proof. By definition there exist a point £ in 2(R) and a valuation ring I 
in K dominating R such that 7 = 9(M), £ = 2(M), and 2(y(R)/n) D 2(x(R)/9). 
According to Lemma 2.2, If dominates both 2(y(R)/n) and 2(2(R)/Q); it 
follows that 2(y(R)/n) dominates 2(2(R)/£). If M, is any valuation ring in 
K dominating 2(y(R)/n), then it must also dominate 2(2(R)/£); it follows 
then by Lemma 2.2 again that 2(1/,) =, which proves our lemma. 
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LemMA 2.4. If y(R) is normal at a point y and if T(y) consists of a 
finite number of points, then T ts regular at 7. 


Proof. It is easily seen that, without affecting the validity of our lemma, 
we can replace z(R) by another rational transform of R which is in biregular 
correspondence with it; in particular, we can replace z(#) by the rational 
transform defined by a point whose coordinates are the monomials of the 
elements 2,21," °°, 2, Of a given degree, arranged in some arbitrary order. 
By making such a replacement of z() if necessary, we can therefore obtain 
that if £,- - -,g@ are the points contained in 7'(y), then none of the co- 
ordinates ,- - -,¢, vanishes. Then 2(2(R)/é) contains the ring 
R[z:/205° * 21/20] for every 1=1,- - -,d, and is in fact the quotient ring 
of R[ 21/20, * *, 21/20] with respect to the ideal 


qi = p(2z(R)/E) 1/20]. 


Since each Q2(2z(R)/E) is contained in some one valuation ring in 
), it follows that R[21/2,° +, 2/% | is contained in the inter- 
section of all valuation rings in U(2(y(R)/y)). Since y(F#) is normal at 
» 2(y(R)/n) coincides with the intersection of all valuation rings in 
Y(2(y(R)/n)) and hence contains +, Since is the 
restriction to R[z:/Z0,° * *,21/%0| of the maximal ideal in some one valuation 
ring in U(2Q(y(RL)/y)), it must contain the ideal 


and since 2(y(R)/n) contain the quotient ring of R[21/2,° + +, 21/20] with 
respect to q, it must also contain 2 (z(R)/g). This shows that T is regular 
at the point 7. 

We make a digresion here to observe that up to now we have not used 
at all the crucial property of a local domain, that it is Noetherian; in fact, 
all our definitions (except for the definition of a simple point) and results 
up to now hold for any (commutative) integrity domain with the property 
that the set of all non-units is an ideal, i.e., what is sometimes called a quasi- 
local domain. While any deeper study of the rational transforms must of 
course involve the Noetherian or other similar properties, it is nevertheless 
convenient to avail ourselves of the fact that some of the elementary notions 
and results hold for the more general case. This is the justification for 
stating Lemma 2.2 above for any arbitrary valuation ring M, without the 
Noetherian restriction. In this paper we shall only consider rational trans- 
forms of (Noetherian) local domains; however; in considering the valuation 
tings dominating a local domain, we shall not restrict ourselves to the 
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Noetherian ones. Although it is possible in principle to get along without 
using any other valuation rings except those which are discrete and of rank 1, 
as shown by Lemma 2.7 below, it is very desirable to be able to use others 
whenever it turns out to be convenient to do so. We shall meet later occasions 
when it is convenient to use discrete valuation rings of rank 2. 

From now on the Noetherian property of the local domain F will play 
an essential role. We observe first that by virtue of this Noetherian property 
the local domain RF has a finite dimension ¢, which can be defined either as 
the rank of the maximal prime ideal p or the number of elements in a 


system of parameters. 


Lemma 2.5. If y(R) is a rational transform of a local domain of 
dimension t, then any point in Y(R) has a dimension at most t—1 over R, 
so that the maximum dimension of the algebraic set y(R) is at most t—1, 


Proof. Let » be any point in ¥(f), and let WM be a valuation ring in 
K dominating 2(y(R)/n). According to [2], Theorem 1, the residue field 
of M has a dimension at most t—1 over R; hence the residue field R(n) 
of 2(y(R)/y) can have a dimension at most t—1 over R, which shows that 


» has a dimension at most t—1 over R. 


Lemma 2.6. Let y(R) be a rational transform of a local domain of 


dimension t; if a point y in 9(R) has the dimension t —1 over R, then there 
are only a finite number of valuation rings in K which dominate 2 (y(R)/n), 
and these valuation rings are real discrete (i.e. regular local domains of 


dimension 1). 


Proof. Since the residue field R(n) of 2(y(R)/y) has the dimension 
t—1 over R, the dimension of 2(y(R)/n) must be 1; for, if the dimension 
of 2(y(P)/y) were greater than 1, then there would exist a valuation ring 
in K dominating 2(y(R)/y) whose residue field has a positive dimension 
over R(») and hence a dimension greater than t—1 over R, in contradiction 
to [2], Theorem 1. According to [7], the integral closure R, of 2 (y(P)/y) 
is Noetherian and hence the ideal Rip(y(R)/y) has only a finite number of 
(minimal) prime divisors; furthermore, the quotient ring of R, with respect 
to any one of these prime divisors is a real discrete valuation ring whose 
residue field is a finite algebraic extension of R(y). Since any valuation ring 
in K dominating 2 (y(R)/y) must coincide with one of these quotient rings, 
our lemma follows if we observe in addition that since the residue field of 
such a valuation ring is a finite algebraic extension of R(7), there are only a 
finite number of possible ways to embed it as a field extension of R(y) in 4. 
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Lemma 2.7%. Let y(R) be a rational transform of an unmixed (= equi- 
dimensional) local domain of dimension t, and let » be any point in y(R) ; 
then there exists a real discrete valuation ring in K which dominates 
9(y(R)/n) and whose residue field has the dimension t—1 over R. 


Proof. Without the last condition on the dimension over & this lemma 
holds for any arbitrary local domain RF (not necessarily unmixed) ; one has 
oly to apply to 2(y(R)/y) the general result that any local domain in K 
is dominated by a real discrete valuation ring in K, as proved in [1] or [4]. 
Furthermore, a closer look at the proof of this result in [4] shows that the 
residue field of the so obtained real discrete valuation ring has a dimension 
over the residue field R(n) of Q(y(R)/yn) which is exactly equal to the 
dimension of 2(y(#)/n). The last condition in our lemma will then be ful- 
filled if we have the “ dimension formula”: dim(2(y(R)/n)) + dim (n/R) = t. 
This “dimension formula,” in fact in a somewhat more general form, has 
been proved recently by Nagata [10] under the assumption that # satisfies 
the “second chain condition,” and a previous result of Nagata shows that a 


umixed local domain always satisfies this “second chain condition.” 


As a corollary to Lemma 2.7%, we have the following useful lemma. 


LemMA 2.8. If R is an analytically irreducible local domain, then 
i(R) =y(R*) for every rational transform y(R) of R. 


Proof. Since R* dominates FR, it is clear that y(R*) C y(R); we have 
therefore only to show that every point in ¥(F) is also a point in 9(R*). 
Let » be a point in ¥(R) and let M be a real discrete valuation ring in K 
which dominates Q(y(R)/n) and whose residue field has the dimension ¢—1 
over R (¢ being the dimension of R). According to [13], Theorem 2, R is a 
subspace in M, so that the completion R* of R can be embedded in the com- 
pletion M* of MW; it is clear that M* dominates both R* and M. It follows 
that 7(M*) is a point in and also that 7(M*) = —7; this shows 
that y is a point in y(R*). 

Before proceeding further, we shall make an observation here which will 
be useful to us also later. Let v= (v1,° * *,Ua) be a set of independent 
variables over R, and consider the quotient ring R(v) of R[v] with respect 
to the prime ideal R[v]|p; it is easily seen that R(v) is a local domain of 
dimension ¢, with the quotient field K(v), and that R(v) is normal or regular 
ifand only if R is such. Furthermore, if a and b are ideals in R, then we 
have R(v) (aN b) —R(v)an R(v)b and R(v)aN R—=a, and if is a pri- 
mary ideal in # with the associated prime ideal q’, then R(v) is primary with 
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R(v)q’ as its associated prime. Finally, the R(v)p-residues (0,,- - -, 
of v are algebraically independent over R, so that we can attach R(v) to A 
by identifying the o with any set of d independent variables over #; therefore, 
R(v) dominates R and its residue field R(@) is a purely transcendental 
extension of dimension d over R. For proof, we refer to [6], Lemma 14 for 
a part of it, with the remark that the rest of our assertions follows easily 
from it. In many problems these properties will enable us to replace the 
original local domain R by R(v), and such a substitution often turns out to 
be convenient, mainly on account of the fact that the residue field # is thereby 
extended by the adjunction of an arbitrary number of variables and in 
particular made infinite. We shall call R(v) the local domain obtained 
from R by the adjunction of the variables v. 

Assume now that F is a complete regular local domain of dimension 
t > 2, and let z,,- - -,a; be the elements in a minimal base for p; then R(v) 
is a regular local domain of dimension ¢ and the elements 2,- - -,2; form 
also a minimal base for its maximal prime ideal R(v)p. Let d= ¢—2, and 
set ui = + Viti2)/t, for 1—1,- - -,d; denote by R, the quotient ring 
of R(v)[u.,- -,ua] with respect to the prime ideal -ualp. It 
is easily seen that R, is a regular local domain of dimension ¢—d, and that 
the R,p-residues &@= of w= -,Ua) are algebraically 
independent over R(@), so that we can attach R, to by identifying @ with any 
set of d independent variables over R(@). The following lemma, which can 
be considered as the local equivalent of the well-known “'Theorem of Bertini” 
in algebraic geometry, plays an essential role later in the proof of Theorem ? 
in that it enables us to reduce that theorem to the case t = 2. 


Lemma 2.9. The quotient field K of R ts algebraically closed in the 
quotient field of the completion R,* of R,. 


This lemma is equivalent to the assertion that if a monic polynomial of 
one variable with coefficients in FR is irreducible over R, then it is also 
irreducible over the completion f,* of R,. We can evidently without any 
loss of generality restrict ourselves to the case d=1, the general case 
following then by induction, and for this case the assertion can be proved in 
exactly the same way as the lemma in [5], except that one replaces the 
element c there by the element vv, and observes that v satisfies the con- 
dition of being “sufficiently general” as required there. We therefore refer 
the proof of this lemma to [5]. 


3. Quadratic transforms and linear connectedness theorem. Let 


qua 
the 

sim 
of t 
dent 
une 
over 


to t 


tran 
the 

at 
poir 


(R, 
resl 
for 
{ral 
min 
eacl 
vitl 
to a 
the 
({] 
is 
dim 
sion 
of 
whi 
Is 
ring 
mec 
rent 
inte 
of d 
of 
by 
= 


CONNECTEDNESS THEOREM. 1047 


(R,p) be a local domain of dimension ¢, with the quotient field K and the 
rsidue field R, and let 2,,- - +, be elements which form a minimal basis 
for p; iL we denote by x the point (2,:--,2;) in S**, then the rational 
ransform «(f) of RF is called the quadratic transform of R. Since any two 
ninimal bases for p have the same number of elements and can be obtained 
ach from the other by a linear transformation with coefficients in R and 
rith determinant not in p, the quadratic transform z(f) of RF is unique up 
tan everywhere biregular transformation. We shall be mainly interested in 
the case where the local domain F is regular, and we recall that in this case 
the number s is equal to the dimension ¢. In this case, it is well-known 
({1], Lemma 3, and Corollary 1) that <(R) —S** and every point in <(R) 
issimple in a(R) ; furthermore ([2], Lemma 10, or as a special case of the 
jimension formula in [10]), if € is any point in <(f) and if ¢’ is the dimen- 
sion of 2 (a(R) /é), then dim(é/R) In case € is a generic point 
of 7(R) =S** over R, then Q(x(R)/E) is a real discrete valuation ring, 
which (considered without its attachment to A) is the valuation ring of what 
is sometimes called the p-adic valuation of R; we shall call this valuation 
ring the quadratic valuation ring of R. 

Let y(F) be a rational transform of R in 8”, and let » be a point in 
j(R); let be the homogeneous ideal in R[Y]—R[Vo, ¥m] 
generated by all forms f(¥) such that f(y) —0, and let h be a positive 
integer such that there exists a basis of this ideal §$(7) consisting of forms 
of degrees less than h +1. Let b,(Y),- - -,b:(Y) be a basis of the R-module 
of all forms of degree h in B(»), and denote the point (bi(y),° - -,d:(y)) 
by b; if we set z—yob, then the rational transform z(f) is called the 
quidratic transform of y(R) centered at y. This definition is analogous to 
the one given in [11], IJ, §11 (for a monoidal transformation), and by a 
similar argument as given there, we can show that the quadratic transform 
:(R) is up to an everywhere biregular birational correspondence independent 
of the choice of the integer h and the basis b,(Y),: - -,0:(Y), being depen- 
dent only on the point » Furthermore, it is clear that z(#@) remains 
unchanged if we replace the point » by any one of its generic specializations 
over R; this shows that the concept of a quadratic transform belongs really 
to the relative geometry. 

Let T be the birational correspondence between y(f) and its quadratic 
transform z(#) centered at y. It is clear from the definition z—=yob that 
the inverse 7+ is everywhere regular in 2(F), and that T itself is regular 
at every point in 7(R) which is not a specialization of » over R. As to the 
point » itself, we can take any valuation ring M in K dominating 2 (y(R)/n) 
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and get a point 2(M) =7°6(M) in T(y), and in this way we can obtain 
every point in T'(y) ; it follows that = 2(2(y(R)/n)) ° 
Let w,,° * *,W; be the elements of a minimal basis for the maximal prime 
ideal in 2(y(R)/n), and denote by w the point (w,,- in S™. 
easily seen that the coordinates of 6, after division by the form y;" if »,~9, 
are linear combinations of the coordinates of w with coefficients in 2 (y(R) /n), 
and vice-versa; therefore, the coordinates of z, after division by the form yi, 
are also linear combinations of the coordinates of yow with coefficients jy 
2(y(R)/y), and vice-versa. Since both 


2 (2(R)/z(M) and 
contain 2(y(R)/n) as a subring, it follows easily from this that 


2 (2(R)/2(M)) =2 ; 


furthermore, going over to the residue field of M, we conclude that the coordi- 
nates of Z7(M) and the coordinates of Yow(M) ar 
linear combinations of each other with coefficients in R(m). This shows that 
the birational correspondence between and yow(R) ts biregular between 
Z(2(y(R)/n)) and yow(Q2(y(R)/n)), and that each R(y)-variety in T(y) 
is biregularly, in fact projectively equivalent over R(y) to an R(y)-variety in 


7° 0(2(y(R)/y)). 


Lemma 3.1. For any valuation ring M in K dominating 2 (y(R)/n), 
we have the relation Q (z(R)/z(M)) =2 


Proof. Every element in 2(w(2(y(R)/))/@(M)) is the quotient 
f(w)/g(w) of two forms of the same degree in w with coefficients in 2(y(R)/n), 
with the condition g(#(M)) 0, while every element in 2 (y(R)/n) is the 
quotient f’(y)/g’(y) of two forms of the same degree in y with coefficients 
in R, with the condition g’(7) 40; it follows that, by multiplying both f(w) 
and g(w) with a suitable power of a coordinate y; or w; such that the i-th 
coordinate of » or the j-th coordinate of @(M/) does not vanish respectively, 
we can express any element in 2(w(Q(y(R)/y))@(M)) as a quotient 
f’(yow)/g”(yow) of two forms of the same degree in yo w with coefficients 
in R, with the condition g”(7°%#(M)) 0. This shows that 


2 


is contained in 2(yow(R)/yn°@(M)) =Q(z2(R)/z(M)). Ina similar way 
we can show that conversely 2 (z(R)/z(M)) is also contained in 
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If the point » is simple in y(f), then the local ring 2(y(R)/y) is 
oular; it follows then from what we have said before about the quad- 
" transform of a regular local ring that (a) #(2(y(R)/y)) =S™, 
(b) w(2(y(R)/y)) is simple at every point ®(M) in @(2(y(R)/y)), and 
() if 7’ is the dimension of the local ring 2 (w(2(y(R)/n))/w(M)), then 
/+dim(@(M)/R(y)) +. In view of Lemma 3.1 and the remarks imme- 
lately preceding it, we can conclude in this case that (a) 7’'(m) consists of a 
ingle (r — 1)-dimensional variety, defined over R(»), and there is a biregular 
jirational transformation W, defined over R(n), which maps #(2 (y(R)/n)) 
onto T(n); (b) is simple at every point in T(»); and 
(:) 7 is also the dimension of the local ring 2 (2(#)/2(M)) and we have the 
vation 7” + dim(z(M)/R(n)) =r. 

We shall now assume further that the point » (already assumed to be 
imple in y(R)) is contained in a variety Q in ¥(F) with the following 
properties: (1) Q is defined over an extension field A of # such that if s—1 
isthe dimension of Q, then we have the equation o + dim(A/R) =¢; (2) if 
fis any point in Q, then R(é) contains A; (3) every point in Q is simple 
iny(R); (4) there is a biregular transformation ®, defined over A, which 

f uaps the projective space 8%* onto Q. Let ¢ be a generic point of Q over A, 
and let £&’ be a generic point of T'(7) over R(m) ; we shall prove the following 
mma, which plays an essential part in the proof of Theorem 1 later. 


Lemma 3.2. There exists a linearly connected set T in 2(R) with the 
properties: (1) T contains both T(£) and &, and (2) every point in T is simple 
inz(R) and has a dimension at least t—2 over R, and (3) I consists of a 


finite number of rational curves. 


Proof. Since the point » is a specialization of the point £ over R, in fact 
oer A, the local ring 2(y(R)/£) is the quotient ring of the local ring 
2(y(R)/n) with respect to a prime ideal po, which must then necessarily 
be of rank 1 (for Q2(y(R)/Z) has the dimension 1). The residue ring 
2(y(R)/n)/po is then canonically isomorphic to a subring in the residue 
field A(L) of 2(y(R)/£) ; in fact, it is easily seen that this subring 
is precisely the specialization ring 2 (£/y, A) in A(¢) of the variety Q at the 
pont 7. For the sake of convenience, we shall identify the residue ring 
2(y(R)/n)/po with 2(£/y,4); this implies in particular that we shall 
ilentify the residue field of the local ring 2(y(R)/n)/po with R(y) =A(y), 
and in this way attach 2(y(R)/n)/po to A. Since Q is biregularly equiv- 
alent over A to the projective space S%-, and since it is well-known (see [11], 
lemma 9, p. 541) that the specialization ring over A of S*? at any point is a 
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regular local ring whose dimension is equal to s—1 minus the dimension of 
the point over A, it follows that 2(y(R)/)/Po is a regular local ring of 
dimension o—1—dim(7/A). Since Q2(y(R)/n) is itself a regular local 
ring, it follows from a well-known result ([3], § III, Proposition 9, p. 705) 
that the basis w,,- --,wr of 2(y(R)/n) can be so chosen that py, is the 
principal ideal (wr) generated by the one element w;, and that the canonical 
images w1,° *, 7-1 Of Wy,° Wr. in 2(y(R)/y)/Po coincide with any given 
minimal basis for its maximal prime ideals; furthermore, we have evidently 
the relation dim(»/A) =o—r, and since R(y) contains A, it follows that 
dim (y/R) = dim(n/A) + dim(A/R) =t—-+. Now, let M be the quadratic 
valuation ring of the regular local ring 2(y(R)/n)/o; we shall attach M 
to A in such a way that its residue field M contains R() and is free with 
respect to R(f’) over R(n). If we denote by w the point in S7* (observe that 
by our convention $7 is contained in 87‘) with the projective coordinates 
(w1,° *,@7-1,0), then the point o(M) in has the form -,Ar-1,0), 
where A, 1, and -,Ar-1 are independent variable (in A) over A(z»). 
Let M be the valuation ring of the composite valuation obtained from the 
valuation of 2(y(R)/f) and the valuation of its residue field determined 
by M, i.e. the ring M consists of all elements in 2(y(R)/£) whose images 
in the residue field are contained in the ring M; we shall attach M to A by 
identifying its residue field with the residue field of M. It is clear that i 
dominates 2(y(R)/n), so that z7(M) is a point in T(y). Furthermore, it 
follows from the definition of a composite valuation that #(M) —3(M) 
= *,Ar-1,0); since R(y,2(M)) = R(y,0(M)), the point has 
the dimension r—2 over R(y), and since R(Z(M)) contains R(n), by the 
relation 7 = T7-*(Z(M)), the point has the dimension — 2 + dim(»/R) 
—t—2 over R. If we denote by I” the line in 87+ joining the points #(1) 
and -"(¢’), then it is easily seen that every point in IY has a dimension at 
least —2 over R(m); going over to the variety T'(), we obtain a rational 
curve ¥(I”) in 7'() which contains both z(M) and ¢’, such that every point 
on it has a dimension at least r— 2 over R(y). Since every point in ¥(TI’) 
has the point » as its image under the holomorphic rational mapping 7” 
(of z2(R)) and since dim(n/R) = t—z, it follows that every point in ¥(I’) 
has a dimension at least ¢—2 over R; furthermore, every point in (I”), 
being a point in T(»), is simple in z(R). This shows that the curve 
= (I”) has the property (2) in our lemma. 

We set 0= *,00) and a= (a,° - = ; we 
observe that 2 (£/y, A) is also the specialization ring 2 (@/a, A) in A(@) =A(0) 
of S*-* at the point a, so that the elements w,,- - -,w;-, form also a basis for 
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the maximal prime ideal in 2 (6/a,A). We shall show below that there exists 
a ational curve I” in §*-* containing the points 6 and a, with the property 
that every point in I”’ except possibly @ has a dimension at least o—2 over A 
and that the elements w;/w,, i= - considered as function on IY’, 


have values at « which are independent variables over A(a). Going over to 
the variety Q, we have a rational curve ®(I”’) containing the points { and » 
such that every point in ®(I”’) except possibly » has a dimension at least 
g—2 over A and hence a dimension at least {—2 over R. Since the values 
of w;/w1, 2,° +, 7 —1, on at the point » are independent variables 
over A(@) == R(m), we can take them to be the elements d2,- - -,A7-1 intro- 
duced before; then in the “proper transform” of ®(I”’) in yow(R), i.e. 
the locus over the defining field of ®(I”’) of the image in yow(R) of a 
generic point of the (unque) point corresponding to y is 
Let be the “proper transform” of in it is clear that 
contains the point 7'(¢). Since the correspondence T is biregular at every 
point in &(I”’) except », it follows that every point in T, outside of T'(n) 
has a dimension at least t—2 over R; on the other hand, since the corres- 
pondence between z(#) and yow(f) is biregular at every point in 7'(n), it 
follows that Z(J/) is the (unique) point on [, corresponding to y in ®(I”’). 
This shows that T, contains the points Z7(J/) and 7g), and has the property 
(2) in our lemma. If we set T=T,+T., then I is clearly linearly con- 
nected and has the properties (1), (2) and (8) in our lemma. 

It remains therefore to prove the existence of the curve I’. For con- 
venience we shall assume that € is a generic point of Q over R(n), not only 
over A; this does not essentially affect our situation, for if [, does not contain 
¢, but contains another generic point x of © over A, then we can take a line 
in joining 6 and and replace by T+ 7(#(T”)). Also, 
without any loss of generality, we can assume that 06a —1 and that 
%,* * *,Q@o-, are independent variables over A; we observe that since 6 is a 
generic point of S%-* over A(a«), the elements 6,,- - are independent 
variables over A(«). Finally, we recall that we can choose the basis o1, 7-1 
in any way to suit our convenience ; besides, the choice of this basis does not 
matter any way in our present context, for any two such bases can be obtained 
one from the other by a linear transformation with coefficients in 2 (0/a, A) 
and with determinant which is a unit. 

For i—1,- - -,r—1, let be an element in A[6,,- -,6;,07,° 00-1] 
which on substituting 0, = %1,° —=%-1, 0r = &7,° 00-1 = %o_, becomes 
an irreducible polynomial in A(@,° *,%-1)[0;] having a; as 
a root. It can be easily shown by induction on the dimension +—1 that 
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the elements o,,: - *,7-, form a minimal basis for the maximal prime idea] 
in 2 (6/a,A), this being in fact the proof in [11], Lemma 9. If we denote 
by s; the inseparability index of a over A(@1,° *,@%o-1), then 
we can evidently choose «; so that it involves only the s,-th power of 6;. Now, 
by a reordering of the first r—1 coordinates in S** if necessary, we can 
evidently obtain that the sequence of integers s,,- - -,S;1 has the property 
that if s’;,- - -,8’7, is another such sequence corresponding to any other 
ordering of the first s—-1 coordinates in S%-?, then the last non-vanishing 
number in the sequence s’;—S,,° is positive. Then, for 
j <tS7r—1, the inseparability index of a; over A(@1,° 4%, 
Gr,* * *,%-1) cannot be less than s;; for, if this is not true for one such pair 
of indices 1 and j, and if we interchange the i-th and the j-th coordinates, 
then we would obtain a new sequence s’;,- such that Si 
Sr1=S'74, and s’;<s;, in contradiction to our choice of the sequence 


$1," *,874. Consider now as a polynomial in one variable 6; <1) with 


coefficients in 0j-1,9j1,° it is clear that in 
our choice of w; we can delete any term whose coefficient vanishes for =a. 
If we delete all such terms from «;, then the resulting o; will involve only 
the s;-th powers of 0;; for, otherwise, if we set 0 « in every coefficient in o; 
(considered as a polynom al in 6;), we would obtain a polynomial in 6; with 


coefficients in A(@1,° *, Which has a; as a 
root and which is not a polynomial in the s,-th power of 6;, in contradiction 
to the fact that the inseparability index of a; over A(@1,° 
Gr,* * *,@%o-,) cannot be less than s;. If we do this for every 7 <1, we would 
then obtain that ; involves only the s;-th powers of the elements 6,,- - -,6j. 
Thus we have shown that the elements w,,- - -,w;_-, can be so chosen that each 
on substituting 0; -,0c-1 = becomes a polynomial in the s;-th 
powers of 6,,---,6;; this implies that over an algebraic (purely inseparable) ex- 
tension A’ of A(«), each ; will have the form ¢;(0;— @1,° 
+ pi, where ¢; is a ploynomial with coefficients in A’ and p; is an element in 
A’[6:,° +, 80-1] which vanishes for Furthermore, 
it is clear that ¢;(0,- - -,0)—0O and that the coefficient 8; of the term 
(9,—;:)* in ¢; does not vanish; it follows that there exists a power series 
*,0:1—%1) in 0, - with coefficients in A’ 
such that $;(0:—41,° =0. 

Let 0-1 be independent variables over A’(@) ; for convenience in 
notation, we set s;=1 and y,—0 for i—r,:--,o—1. We define a curve 
I”’ in S** by the following recursive parametric equations, where Y,,- - -, Yo 
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denote the (affine) coordinates in S** (with Yo=1) and T denotes the 


parameter : 


for i=1,: - -,;o—1, where the Y,,---,¥;:. on the right hand side are 
to be substituted by their expressions in the previous equations, and the 
subscript s after the y indicates that all terms of degrees higher than s 
are to be deleted; furthermore, each 4; is to be determined by the condition 
y= 0; — — pai + [Wi Vir It is easily seen that 
Y’ isa rational curve and contains the points @ (for 7 =0) and 6 (for T —1). 
Furthermore, if I’’(y) is the point on I” corresponding to any value y 40 
of T, then A’(u,v) is contained in A’(y,T’’(y),v), and since A’(y,v) has the 
dimension o—1 over A’(v), it follows that I’(y) must have a dimension 
at least co — 2 over A’(v). For T oo, the corresponding point on I” has the 
homogeneous coordinates (v;,° *,vo-1,0) and hence has the dimension — 2 
over A’(u). Thus every point on I’, except possibly the point a, has a 
dimension at least o—2 over A. Finally, a simple calculation shows that 
each w;, considered as a function on I”, has at the point a a power series 
development in 7 beginning with the term (By:+4;)7*, where 8; is an 
element in A’(6,,° - 6:1) ; this shows that the ratios w;/w,, 1 = 2,- -,r—1, 
considered as functions on I”, have values at # which are independent variables 
over A(a@). This concludes the proof of Lemma 3. 2. 


Remark. If o—2, then Q is a rational curve already and the rather 
complicated construction of the curve I” is not necessary. In this case, the 
curve 2 can contain only a finite number of fundamental points 7™,- - -, 7 
for T, and each set 7'(y) is also a rational curve with the property (2). 
It is clear that the set 7'(Q) consists of the “proper transform” of Q and 
all the curves T'(y™),- - -,7'(y), and that it is a connected set with the 
properties (2) and (3). 

Let M be a valuation ring in K dominating R. We start with a rational 
transform y(R) of R, and obtain from it a sequence of rational transforms 
of R, i=1,2,- such that each z((R) is the quadratic transform 
-)(R) centered at (M), whereby we set 2 (R)=y(R). We shall 
; Say that 2((R) is the i-th quadratic transform of y(R) along M. As we 
| have observed above, if y(Jf) is simple in y(R), then 2(M) will also be 
simple in z()(R) for every 1; and, in this case, if we denote by ¢; the dimension 
2(2(R)/Z(M)), then we have the relation ¢; + dim 
for every 1=—1,2,-°-, while for we have the relation 
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to + dim(2(M)/R) = t. Since the birational correspondence between 2‘‘1)(p) 
and is everywhere regular in it follows that 
contains R(z%-)(M)); we obtain therefore by addition the relatiq 
t; + dim (2(M)/R) = t for every i=0,1,---. We shall say that the sequence 
2\)(R) of quadratic transforms of y(f) along M is finite if there exists an index 
t such that t; = 1 or equivalently dim(2(M)/R) =t—1. It is clear that this 
is possible only when the residue field of M has a dimension at least t —1 oye 
R; according to [2], Theorem 1, this implies that J/ is a real discrete valuation 
ring and that its residue field has exactly the dimension ¢—1 over R. It js 
important for our present purpose that the converse of this statement is als 
true. 


Lemma 3.3. If M is a real discrete valuation ring in U(R) such thal 
its residue field has the dimension t—1 over R, and if y(R) 1s a rational 
transform of R such that y(M) is simple in y(R), then the sequence of 
quadratic transforms of y(R) along M 1s finite. 


A proof of this lemma is given in [2], Proposition 3. 
We are now ready to prove the Linear Connectedness Theorem. 


THEOREM 1 (Linear Connectedness Theorem). The center y(R) of a 
rational transform y(R) of a regular local ring R is linearly connected. 


Proof. As before, we denote by ¢, K, and R the dimension, the quotient 
field, and the residue field respectively of R. Consider the quadratic transform 
z(R) of R and let T, be the birational correspondence between 2 (fF) and 
; if is a generic point of 7) (R) over R (observe that (R) 
then 7, is regular at £® and hence T,(£)) is a uniquely determined point 
in ¥(#), which we shall denote by ¢. To prove our theorem, it is 
sufficient to show that any point y in gy(F) is linearly connected in 
y(f) to this point £ By Lemma 2.7, there exists a real discrete valuation 
ring M in U(R), with a residue field which has the dimension ¢—1 over R, 
such that y(M)=y. For 1<iSa (the integer a will be determined 
presently), let 2(R) be the (t—1)-th quadratic transform of z@(R) along 
M, and let T; be the birational correspondence between 2“(R) and y(f). 
We set 7,,;—7;7T; for 1,7 —=1,- - -,a, so that T;,; is the birational corres- 
pondence between (RF) and 2 (R) ; we set = 2(M) for i=1,: -,4, 
and take for each 1= 2,- - -,a, a generic point £ of the variety T;_,,i(y'"”) 
over k(n). The integer a is to be taken as the smallest integer such that 
the point 7 = 2 (I) has the dimension t—1 over R; by Lemma 3. 3, such 
an integer a exists, and since 7 is simple in z@(R), it must be a regular 
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point of T, and we have evidently 7» —=Ta(y™). Furthermore, since has 
the dimension ¢—1 over R, it must have the maximum possible dimension 
over R(n@») and hence is a generic point of over ; we 
can therefore take »@ itself as the point £@, which will be convenient for us 
later. We maintain now that there exists a connected set T™ in 2(R) 
with the following properties: (1) T® contains both ¢ and T,i(&™), (2) 
eery point in I is simple in 2(R) and has a dimension at least ¢—2 
over R, and (3) I consists of either a single point or a finite number of 
rational curves. We shall show this by induction on the index 1, beginning 
by setting PF — £, and, assuming the induction hypothesis that the set I“) 
has already been constructed, we shall proceed to contruct the set TM. If 
T;,; has no fundamental points in I+» and hence is biregular everywhere 
in -Y, then the set 7,,,(T@-) is evidently connected, has the properties 
(2) and (3), and contains the points = and 
T4i(C%). Assuming now that T;-,; has some fundamental points in 
l); we observe that this can occur only if dim(n-)/R) =t—2, in 
which case 7,,,; can have only a finite number of fundamental points 
+ + 9-20) in TCD, all of dimension over and each set 
Ti1i(n9) is a rational curve in 2(R) which has the property (2). If we 
denote by T,-,- - -, 1,” the distinct component curves in T-», then by 
the Remark after Lemma 3.2 each set 7;_,,,(T;{) is connected and has the 
properties (2) and (3), and it will contain the curve 7;-1,i(y°")) whenever 
I, contains the point 71), It follows then from an elementary combina- 


c 
torial consideration that the set = is connected, and 
ket 


it evidently has the properties (2) and (3), and contains the point 7,,,(€) and 
Tiai(G). Now, by Lemma 3. 2, there exists a connected set T; in 2 (R) 
which has the properties (2) and (3) and contains the points ¢ and 
The set +17; is then evidently connected 
and has the properties (1), (2), and (8). 

For ia, we obtain a linearly connected set [ in 7(R) which has 
the properties (2) and (3) and which contains the points 7;,.(€@) and 
((M) =y7 =f, If T, is regular at every point in [™, then 7, induces 
a continuous mapping of into so that 7,(T™) is a linearly con- 
nected set; since contains the points €=T7,(€) = Ta(Ti.0(€™) ) 

and T = T.(€), our theorem would therefore be proved. Other- 
wise, we proceed as follows. Consider the join yo2z™(R), and let T,’ be the 
hirational correspondence between 2 and yo2(R). By Lemma 2.5, there 
exist in yo2™(R) only a finite number of points of dimension t—1 over R 
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such that no two of them are equivalent over R (i.e. specializations of each 
other over &), and by Lemma 2.6, there exist only a finite number of valua. 
tion rings in Y(R) whose centers in yo2z™(R) coincide with any one of these 
points, and these valuation rings are all real discrete. There exist therefore 
a finite number of real discrete valuation rings M,,- --,Ma in U(R) such 
that any valuation ring in YU(R) whose center in yoz(R) has the dimension 
t—1 over R coincides with one of them up to attachments to A. If 7, is not 
regular at a point é in T™, then 7,’ also cannot be regular at é; since é js 
simple and hence normal in it follows from Lemma 2.4 that 7,’ (é) 
has at least one component of positive dimension. There exists therefore a 
valuation ring N in U(R) such that 29(N) —€ and such that the point 
y°oz(N) has a positive dimension over R(€). Since T,’-? is regular every- 


dimension ¢—2 over R, it follows that yoz@(N) has the dimension ¢—1 
over R. From what we have just said, N must coincide up to attachment to 
A with one of the valuation rings M;, say M,, so that 2™(M,) is equivalent 
to € over R and hence is also simple in 2(R). Now, let 2(R), for 
a<tSa, (the integer a, will be determined presently), be the (i—<)-th 
quadratic transform of 2(R) along M,, and let T; be as before the birational 
correspondence between and ; also as before, we set T;,; = 


so that 7;,; is the birational correspondence between 2)(R) and 24 (R). If 
we set PO = 7,_,4(T%) =T,i(T), then by exactly the same induction 
argument as before we can show that I is a linearly connected set with 
the properties (2) and (3), and it is evident that I contains the points 
TE) = Ta and = By Lemma 3.3, there exists 
a smallest integer a, > a such that the point 7)(M,) has the dimension t —1 
over R, so that T,, is regular at 2)(M,); this determines a,. If 7,, is 
regular at every point in I, then T,, induces a continuous mapping of I 
into and hence is a linearly connected set; since (I) 
contains the points 7, (£) = and Ta,(2™(M)), this 
would prove our theorem. If T,, is not regular at some one point é@) in T™, 
then by the same argument as before we can show that there exists a valuation 
ring V, in U(R) such that 7 (N,) = € and such that the point yo 2™ (N;) 
has the dimension {—1 over R. Since 2(N,) is a point in TF, it must 
have the same dimension ¢— 2 over RF as the point 2) (N,) ; it follows that 
the point 2)(N,) is algebraic over R(Z(N,)), and hence the point 
yoz)(N,) must be algebraic over R(yo2z™(N,)). This shows that the 
point yoz(N,) has the dimension t—1 over R, and it follows from what 
we have said before that N, must coincide up to attachments to A with one 
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of the valuation rings M;, say M.. We can then proceed in a similar way with 
O(R), T°, M, as we did before with 2@(R), T M,. Thus we proceed 
in this way step by step until, after a finite number a of steps, we have 
obtained a rational transform z(R) of R with the following properties, 
whereby 7's and 7,7 have similar meanings as before: There exists a linearly 
connected set I") in 2‘)(R) which has the properties (2) and (3) and which 
contains the points and 2")(M/), and for every M; the point 2 (M;,) 
either has the dimension t—1 over F# or is not equivalent over R to a point 
in I. From what we have said above, this implies that 7's is regular at 
every point in I, Therefore 7’ induces a continuous mapping of I 
into ¥(R), so that T,(T™) is a linearly connected set; since Tx(IT) 
contains the points £= 7, = and »=Ta(2™(M)), this 
concludes the proof of Theorem 1. 


CorotuaRy 1. In case t=2, there exists a finite quadratic transform 
7(R) of R such that the birational correspondence between z(R) and y(k) 
is regular at every point in Z(R). 


Proof. Since in this case every point in 2‘7)(R) must have a dimension 
over R which is either {—1 or t—2=—0, it follows from the proof above 
that 7’ is regular at every point in 2‘)(R). We can therefore take z(R) 


to be (R). 
CoroLuARyY 2. The topological space U(R) ts connected. 


This follows immediately from Theorem 1 and the definition of topology 
in YU(R) given in section 2. 


4. General connectedness theorem and extended principle of Degen- 
eration. We begin by recalling the well-known Hensel’s Lemma: If a splitting 
form F'(X) with coefficients in a complete real discrete valuation ring FR is 
irreducible over R (or over the quotient field K of R, which in this case 
amounts to the same thing), then the residue form F(X), if it does not 
vanish identically, is not the product of two relatively prime forms in R[X]. 
Geometrically, this means that if a positive 0-cycle Z is rational and irre- 
ducible over K, then its specialization Z(R) at R is R-connected. Our purpose 
here is to generalize this Hensel’s Lemma to the case where FR is an arbitrary 
complete local domain. In a sense something of this nature has already 
been done in the literature ; in fact, it is well-known that the Hensel’s Lemma, 
at least in the case of a form of two variables, holds for any complete local 
ting R (see e.g. [6], Theorem 4), for the usual proof of the Hensel’s Lemma 
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for a valuation ring can be carried over without any difficulties to the general 


case. However, this generalization is essentially a trivial one and in reality 


deals only with a highly specialized situation; for the condition that the 
residue form F(X) does not vanish identically, while easily obtainable in case 
of a valuation ring by a suitable choice of the factor of proportionality, imposes 
a very severe restriction on the form /(X) in the general case. Expressed in 
geometrical terms, this condition means that the cycle Z must have a uniquely 
determined specialization at R, so that the set Z(R) consists of only a single 
cycle; while this is always true in case of a valuation ring, it evidently 
represents a severe restriction in the general case. In fact, the fact that Z(R) 
is in general an algebraic set of cycles instead of a single cycle, can be con- 
sidered as the principal new feature in local algebraic geometry which one 
encounters in going over from valuation rings to arbitrary local domains, 
A true generalization of the Hensel’s Lemma should therefore take account of 
this important point, and in lieu of the R-connectedness of a single residue 
cycle, it should supply us with some information about the R-connectedness 
properties of the entire set of cycles Z(R). The General Connectedness 
Theorem, as formulated in §1, is a theorem of just such a nature and can 
therefore very appropriately be considered as a generalization of the Hensel’s 
Lemma, or rather, since it deals with cycles of arbitrary dimensions, as a 
generalization of the Principle of Degeneration as formulated and proved in 
[4], which is itself a generalization of the Hensel’s Lemma to cycles of higher 
dimensions while retaining the assumption of a valuation ring. However, it 
is possible to formulate a theorem which is an even truer generalization of the 
Principle of Degeneration in the sense that it deals with the R-connectedness 
properties not of the point set |Z(R)|, but rather of the individual cycles 
in Z(R). This leads us to what we shall call the Extended Principle of 
Degeneration, from which one can easily obtain the General Connectedness 
Theorem as a simple corollary, as we have already mentioned in § 1. 

We shall speak of a continuous system of positive r-cycles in S" para- 
metrized by a local domain F#, if there is a continuous mapping NV > =(1) 
(Né€V(R)) of the set U(R) of all valuation rings in K dominating 7? into 
the set $(S") of all positive r-cycles in S” such that for every WN the cycle 
= (NV) is rational over thet residue field N of N. We shall denote such a con- 
tinuous system of cycles by the symbols =(R). The continuity condition here 
in the definition refers to the Zariski R-topologies of both U(R) and 3(S"); 
we recall that the topology of U(R) is defined by means of the system of 
Zariski R-topologies of the centers of all rational transforms of R, as described 
after Lemma 2.2 in section 2, while the topology of $(S") is that of the 
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(discrete) union of an infinite sequence of spaces, each one of which is the 
wt of all positive r-cycles of a given degree in S” and is being endowed with 
its Zariski R-topology by means of the associated points. In particular, this 
implies that if V and N’ are two elements in VY (RF) such that N’ is the quotient 
ring of NV, then =(N) is a specialization of =(N’) over R. In terms of the 
sssociated forms, the continuous system of cycles =(f) can be given by a 
wntinuous system of forms = {y(U)| N€ U(R)} such that each 
6y(U) is an associated form and is rational over N, whereby we observe that 
these forms are determined only up to proportionality factors and that 
rationality of a form refers to the ratios of the coefficients. 

Let R, be a local domain dominating FR, not necessarily contained in the 
quotient field K of R; since every valuation ring in the quotient field of A, 
dominating R, contracts in K toa valuation ring dominating R, there is defined 
in this way a canonical mapping of U(R,) into U(R), which is easily seen 
tobe continuous. If we set =(NV) ==(K ON) for every N in U(R,), then 
the mapping N> =(NV) VU(R,)) defines evidently a continuous system 
parametrized by Fy, which we shall denote by =(R,) and call the subsystem 
of =(R) determined by Ay. 

We remark that in general the cycles in a continuous system =(f) can 
very well have different degrees; in particular, for some N the cycle =(N) 
may have the degree 0, i.e. H(N) is the zero r-cycle. If every cycle in a 
continuous system has the degree 0, so that all of them coincide with the zero 
r-eycle, then the system is said to be trivial. However, in the important case 
where Y(R) is connected, as is the case with a regular local ring RF according 
to Theorem 1, Corollary 2, it can be easily seen that all cycles in a continuous 
system =(R) must have the same degree, so that if for any one N the cycle 
=(V) has the degree 0, then the system =(/) must be trivial. To see this, 
one need only to observe that the set of all positive cycles of a given degree d 
in 8" is a closed subset in $(S”) and so is the set of all positive cycles in S” 
| of degrees different from d; the inverse images of these two subsets under the 
mapping N—> =(N) must then be two disjoint closed subsets in U(R) whose 
union coincides with YU(R), and hence one of them must be empty. This 
means that if d is the degree of any one cycle in 2(f), then all the other 
cycles in =(R) must have the same degree d. 

If there exist two non-trivial continuous systems of positive r-cycles =’(P) 
and =”(R) such that we have the equation =(NV) = =’(NV) + 2”(\) for every 
VY in Y(R), then we shall say that the system =(F) splits into the two 
systems 2’(R) and =”(P), or that the pair (2’(R),=”(f)) is a splitting of 


Such a splitting is said to be R#-disjoint at a valuation ring N if 
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=’(N) and =”’(N) are R-disjoint, i.e. the supports of =’(N) and 2’ (N) are 
disjoint sets in the Zariski R-topology, and it is said to be everywhere R-dis. 
joint or simply R-disjoint if it is R-disjoint at every N in U(R). In terms 
of the associated forms, a splitting of E(/?) can be given by a splitting of the 
system of forms ®g(U) into two systems of forms ®’p(U) and &;”(U), 
that for every NV in U(R) we have the equation dy(U) = &’y(U)”y(U), 
where the symbol = denotes equality up to proportionality factors; and we 
observe that in case r= 0, the cycles =’(N) and are R-disjoint if and 
only if their associated forms ®’y(U) and ®”y(U) are relatively R-prime, 
i.e. there does not exist a splitting form in R[U] which has common factor 
with both @’y(U) and ®”y(U). Finally, a continuous system of cycles is said 
to be R-connected if it does not have any R-disjoint splitting. 

If Z is a positive r-cycle in 8", rational over K, then the algebraic set 
of cycles Z(R) forms in a natural way a continuous system parametrized by 
R, which we shall also denote by the same symbol Z(R), there being not much 
danger of confusion on this score. In this case, we shall say that the cycle 
Z generates the continuous system Z(R). If the cycle Z is the sum of two 
positive r-cycles Z’ and Z”, also rational over K, then it is clear that we 
have the equation Z(N) =Z’(N) + Z”(N) for every N in U(R) ; hence the 
system Z(R) splits into the two systems Z’(R) and Z’(R). Thus we see 
that a splitting of the cycle Z induces a splitting of the system Z(F) generated 
by Z. The Extended Principle of Degeneration, which we shall now formulate, 
asserts that conversely every R-disjoint splitting of the system Z(P) can be 
obtained in this way. We shall prove this principle here only for the case 
of a complete regular local ring, although it is very likely that it holds 
generally for an arbitrary complete local domain. 


THEOREM 2 (Extended Principle of Degeneration). Let (R,p) bea 


complete regular local ring, with the quotient field K and the residue field R, 
and let Z be a positive cycle in 8", rational over K; tf Z is K-connected, then 
the continuous system of cycles Z(R) is R-connected. 


The proof of this theorem will be given in the next section. Here we 
shall show how the General Connectedness Theorem can be obtained from it 


by a very simple argument. 


THEOREM 3 (General Connectedness Theorem). Let (R,p) be a com- 
plete local domain, with the quotient field K and the residue field R, and lel 
Z be a positive cycle in 8S", rational over K; if Z is K-connected, then the 
point set | Z(R)| is R-connected. 
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Proof. In case R is regular, this theorem follows almost immediately 
tom Theorem 2. In fact, if there exist two disjoint R-closed subsets Q’ and 
o” in 5" such that | Z(R)| is contained in their union and has non-empty 
intersections with both of them, and if we denote by =’(N) and &”(N) the 
restriction of Z(N) in 9’ and 9” respectively, then we obtain two continuous 
gstems (R) = and = {2"(N) | NE 
vhich are clearly non-trivial, and the equation Z7(N) =2’(N) + 
defines evidently an #-disjoint splitting of the system Z(R) into the two 
gstems =/(#) and 2” (R) ; it follows then from Theorem 2 that Z cannot be 
K-connected. It remains to show that the general case of an arbitrary com- 
plete local domain can be reduced to this special case. 

According to Cohen [6], Theorem 16, there exists a subring Ry in & 
such that Ry is a complete regular local ring having the same dimension and 
the same residue field as R, and such that FR is a finite module over Ry; this 
implies that K is a finite algebraic extension of the quotient field Ky of Ro. 
let Z, = Z, Zo, - be the complete set of conjugates of Z over Ko, and 
let K, = K, K.,- --,K, and R,=R, R.,- - -,R, be the corresponding sets 
of conjugates of K and R respectively over K,; let K’ be the compositum of 
all K; and let R’ be the ring generated by all the R;. Since FR’ is a finite 
module over Ry and since R, is complete, it follows from [3], III, Proposition 
8, that R’ is a complete local domain ; since the local rings FR; all have the same 
residue field R, we can attach R’ to A by identifying its residue field also 
with R, so that R’ dominates all R; as well as Ry. Furthermore, it is easily 
sen that for any valuation ring in K, dominating Ro, any extension of it in 
K’ must dominate R’; and a similar statement holds also for valuation rings 
in K; dominating R;. We set Kee. so that Z, is rational over Ko; 

ial 

since Z is K-connected, it follows that Z, is Ko-connected. In fact, any Ko- 
irreducible component XY, in Z, is the sum of the complete set of conjugates 
over Ky of a K-irreducible component X in Z, and two such components Xy 
and Y, in Z, will certainly meet if the corresponding components XY and Y 
inZ meet. It is sufficient to show that | Z,(R.)|—=|Z(R)|; for, since R, is 
acomplete regular local domain, | Z,(R,)| must be R-connected by what we 
have just shown above, and hence | Z(#)| must also be R-connected. 

Since every valuation ring in Ky dominating R, can be extended to a 
valuation ring in K’ dominating R’, it follows that Z,(R.) =Z)(R’), and 
since every valuation ring in K; dominating F; can also be extended to a 
valuation ring in K’ dominating R’, it follows that Z,(R;) —Z,(R’). It is 
sufficient to show that |Z(R)|—|2Z,(R;)| for every 71; for then | Z,(R,)| 
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=| Z.(R’)| =U | = U | =| Z(2)|. To prove this we obserre 


first that R, contains a coefficient ring k ([6], Theorem 9 and Theorem 11) 
which is also a coefficient ring for every R; and is invariant under the 
isomorphism between F and R; over Ry. Let a and a’ be any two conjugate 
elements over K, in F and FR; respectively, and let 6 be an element in / such 
that bd (such an element 6 exists by the definition of a coefficient ring). 
then a—b is in p, and hence by isomorphism a’—b is in p; (the maximal 
prime ideal in #;), which show that bd’. Thus any two conjugate elements 
over K, in R and FR; must have the same residue in R. Let y be the associated 
point of Z, and let 7’ be the associated point of Z;; if f(Y) and f’(Y) are two 
conjugate forms over Ky in R[Y]| and R,[¥Y] respectively, then by isomor- 
phism we have the relation f(y) = 0 if and only if f’(y’) =0, and it follows 
from what we have just shown that the residue forms f(Y) and f’(Y) must 
coincide. Since ¥(f) and y’(R;) are defined by such residue forms, it follows 
that the two sets ¥(f) and y’(R;) must coincide; hence the two algebraic 
sets of cycles Z(R) and Z;(R;) must coincide, and hence | Z(2)| =| Z;(Rj)]. 

We observe here that if we are only concerned with the absolute geometry 
and assume the absolute connectednesss of Z, then it would be sufficient to 
invoke the simpler Principle of Degeneration in [4] instead of Theorem 2; 
only we must then invoke directly the connectedness of U(F#), which will also 
be used in the proof of Theorem 2. In fact, in this case Z would be N*- 
connected for every V in U(A), and therefore by that principle Z(N*) = Z(N) 
would be N-connected and hence also R-connected. Then, instead of using 
Theorem 2, we need only to observe in the first part of the above proof that 
since is connected, all cycles in each of the systems and =’ 
must have the same degree, so that every cycle in Z(R) must split into two 
R-disjoint parts. Of course, since in this case the hypothesis is preserved 
under any extension of the local domain F# to another complete local domain 
dominating it, one sees readily that the point set |Z(R)| must in fact be 
absolutely connected. 

We shall conclude this section with a remark on the uniqueness of the type 
of splittings which arise from the Hensel’s Lemma. Let PR be a valuation 
ring in a field K, with the residue field R, and let F(X) be a form in R[X]; 
if F(X) =G(X)H(X) is a splitting of F(X) in R[X] (or in K[X]) such 
that Gr(X) and Hpr(X) are relatively prime forms in R[X], then G(X) 
and H(X) are uniquely determined by the forms Gg(X) and Hr(X) up to 
proportionality factors in K. Therefore, if a, b, c are the leading coefficients 
(leading coefficient = coefficient of the term with the lowest “weight”’) in 
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F(X), G(X), H(X) respectively, then the additional stipulation of the 
plitting @—= bc in R or K determines the forms G(X) and H(X) uniquely. 
for proof, one need only observe that since Gg(X) and Hp(X) are relatively 
prime, G(X) and H(X) must also be relatively prime, and the uniqueness 
of the splitting F(X) = G(X)H(X) then follows from the unique factoriza- 
tion property of the polynomial ring K[X]. It is convenient to express this 
miqueness by saying that the splitting F(1) —G(X)H(X) is determined 
miquely by the initial condition (Gr(X), Hr(X) ;,c). 


5. Proof of Theorem 2. We shall first prove a lemma on a relation 
between a complete regular local ring and the completion of its quadratic 
valuation ring. 

Let (R,p) be a complete regular local ring of dimension ¢, with the 
quotient field K and the residue field R, and let z,,- - -,2; be the elements 
ina minimal basis for p. We denote by Q a system of representatives of R 
in R; apart from the condition that every element in R is the p-residue of 
exactly one element in Q, the elements in @ can be chosen arbitrarily, but 
for convenience we shall assume that Q contains the elements 0 and 1. We 
denote by Q[z] = Q[a1,- - the set of all polynomials in 2%,-- -, 2; 
with coefficients in Q, and we shall say that an element in Q[z] is monic if 
the coefficient of the leading term (i.e. the term with the lowest weight, 
each 2; being assigned the weight 7) is 1. We denote by Q(x) the set of all 
quotients f(a) /g(«) of two elements in Q[2] such that g(x) is monic and that 
the polynomials f(7') and are relatively prime (where T = - -, 
| isa system of indeterminates), and we shall say that an element f(x)/g(z) 
| in Q(x) is homogeneous of degree 2 if both f(a) and g(x) are forms in z 
| and i=degre of f(a) —degree of g(x). We shall now associate with the 
system of elements z= (2,,-*-+,2) a system of independent variables 
t=(%,,:° °,x;) over R in A; then we can associate with each element 
f(t)/g(z) in Q(x) the element f(x/g(x) in the field R(x), which we shall 
F call the homogeneous residue of f(x)/g(x). It is easily seen that, by virtue 
' of our choice of the elements in Q(a) made above, this association of the 
| elements in Q(x) with their homogeneous residues in R(x) is a one-to-one 
mapping of Q(a) onto R(x), which maps the subset Q[z] onto the sub- 


ting R[x]. 


We denote by Q[(x)] the set of all series of the type }a“, where each 
i=o 


term a) is a homogeneous element of degree 7 in Q(x), and we denote by 
[[2]] the subset in Q[(x)] consisting of all such series in which each term 
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a) is a homogeneous degree 1 in Q[x]. Now, since F is a complete regular 
local ring, it can be easily shown that every element a in FR can be represented 


in @ unique manner by a series a= Sa in Q[[x]], while conversely it is 
i=0 


obvious that any series in Q[[z]] is convergent in the topology of R and 
hence represent an element in R; this shows that we can set R= Q[[2]], and 
we shall say that the series > a is the power series development of the element 
i=0 

a (with respect to the given choice of the basis elements 2,,: - -,2; and the 
system @), although it is in general not a power series in the usual sense. 
Similarly, if we denote by (M,q) the p-adic valuation ring of FR, then every 
element in the completion M* of M can be represented in a unique manner 
by a series in Q[(x)], while conversely it is also obvious from the definition of 
the p-adic valuation that any series in Q[(x)] is convergent in the topology of 
M and hence represent an element in M*; therefore we can set M* = Q[(z)], 
and we shall say that the series in Q[(x)] corresponding to an element in M* 
is the power series development of this element. 

If a=Sa is any element in M*, then the first non-zero term a™ in 

i=0 

the series is called the initial element of a and the number yz is called the order 
of a; the homogeneous residue a of a™ is also called the homogeneous residue 
of a and will be denoted also by a. For elements of order zero in M*, i.e. 
units in M*, the mapping a—a induces an isomorphism between the residue 
field M*/M*q and the subfield in R(x) consisting of all homogeneous elements 
of order zero; we can therefore attach M* to A by identifying M*/M*q with 
this subfield, and we observe that with this attachment of M* the homogeneous 
residue a of any element a of order zero coincides with its residue @ modulo 
M*q. Geometrically, we can consider the system x= (x,,- --,x;) as the 
system of homogeneous coordinates of a generic point £ over R of the center 
&(R) of the quadratic transform z(f) of R, so that we can set R(£) = M/q 
= M*/M*q. However, we stress here that the elements x; are not in R(¢), 
and that the symbol x denotes the system of ¢ elements (x,,- - -,%;), not the 
point £, whose homogeneous coordinates are after all only determined up to 
a proportionality factor. 


If F(X) is a polynomial (or form) in M*[X] M*[X),X,,- -, Xn]; 


then we can consider the power series development F(X) = > F(X), where 
i=0 


F(X) is a polynomial (or form) in XY with coefficients which are homo- 
geneous elements of degree 7 in Q(x) ; the first non-vanishing term F(X) 
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in this series is then called the initial polynomial (or form) of F(X), and the 
polynomial (or form) F(X) obtained from F(X) by replacing every 
coefficient in it by its homogeneous residue will be called the homogeneous 
residue polynomial (or form) of F(X) and will be denoted also by F(X). 
it is clear that in case F(X) does not vanish, we have the equation 
F(X) =FO(X) =F (YX). 

Let » be a point of dimension ¢—s over #& in the center <(R) of the 
quadratic transform z(f) ; without any loss of generality, we can assume that 
m= 1 and that are independent variables over R. Since coin- 
cides with the projective space S*-1, there exist s—1 forms ¢2(X),- +, ¢s(X) 
in R[X] of the same degree such that the elements $2(£)/£:",° +, ¢s(€) 
constitute a basis for the maximal prime ideal in the specialization ring 
9(f/y, R) in of at If fo(X),- fs(X) are forms in R[X] such 
that =¢;(X), then the elements 2’; —2, 
=f,(x)/x,“" constitute a basis for the maximal prime ideal in 2 (2(R)/n). 
Since 7 is a specialization of £ over R, M is the quotient ring of 2(a(R)/y) with 
respect to the prime ideal 2 (2(R)/n)M q, and since the ideal 2 (x(R)/n)N q 
must then have the rank 1 and evidently contains the prime ideal generated 
by 2’, =2, in 2(x(R)/y), it must coincide with the latter. Furthermore, it 
is easily seen that 2(2(R)/n)/2(x(R)/n)Nq is isomorphic to 2 (£/y, R) 
and hence can be identified with the latter, so that M/q = R(€) is the quotient 
field of (a(R) /n)/2 (x(R)/n)N 4. 


Consider now the completion (f,,),) of 2(x(R)/y) and denote by gq; 
the prime ideal generated by 2’, in R, (note that 2’, is also an element of a 
basis for p,); since q,.—R,(2(x(R)/n)Nq), it follows that R,/q, is the 
completion of 2 (a(R) /n)/2 (a(R) /n)N R). Let (M’,q’) be the 
quotient ring of &, with respect to qi, which is a real discrete valuation ring. 
Since M is the quotient ring of 2(«(R)/y) with respect to 2(x(R)/n)Nq 
=2(a(R)/y)M a’, it can be embedded canonically as a subring in M’, and 
if we attach M’ to A compatibly with the attachement of M to A, then it is 
clear that M’ dominates M. Consider now the completion M’* of M’; it is 
important for our present purpose to observe that the completion M* of M 


can be embedded canonically in M’* as a subspace. In fact, according to [12], 
Lemma 7, we have the relation Ry MN q/t=R,(2(x(R)/y)Nq*) for every 
positive integer 7; it follows that 


Q (a(R) (MN =2 (a(R) N 
= 2 (a(R)/n) gt) =2 (a(R) /y)N Qi, 


1066 WEI-LIANG CHOW. 


and hence Mf q’:=q‘. This shows that M’ contains M as a subspace, and 
hence M’* contains M* as a subring. 
Let a= >a be an element in M*, expressed as a power series with 


a% ~0. We want to find the condition that this element a be contained 


in R,; this question makes sense because both M* and Rf, are subrings in M’*, 
It is evidently sufficient to assume that every element a“ is contained in 
2 (x(R)/n); we shall show that this condition is also necessary. If a is 
contained in R,, then a/z,> is also contained in R,; hence the M’*q’-residue 
of a/z,*, being also the q,-residue of a/z,\, is contained in the completion of 
2(¢/y,R). On the other hand, since and have the same M’*/- 
residue, and since the M’*q’-residue of a /z,, being also the q-residue of 
a™ /x,, is contained in R(f), it follows that the M’*q’-residue of a/z,\ 
must be contained in both R(£) and the completion of 2 (£/n,R). Since R(f) 
is the quotient field of 2(£/n, R), it follows from a well-known property of 
local rings that the M’*q’-residue of a /z,* must be contained in 2 (£/n, RF). 
Since this means that the q-residue of a/z,» is contained in Q(£/y. R), 
it follows from the uniqueness of the power series development of a that 
a) /x, must be contained in 2 (x(R)/n), and hence a™ itself must be con- 
tained in 2(2(R)/n). Now since the element a—a™ is also an element in 
R,, we can apply the same argument to it as we did to a and conclude that 
a) must also be contained in 2(x(R)/n). Thus, continuing in this way, 
we conclude that every element a‘ is contained in 2 (x2(R)/n). 

Since F is the intersection of all the rings 2 (a(R) /n) as y runs through 
all points in <(F) (in fact, it is sufficient to consider only point of dimension 
¢—2 over R), it follows that an element in M* is in R if and only if it is 
contained in the completion of 2(x(R)/n) for every point » (of dimension 
t—2 over R) in (FR). We shall state this result as a lemma for later 


reference. 


LemMA 5.1. An element in M* is in R if and only if it is contained 
im the completion of Q2(x(R)/n) for every point y (of dimension t—2 over 

Consider now the canonical mapping of M’* onto M’*/q’* = M’/q’, and 
let M, be the subring in M’* consisting of all elements whose images under 
this mapping are in F,/q,; it is clear that M, contains q’* as a minimal prime 
ideal, and that M,/q’* = R,/q, and M,q*—M’*. In case = 2, the local 
ring #,/q, has the dimension 1 and hence is a complete real discrete valuation 
ring ; it follows then that in this case V/, is a discrete valuation ring of rank 2, 
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obtained from the composition of the valuations of M’* and R,/q,, and that 
it is complete. This ring M, will be useful to us later; we observe here that 


M, dominates 
We proceed now to prove Theorem 2. 


Proof of Theorem 2. We observe first that, just as in the proof of the 
Principle of Degeneration in [4], we can without any loss of generality restrict 
ourselves to the case where Z is K-irreducible. For the condition for the 
supports of two positive cycles to have a common point can be expressed by a 
system of “universal” equations in the coefficients of their associated forms, 
and it is clear that such a condition is always preserved under a specialization. 
If Z is the sum of two positive cycles Z’ and Z”, both rational over K, such that 
their supports meet, then the support of Z’(N) and Z’(N) must also meet 
for every N in Y(R), so that Z’(N) and Z’(N) cannot be R-disjoint; it 
follows then that any R-disjoint splitting of the system Z(R) will induce an 
R-disjoint splitting of at least one of the two systems Z’(R) and Z”(R). 
Thus the validity of our theorem for every K-irreducible positive cycle will 
imply its validity in the general case. 

Next, we show that we can reduce our theorem to the special case where 
Z is a positive O0-cycle. Let -,n, be r(n+1) 
independent variables over K, and set w = (uw, 
(r being the dimension of the cycle Z). The ring R[[u]] of all power series 
in uw; with coefficients in FR is easily seen to be a complete regular local ring 
(of dimension ¢+-r(n-+ 1), ¢ being the dimension of FR), and we can attach 
it to A by identifying the residue field of R[[u]] with R, so that R[[w]] 
dominates R. Let F(UM,U™,- --,U™) be the associated form of Z, and 
consider the form F(U,u) =F(U,u™,- --,u™) obtained from it by 
substituting the indeterminates U™,- - -,U™ by u®,- it is clear that 
since F(U,UM,- --,U™) is K-irreducible, F(U,u) must be K(u)- 
irreducible. Since the coefficients in F(U,w) are homogeneous of the same 
degree in the variables u‘;, it is easily seen that F(U,w) must be irre- 
ducible also over the power series ring K[[w]]; and since K[{[w]] is a unique- 
factorization ring, this implies that F(U,w) is irreducible over the quotient 
field K((uw)) of K[[w]], and hence also irreducible over the quotient field 
R((u)) of R{[u]]. The form F(U,u) therefore determines a positive 
0-cycle Z, in S” which is rational and irreducible over R( (wu) ) ; and we observe 
that since Z, is contained in the support of Z, the cycle Z,(N,) must be con- 
tained in the support of the cycle Z(N,) for every valuation ring N, in 
V(R[[u]]). If Z(V)=2'(N) +0"(N) (NEV(R)) is an R-disjoint 
splitting of Z(R), then we denote by 0’,(N,) and 2”,(N,) the restrictions of 
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Z,(N,) in |Q’(N,)| and |Q”(N,)| respectively; the equation Z,(N,) 
(N,) (Ni€ U(R[[u]])) then defines an R-disjoint splitting 
of Z,(N,), provided it is not trivial for at least one N,. But this is easily 
seen to be the case when we take for NV, the quadratic valuation ring of R[[w]]; 
for in this case (N,), 1—=1,- - -,7, are independent generic points in 
over a field of rationality for Z(N,), and Z,(N1) is simply the intersection 
cycle of Z(N,) with the linear subspace of dimension n—r defined by the r 
dual hyperplanes of the points @(N,). Thus the validity of our theorem 
for the 0-cycle Z, implies its validity for the r-cycle Z. 

Finally, we reduce our theorem to the case where the dimension ¢ of R 
is equal to 2, whereby we note that the case 1 (Z being now a 0-cycle) 
reduces essentially to the Hensel’s Lemma. We observe first that it is per- 
missible to replace R by the complete local domain R(v)* obtained from RF 
by the adjunction of {—2 independent variables v = (v1,° - -,v4-2) over K; 
for the cycle Z will remain irreducible over K (v), while any R-disjoint splitting 
of Z(R) will induce an R(7)-disjoint splittings of Z(R(v)*) through the 
mapping N>NOK of U(R(v)*) into U(R). We can therefore apply 
Lemma 2.9 (taking d= ¢—2) and consider the local domain introduced 
there, which is a complete regular local ring of dimension 2; since K is alge- 
braically closed in the quotient field of R,* and Z is irreducible over K, it 
follows that Z is also irreducible over the quotient field of R,*. On the other 
hand, since R,* dominates R, the system Z(R,*) is a subsystem of Z(R); 
it follows that an R-disjoint splitting of Z(R) will induce also such a splitting 
of Z(R,*), which must be of course also R(7, %)-disjoint, using the notation 
in Lemma 2.9. Thus the validity of our theorem for the case r—0, t = 2, 
will imply its validity in the general case. 

We therefore have to prove our theorem only for the case where Z is a 
K-irreducible positive 0-cycle and FR is a complete regular local ring of 
dimension 2; we assume that there exists an R-disjoint splitting of the system 
Z(R) and we shall show that the cycle Z must then be reducible over K, in 
contradiction to our hypothesis. In terms of the associated form F(U), 
the given R-disjoint splitting of Z(R) can be expressed by a splitting 
Fy(U) =@y(U)@y(U) of the system of forms Fr(U) into two systems 
@p(U) and @g(U) such that y(U) and @y(U) are relatively prime over 
R for every valuation ring NV in YU(R), and our theorem will clearly follow 
if we show that there is then a splitting F(U) —G(U)H(U) in R[U] such 
that Gy(U) =@y(U) and Hy(U) =®y(U) for every N in U(R). Let 
y be the associated point of Z, and consider the rational transform y(R) ; 
since # is a regular local ring of- dimension 2, there exists according to 
Theorem 1, Corollary 1, a finite quadratic transform z(R) of a certain order 7 
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(along a suitable sequence of valuations) such that the correspondence from 
z(R) to y(R) is everywhere regular. In case r—0, i.e., 2(R) =R, the 
center 7(F) is a uniquely determined point and the corresponding form is 
just the residue form F(U); it follows that Py(U) =F (U) for every N in 
Y(R), so that all forms in the system Fp(U) are essentially the same. Now, 
there are only a finite number of ways in which the form #'(U) can split into 
two factors and the set of all N such that the splitting Py(U) =y(U)Ov(U) 
coincides with a given splitting of F(U) is easily seen to be a closed subset 
in U(R). Since according to Theorem 1, Corollary 2, the space U(R) is 
connected, it follows that all splittings in the given R-disjoint splitting of the 
system #p(U) must coincide with one single splitting F(U) =®(U)O(U) ; 
furthermore, since F(U) is rational over R and the splitting is R-disjoint, 
it follows that both 6(U) and @(U) must be rational over Rk. By Hensel’s 
Lemma for the local ring R, there exist forms G(U) and H(U) in R[U] 
such that F(U) = G(U)H(U), G(U) = ®(U), and H(U) =@(U). This 
proves our assertion for r=0. We shall prove our assertion in the general 
case by induction on the order x of z(#); we therefore assume that our 
assertion has already been proved for the case where y(f) is an everywhere 
regular transform of a finite quadratic transform of R of order less than 7. 

It is well-known that R is a unique -factorization ring; for convenience, 
we shall assume that the coefficients in F(U) have been so chosen that they 
are all in R, but without any common factor. Consider the homogeneous 
residue form F(U) of F(U); since F(U) differs from Fy(U) only by a 
proportionality factor in R(x) (we recall that M—Q(2(R)/€) and € is the 
point in Z(R) with (x,,- --,x;) as homogeneous coordinates), the given 
splitting Fy(U) =@y(U)@y(U) induces a splitting F(U) =®(U)0(U) in 
R[x], with and @(U) =@y(U). We assume now that 
(A) the leading coefficient « in F(U) does not vanish; if we denote by 5 the 
highest common factor (in R[x]) of all coefficients in F(U), and choose the 
forms ®(U) and ®(U) (which are each determined up to a proportionality 
factor in R(x)) so that the coefficients of each form are all in R[x] but 
without any common factor, then we have F(U) =~86(U)@(U) up to a 
proportionality factor in R, which can be absorbed in 8. If B and y are the 
leading coefficients in @(U) and @(U) respectively, we have then «—S5fy; 
we assume that (B) the elements 8, 8, y are relatively prime. The properties 
(A) and (B) assumed here, if not already present, can be easily obtained as 
follows. Let w= (wo,W1,* * *,Wn) be a system of independent variables over 
K, and consider the complete local ring R(w)*, which is also regular and has the 


dimension 2, attached to A by identifying the elements = Wn) 
with a system of independent variables over R. We apply to F(U) the linear 
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transformation which leaves U;,- - -, U, invariant but carries U, into > w(U;,, 
i=0 


and apply to F(U), #(U), @(U) the corresponding transformation whereby 


n 
U, remain invariant but U, is carried into then the elements 


F(a), &(@), and @©(@) becomes the leading coefficients of the transformed 
forms of F(U), ®(U), and @(U) respectively. It is clear that our problem 
is invariant under such a linear transformation. Now, it is obvious that 
(A) holds for the transformed forms; while as to (B), we need only to 
observe that any common factor (in R[#]) of all coefficients in F(U) appears 
with the minimum power in F(@) (so that we can assume 6 to be relatively 
prime to B and y), and that since 6(U) and @(U) are relatively prime with 
their coefficients determined as indicated above, the elements (i) and @(i) 
must be relatively prime (so that we can assume B and y to be relatively prime). 
On the other hand, since the field K is algebraically closed in the quotient field 
of R(w)*, any splitting F(U) = G(U)H(U) of F(U) in R(w)*[U] must 
be already a splitting in R[U], so that the validity of our assertion for R(w)* 
will imply its validity for k. Thus we have shown that we can assume the 
properties (A) and (B) without any loss of generality. 

Let A be the order of F(U) in its power series development as a form 
in M*[U], and let a be the leading coefficient F(U); by (A), the order 
of a must also be A and we have a= a = Byd, so that d is also the degree of 
(as a form in R[x]). Let p, v, « be the degrees of B, y, § respectively, so that 
A=ptvte. 

We now invoke a property of the local ring R which is dependent on its 
dimension being 2. According to [8], Satz 9 (see item (b) in the proof), 
any splitting of a into relatively prime elements is induced by a corresponding 
splitting of a in R. Since B, y, 8 are relatively prime, there exist therefore 
elements b, c, din such that a= bed, b= B, c=y,d=5. Let 
be the factorization of 8 into powers of distinct prime elements in R[x]; 
there exist then elements d,,- --,d, in R such that d—d,-:--d,, d, = 
d,—58,. We denote by « the order of d;, which is the degree of 8, so that 
e=e,-+:-+-+«,. We observe that since each 6; is a power of an irreducible 
form in R[x], it determines a point é in <(R), unique up to conjugates 
over R, which is algebraic over R, so that Q(z(R)/é) has the dimension 2. 

Let » be a point in <(F); following the notations introduced in the 
proof of Lemma 5.1, we shall denote the completion of Q(«(R)/n) by R,, 
and we observe that R, is now a complete regular local ring of dimension = 2 
(the dimension is equal to 1 if and only if » is a generic point of (PR) over F). 
Let 2’(R,) be the finite quadratic transform of R, along the subsequence of 
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those valuations in the definition of z(R) which dominate Q(2(R)/n), or 
rather the sequence of the extensions of these (real discrete) valuations to R, ; 
it is easily seen that the correspondence from 2’(f,) to z(R,) is regular 
everywhere, from which it follows that the correspondence from 2’(R,) to 
y(R,) is also regular everywhere. Since the order of the quadratic transform 
7 (R,) is evidently less than z, we can apply our induction hypothesis. We 
recall that if N is any valuation ring dominating FR, then by definition 
bdy(U) and Oy(U) = ©,,,(U), and that z,(U) and Or,(U) 
are subsystems of g(U) and @r(U) respectively obtained by restricting NV 
to valution rings dominating R,. It is clear that the equation Fy(U) 
=y(U)@y(U), for every N dominating R,, defines a splitting of Fr,(U) 
into the two systems ®z,(U) and @z,(U), which is clearly R-disjoint and 
hence also R(»)-disjoint. By induction hypothesis, there exists therefore a 
splitting F(U) =Gy(U)H,(U) in R,[U] such that G,(U) generates the 
system @p,(U) and Hy(U) generates the system @r,(U). Now, this splitting 
F(U) =G,(U)H,(U) in R,[U] implies a splitting of the leading coefficient 
ain F(U) into two factors in R,, which we shall now proceed to investigate. 
Without any loss of generality, we can assume for convenience that 7,0, 
as we did in the proof of Lemma 5.1; then all coefficients in F(U) are 
divisible by z,\ in R,, and since R, is a unique factorization ring, there exist 


positive integers \’ and A” (A’ + A” =A) such that all coefficients in G,(U) are 
divisible by x,» and all coefficients in Hy{U) are divisible by z,>”. If we set 
F°(U) = (1/2,)\F(U), G°(U) = (1/2,)*Gy(U), and H°(U) = 
then we have evidently the splitting F°(U) = G°(U)H°(U) in R,[U]. We set 
a° = (1/2,)a, 6° = (1/2,)#b, = (1/2,)’c, d° = (1/z,)€d, and = (1/2,)*d; 
then the elements a°, b°, c°, d°, d;° are all in R,, and a® is the leading coefficient 
in F°(U). The situation divides into two cases, which we shall treat 


separately. 


(1) The point 7 coincides with one of the points &,- - -,&), say &). 
In this case, it is easily seen that the elements 6°, c°, d;i° (tj) are all units 
in R,; for example, the p;-residue of b° is the value of for x, = 1, x. = 72/m, 
which is not zero since 8 and §; are relatively prime in R[x]. The splitting 
F°(U) = G°(U)H°(U) induces therefore a splitting of d;° into two factors 
in R, We maintain that this splitting of d;° is induced by a splitting 
d;—=d'jd”; in R; in other words, if ¢’ and ¢” are the orders of d’; and d”; 
respectively, then the given splitting of d;° coincides with the splitting 
dj —= (d’;/x,°) (d”;/z,*") up to units in R,. To prove this, it is sufficient to 
show that if e is a prime factor of d;, of order p in M, then e° =e/z,° must 
be a prime element in R,; for we can then apply this argument to every 
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prime factor of d; and obtain a complete factorization of d;° in #,, and our 
assertion then follows from the unique factorization property of R,. First, 
we note that e° is a prime element in R[z,/z,]; for, if e° splits into two 
factors in R[z./z,], they must be of the form e’/z," and e”/2,°" with e’ and 
e” in R, and again the unique factorization property in R shows that we must 
have pp’ +p)” and hence ee’e”. Next, since 2(x(R)/n) is the quotient 
ring of R[2./z,| with respect to a prime ideal which contains the element e°, 
it follows from a well-known property of quotient ring that e° must remain 
a prime element in Q(z(R)/n). Now, consider the residue rings R/Re and 
since Q(2(R)/n)e° Rl R— Re, 
we can embed the former canonically in the latter. It is clear that both rings 
are local domains of dimension 1, and that their residue fields can be identified 
with R and R(m) respectively. Since R is complete, R/Re is also complete, 
and since R(y) is algebraic over R, it follows ([6], Theorem 8) that 
Q(x(R)/n)/Q(x(P)/y)e° is a finite module over R/Re and hence ([3], § III, 
Proposition 8) must also be complete. This implies that 


Q (a(R) = 
so that R,/R,e° is a local domain; this shows that e° is a prime element in F,. 
It is clear that since d’;/z,* and d”’;/z,*" coincide up to units in R, with the 


leading coefficients in G°(U) and H°(U) respectively, we can take as the 
respective leading coefficients in the forms Gy(U) and Hy(U) any multiples 
of d’; and d”; in R which are factors in a splitting of a in R. 


(2) The point » is distinct from the points é@,- - -,&¢). In this case, 
the form F(U) does not vanish identically at the point », and hence at least 
one coefficient in F°(U) must be a unit in R,; and this implies that also both 
G°(U) and H°(U) must have at least one coefficient which is a unit in R,. 
If we denote by F°(U), G°(U), and H°(U) the respective residue forms in 
R,[U], then we must have F°y(U) = F°(U), Gy(U) = G@°(U), and H°y(U) 
= H°(U) for every valuation ring N dominating R,; it follows that &y(U) 
= G°(U) and @y(U) = H°(U) for every N dominating R,, and hence in 
particular @y,(U) = G°(U) and @y,(U) = H°(U), where M, is the valua- 
tion ring of rank 2 introduced after Lemma 5.1. On the other hand, since 
M’* is a quotient ring of M,, y,(U) and @y,(U) are specializations of 
@y+(U) =y(U) and y+(U) =@y(U) respectively over the specializa- 
tion £— 7 over R; it follows that G°(U) and H°(U) are up to proportionality 
factors equal to the forms obtained from @(U) and @(U) respectively by 
setting (%1,%2) = (1,2). Now, since 8 and y have no common factor in 
R[x], at least one of them does not vanish at the point y. If B does net 
vanish at 7, then the leading coefficient in G°(U) does not vanish and hence 
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the leading coefficient in G°(U) must be a unit in R,; since in this case the 
elements b and d° are units in R,, the leading coefficient in H°(U) must be 
equal to c up to a unit in R,. On the other hand, if y does not vanish at », 
then the same argument with G°(U) and H°(U) interchanged shows that 
c? and d° are units in R,, and that the leading coefficient in G°(U) must be 
equal to 6 up toa unit in R,. Going over to the forms Gy(U) and H,(U), 
we conclude that wec an take as their respective leading coefficients any 
multiples of 6 and c in R which are factors in a splitting of a in R. 

We set d’=d’,:--d’, and d”’=—d”,: - -d”’,, so that we have d—d'd”, 
and consider the splitting a= bd’-cd” in R. We shall now normalize the 
forms Gy(U) and H,(U), for every point » in <(R), by taking bd’ as the 
leading coefficient in G,(U) and cd” as the leading coefficient in Hy(U). 
This choice of the leading coefficients is permissible in view of what we have 
just shown above. For »=—€, we obtain a splitting F(U) =G,(U)H,(U) 
in M*[U]; incidentally, we observe that this is the splitting according to 
Hensel’s Lemma with the intial conditions (®y(U),@y(U) ; bd’, cd”), in the 
terminology introduced at the end of the section 4. We shall now show that 
G.(U) =G,(U) and H,(U) =H,(U) for every point y in <(£), in the 
sense that they are the same forms in M’*[U], so that all the splittings 
F(U) =G,(U)H,(U) are in reality one and the same. This will prove our 
theorem. For, then the forms G,(U) and H,(U) must be both in R[U] 
according to Lemma 5.1 (applied to every coefficient in them); if we set 
G(U) =G@,(U) and H(U) = H,(U), then F(U) = G(U)H(U) isa splitting 
in R[U] and it is clear that Gy(U) =®y(U) and Hy(U) =@y(U) for 
every valuation ring N in K dominating R. 

It remains therefore to show that G,(U) = G,(U) and H,(U) =H, (U), 
for every point » in <(R), whereby we shall use again the notations introduced 
in the proof of Lemma 5.1. Consider the valuation ring M, of rank 2 
introduced after Lemma 5.1. It is clear that 


Gzure(U) = Geu(U) = Ou (U) = Oy(U) 
and 
= Hyu(U) = Ou(U) = 


since M’* is a quotient ring of M/,, it follows that both G,y,(U) and dy,(U) 
are specializations of @y(U) over the specialization {7 over R, and that 
both H,y,(U) and @y,(U) are specializations of ®@y(U) over the specializa- 
tion {> over R. Since (FR) is a non-singular curve, the specializations of 
both @y(U) and @y(U) over the specialization £—> 7 over R must be unique; 
it follows that Gzu,(U) =@y,(U) and Azu,(U) =@y,(U). On the other 
hand, by the inductive hypothesis, we have Gnu,(U) =@u,(U) and Hy,(U) 
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= @y,(U). This shows that G,y,(U) = Gyu,(U) and H,u,(U) = Hyy,(U). 
Recalling that the forms G,(U) and Gy(U) have the same leading coefficient 
bd’, and that the forms H,(U) and H,(U) have the same leading coefficient cd”, 
we see that the two splittings F(U) = G,(U)H,(U) and F(U) = G,(U)H,(U) 
in M,[U] have the same initial condition 


(Geu,(U), Heu,(U) ; bd’, cd”) = (Gn,u,(U), ; bd’, cd”) ; 


it follows from the remark at the end of section 4 that G,(U) =G,(U) and 
H,(U) =H,(U). This concludes the proof of Theorem 2. 


THE JOHNS HOPKINS UNIVERSITY. 


REFERENCES. 


Abhyankar, S., and Zariski, O., “Splitting of valuations in extensions of local 
domains. I,” Proceedings of the National Academy of Sciences, vol. 41 
(1955), pp. 84-90. 

Abhyankar, S., “ On the valuations centered in a local domain,” American Journal 
of Mathematics, vol. 78 (1956), pp. 321-48. 

Chevalley, C., “On the theory of local rings,” Annals of Mathematics, vol. 44 
(1943), pp. 690-708. 

Chow, W. L., “On the principle of degeneration in algebraic geometry,” Annals of 
Mathematics, vol. 66 (1957), pp. 70-79. 

——., “On the theorem of Bertini for local domains,” Proceedings of the National 
Academy of Sciences, vol. 44 (1958), pp. 580-584. 

Cohen, I. S., “On the structure and ideal theory of complete local rings,” 7'rans- 
actions of the American Mathematical Society, vol. 59 (1946), pp. 54-106. 

Krull, W., “Ein Satz ueber primaere Integritaetsbereiche,” Mathematische 
Annalen, vol. 103 (1930), pp. 450-465. 

———,, “Zur Theorie der kommutativen Integritaetsbereiche,” Journal fuer die 
reine und angewandte Mathematik, vol. 192 (1954), pp. 230-252. 

Murre, J. P., “On a connectedness theorem for a birational transformation at a 
simple point,” American Journal of Mathematics, vol. 80 (1958), pp. 3-15. 

Nagata, M., “ Note on a chain condition for prime ideals,” Memoirs of the College 
of Science, University of Kyoto, Series A, vol. 32 (1959), pp. 85-90. 

Zariski, O., “ Foundations of a general theory of birational correspondences,” 
Transactions of the American Mathematical Society, vol. 53 (1943), pp. 
490-542. 

——., “Analytical irreducibility of normal varieties,’ Annals of Mathematics, 
vol. 49 (1948), pp. 352-361. 

——, “A simple analytical proof of the fundamental property of birational 
transformations,” Proceedings of the National Academy of Sciences, vol. 35 
(1949), pp. 62-66. 

———., “ Theory and applications of holomorphic functions on algebraic varieties 
over arbitrary ground fields,’ Memoirs of the American Mathematical 
Society, No. 5, 1951. 

———., “The connectedness theorem for birational transformations,” Algebraic 
Geometry and Topology, A symposium in honor of S. Lefschetz, Princeton, 
1957, pp. 182-188. 


(1) 
[2] 
[3] 
[4] 
[5] 
[6] 
[7] 
[8] 
[9] 
[10] 
[11] 
[12] 
[13] 
[14] | 
[15] 


INDEX 


PAGE 
ABHYANKAR, SHREERAM. Tame coverings and fundamental groups of 
algebraic varieties, 


AusLANDER, M. and D. A. BucHusBaum. On ramification theory in 


AzumAyA, Goro. A duality theory for injective modules, 
BAILy, WALTER L., Jr. On the Hilber-Siege! modular space, 


Barratt, M. G., V. K. A. M. GucennErM and J. C. Moore. On semi- 
simplicial fibre-bundles, 

Boas, R. P., Jr. Representations for completely convex functions, 

Boret, A. and F. Characteristic classes and homogeneous 
spaces, IT, 

Browper, E. Eigenfunction expansions for non-symmetric par- 
tial differential operators, IT, 


BrowpEr, Fevix E. Eigenfunction expansions for non-symmetric par- 
tial differential operators, ITT, 


BucusBaum, D. A. See M. Auslander and D. A. Buchsbaum, page 749. 
Cuow, Wer-Liana. On the connectedness theorem in algebraic geometry, 1033 


Corson, H. H. Normality in subsets of product spaces, . , . 785 


Curtis, M. L. Self-linked subgroups of semigroups, , , . 889 


Dixmier, J. Sur les représentations unitaires des groupes de Lie nil- 
potents, I, 160 

Dyr, H. A. On groups of measure preserving transformations, I, . 

EKHRENPREIS, LEON. Theory of infinite derivatives, 

ERRATA, 

ERRATA, 

FreMAN, GrorcE F. and CHuAN-CuHIH Hsiunc. Characterizations of 
Riemann n-spheres, 


Fort, M. K., Jr. Images of plane continua, 


FRIEDMAN, AVNER. On the uniqueness of the Cauchy problem for para- 
bolic equations, 


: . 249 
. 846 
639 
709 
315 
1 

ili 


INDEX. 


GuGENHEIM, V. K. A. M. See M. G. Barratt, V. K. A. M. Gugenheim 
and J. C. Moore, page 639. 


HartMAN, and Louis NirENBEerG. On spherical image maps 
whose Jacobians do not change sign, 


HirscH, Morris W. and STEPHEN SMALE. On involutions of the 3- 
sphere, 

HirzesrucnH, F. See A. Borel and F. Hirzebruch, page 315. 

Hsiunc, CHuAN-CHIH. See George F. Feeman and Chuan-Chih 
Hsiung, page 691. 

Huacues, D. R. Collineation groups of non-Desarguesian planes, I, 


Iausa, JUN-IcHI. On the transformation theory of elliptic functions, 


Icusa, JUN-ICHI. Fibre systems of Jacobian varieties (III. Fibre 
systems of elliptic curves), 


Ieusa, JUN-ICHI. Kroneckerian model of fields of elliptic modular 
functions, 


IsEkI, SHO. A partition function with some congruence condition, 

Kaprison, RicHarp V. and J. M. Sincer. Extensions of pure states, 

Kan, Daniet M. A relation between CW-complexes and free c.s.s. 
groups, 

KERVAIRE, MicHEL A. A note on obstructions and characteristic classes, 


Kopaira, K. and D. C. SpencEer. A theorem of completeness of charac- 
teristic systems of complete continuous systems, 


KostaNntT, BertraAM. The principal three-dimensional subgroup and the 
Betti numbers of a complex simple Lie group, . 


Lan, S. and A. NEron. Rational points of abelian varieties over func- 
tion fields, 


Litto, JAmes C. Linear differential equations with almost periodic 
coefficients, 

Lorcu, Ler. The Lebesgue constants for Jacobi series, IT, 

MALLIAVIN, PauL. L’approximation polynomiale pondéré sur un espace 
localement compact, 

McKeen, JoHN J. Singular integrals in two dimensions, 

Mitnor, JoHN. Differentiable structures on spheres, 


Moore, J. C. See M. G. Barratt, V. K. A. M. Gugenheim and J. C. 
Moore, page 639. 


PAGE 


893 
92] 

939 
383 
512 
773 
37 
875 
605 
23 
962 


Vv 


PAGE 


NacaTAa, Masayosu1. A general theory of algebraic geometry over 
Dedekind domains, III, 


Nagata, MAasayosHi. An example to a problem of Abhyankar, 
NaGaTaA, Masayosui. On the 14th problem of Hilbert, 


Netson, Epwarp and W. Forrest STINEsprinG. Representation of 
elliptic operators in an enveloping algebra, 


Néron, A. See S. Lang and A. Néron, page 95. 

NiRENBERG, Louis. See Philip Hartman and Louis Nirenberg, page 901. 

Pererson, F. P. and N. Stein. Secondary cohomology operations: two 
formulas, 

REINHART, Bruce L. Harmonic integrals on foliated manifolds, 

REINHART, Bruce L. Line elements on the torus, . 


Sampson, J. H. and G. WasHNniTzER. Numerical equivalence and the 
zeta-function of a variety, 


SEELEY, R. T. Singular integrals on compact manifolds, . 


SHOENFIELD, J. R. On the independence of the axiom of constructibility, 


Srmon, ArTHUR B. On the maximality of vanishing algebras, 

Srncer, I. M. See Richard V. Kadison and I. M. Singer, page 383. 

SMALE, STEPHEN. See Morris W. Hirsch and Stephen Smale, p. 893. 

SpeNcER, D. C. See K. Kodaira and D. C. Spencer, page 477. 

Stein, N. See F. P. Peterson and N. Stein, page 281. 

STERNBERG, SHLOMO. The structure of local homeomorphisms, ITT, 

STINESPRING, W. Forrest. See Edward Nelson and W. Forrest Stine- 
spring, page 547. 

T6e6, SHIGEAKI. A note on formal Lie groups, 

WasHNITZER, G. Geometric syzygies, 

WASHNITZER, G. See J. H. Sampson and G. Washnitzer, page 735. 


Wuysurn, G. T. Compactness of certain mappings, 


INDEX. | 

. 501 

. %66 

281 

529 

617 

658 

537 
613 

578 

632 

171 


in 
fe 
m 
ne 
al 
fo 
m 
or 
tit 
sy 
mi 
su 
ca 
sy) 
ap 
als 
is 
La 
lim 
sin 
Ba 
pri 
su] 
the 
the 
cat 
bet 
(pe 
apy 
foll 
[3] 
In | 
are 
Use 
of 
cha 
sep 


ON THE PREPARATION OF MANUSCRIPTS. 


The following instructions are suggested or dictated by the necessities of the technical pro- 
duction of the American Journal of Mathematics. Authors are urged to comply with these 
instructions, which have been prepared in their interests. 

Manuscripts not complying with the standards usually have to be returned to the authors 
for typographic explanation or revisions and the resulting delay often necessitates the defer- 
ment of the publication of the paper to a later issue of the -Tournal. 

Horizontal fraction signs should be avoided. Instead of them use either solidus signs / or 
negative exponents. 

Neither a solidus nor a negative exponent is needed in the symbols }, 
available in regular size type. 

Binomial] coefficients should be denoted by C," and not by parentheses. Correspondingly, 
for symbols of the type of a quadratic residue character the use of some non-vertical arrange- 
ment is usually imperative. 

For square roots use either the exponent 3} or the sign without the top line, as in V— 1 
or V(a+ 5). 

Replace e ? by exp( ) if the expression in the parenthesis is complicated. 

By an appropriate choice of notations, avoid unnecessary displays. 

Simple formulae, such as A + iB = or s, = a,+- should not be displayed 
(unless they need a formula number). 

Use ’ or d /da, possibly D, but preferably not a dot, in order to denote ordinary differen- 
tiation and, as far as possible, a subscript in order to denote partial differentiation (when the 
symbol @ cannot be avoided, it should be used as @ /dx). 

Commas between indices are usually superfluous and should be avoided if possible. 

In a determinant use a notation which reduces it to the form det a4,. 

Subscripts and superscripts cannot be printed in the same vertical column, hence the 
manuscript should be clear on whether a,* or a*, is preferred. (Correspondingly, the limits of 
summation must not be typed after the Z-sign, unless either 21” or 2": is desired.) If a letter 
carrying a subscript has a prime, indicate whether a,’ or a’, is desired. 

Experience shows that a tilde or anything else over a letter is very unsatisfactory. Such 
symbols often drop out of the type after proof-reading and, when they do not, they usually 
appear uneven in print. For these reasons we advise against their use. This advice applies 
also to a bar over a Greek or German letter (for the symbol of complex conjugation an asterisk 
is often allowed by the context). Type carrying bars over ordinary size italic letters of the 
latin alphabet is available. 

Bars reaching over several letters should in any case be avoided (in particular, type 
lim sup and lim inf instead of lim with upper and lower bars). 

Repeated subscripts and superscripts should be used only when they cannot be avoided. 
since the index of the principal index usually appears about as large as the principal index. 
Bars and other devices over indices cannot be supplied. On the other hand, an asterisk or a 
prime (to be printed after the subscript) is possible on a subscript. The same holds true for 
superscripts. 

Distinguish carefully between 1. c. “oh,” cap. “oh” and zero. One way of distinguishing 
them is by underlining one or two of them in different colors and explaining the meaning of 
the colors. 

Distinguish between e (epsilon) and € or ¢ (symbol), between w (eks) and X (multipli- 
cation sign), between I. c. and cap. phi, between I. c. and cap. psi, between I. c. kK and kappa and 
between “ell” and “one” (for the latter, use t and | respectively). 

Avoid unnecessary footnotes. For instance, references can be incorporated into the text 
(parenthetically, when necessary) by quoting the number in the bibliographic list, which 


appear at the end of the paper. Thus: “ [3], pp. 261-266.” 
Except when informality in referring to papers or books is called for by the context, the 


following form is preferred: 

[3] 0. IK. Blank, “ Zur Theorie des Untermengenraumes der abstrakten Leermenge,” Bulletin 
de la Societé Philharmonique de Zanzibar, vol. 26 (1891), pp. 242-270. 

In any case, the references should be precise, unambiguous and intelligible. 

Usually sections numbers and section titles are printed in bold face, the titles “ Theorem,” 
“Lemma ” and “ Corollary ” are in caps and small caps, “ Proof,” “ Remark ” and “ Definition” 
are in italics. This (or a corresponding preference) should be marked in the manuscript. 
Use a period, and not a colon, after the titles Theorem, Lemma, etc. 

German, script and bold face letters should be underlined in various colors and the meaning 
of the eolors should be explained. The same device is needed for Greek letters if there is a 
chance of ambiguity. In general, mark all cap. Greek letters. 


All instructions and explanations for the printer can conveniently be collected on a 
separate sheet, to be attached to the manuscript. 


In case of doubt, recent issues of the Journal may be consulted. 


1,14, which are 
w 29 21 


THE JOHNS HOPKINS PRESS BALTIMORE 18 


Prices Effective January 1960 

American Journal of Hygiene. Edited by ABranAM G. OSLER, Managing Editor, A. M. 
BAETJER, MANFRED M. MAYER, R. M. Herrrott, F. B. Bana, P. E. SARTWELL, and 
Ernest L. STEBBINS. Publishing two volumes of three numbers each year, 
volume 69 is now in progress. Subscription $12 per year. (Foreign postage, 50 
cents; Canadian postage, 25 cents.) 

American Journal of Mathematics. Edited by W. L. CHow, J. A. Diruponn#, A. M. 
GLEASON and PHILIP HARTMAN. Quarterly. Volume 81 in progress. $11.00 per 
year. (Foreign postage, 60 cents; Canadian, 30 cents.) 

American Journal of Philology. Edited by H. T. Lupwie EDELSTEIN, JAMES 
W. PovuttnEy, JoHN H. Youne, JAMES H. OLiver, and Evetyn H. Cuirt, Secre- 
tary. Volume 85 is in progress. $6.00 per year. (Foreign postage, 50 cents; 
Canadian, 25 cents.) 

Bulletin of the History of Medicine. Owszrt TEMKIN, Editor. Bi-monthly. Volume 33 
in progress. Subscription $6 per year. (Foreign postage, 50 cents; Canadian 
25 cents.) 

Bulletin of the Johns Hopkins Hospital. Puizir F. WaGtey, Managing Editor. Monthly. 
Subscription $10.00 per year. Volume 104 is in progress. (Foreign postage, 50 
cents; Canadian, 25 cents.) 

ELH. A Journal of English Literary History. Edited by D. C. Atten (Senior Editor), 
G. E. BENTLEY, JACKSON I. Cope, RicHARD HAMILTON GREEN, J. HILLIS MILLER, 
Roy H. Pearce, and E. R. WAssERMAN. Quarterly. Volume 25 in progress. 
$6.00 per year. (Foreign postage, 40 cents; Canadian, 20 cents.) 

Johns Hopkins Studies in Romance Literatures and Languages. Seventy-six numbers 
have been published. 

Johns Hopkins University Studies in Archaeology. Thirty-nine volumes have appeared. 

Johns Hopkins University Studies in Geology. Seventeen numbers have been published. 

Johns Hopkins University Studies in Historical and Political Science. Under the direc- 
tion of the Departments of History, Political Economy and Poltical Science. 
Volume 77 in progress. $6.50. 

Modern Language Notes. NatTHAN EDELMAN, General Editor. Eight times yearly. 
Volume 74 in progress. $8.00 per year. (Foreign postage, 60 cents; Canadian, 
30 cents.) 


A complete list of publications will be sent on request 


There was published in 1956 a 64-page 
INDEX 
to volumes 51-75 (1929-1953) of 


THE AMERICAN JOURNAL OF MATHEMATICS 


The price is $2.50. A 60-page Index to volumes 1-50 (1879-1928), 
published in 1932, is also available. The price is $3.00. 
Copies may be ordered from The Johns Hopkins Press, Baltimore 


18, Maryland. 


